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n risky assets + risk-free asset

• Expected return of complete portfolio
𝐸 𝑅𝑐 = 𝑦𝐸 𝑅𝑝 + (1 − 𝑦)𝑅𝑓

𝐸 𝑅𝑐 = 𝑅𝑓 + 𝑦 𝐸 𝑅𝑝 − 𝑅𝑓

• Risk of complete portfolio
𝜎𝑐 = 𝑦𝜎𝑝

• Substituting 𝑦 = 𝜎𝑐

𝜎𝑝
into the expected return equation, we obtain

𝐸 𝑅𝑐 = 𝑅𝑓 + 𝜎𝑐
𝐸 𝑅𝑝 − 𝑅𝑓

𝜎𝑝

• This is called “Capital Allocation Line (CAL)” - plot of risk-return 
combinations available by varying allocation between risky and risk-free
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n risky assets + risk-free asset

• Optimal Risky Portfolio

• Best combination of risky and safe assets to form portfolio

• To maximize the Sharpe ratio (wrt w) and set it equal to zero

• Solve for the following formula

𝑤𝐵 =
[𝐸(𝑟𝐵) − 𝑟𝑓]𝜎𝑆

2 − [𝐸(𝑟𝑠) − 𝑟𝑓]𝜎𝐵𝜎𝑆𝜌𝐵𝑆

[𝐸(𝑟𝐵) − 𝑟𝑓]𝜎𝑆
2 + [𝐸(𝑟𝑠) − 𝑟𝑓]𝜎𝐵

2 − [𝐸(𝑟𝐵) − 𝑟𝑓 + 𝐸(𝑟𝑠) − 𝑟𝑓]𝜎𝐵𝜎𝑆𝜌𝐵𝑆



n risky assets + risk-free asset

• Substituting the following parameters into optimal weights (with risk-
free rate = 3%), we obtain

• And we can use the following formula to compute for the risky 
portfolio weight

𝑦 =
𝐸 𝑟𝑝 − 𝑟𝑓

𝐴𝜎𝑝
2

• Then we can calculate for expected return and risk of the complete 
portfolio as follows.

𝜎𝐶 = 55% × 10.15 = 5.58%

𝐸(𝑟𝐶) = 3% + 55%(7.16% − 3%) = 5.29%

𝑤𝐵 = 56.8% 𝑤𝑆 = 43.2%



n risky assets + risk-free asset

• Therefore, the overall asset allocation of the complete portfolio is as 
follows:

Source: Bodie, Kane, and Marcus (2021)



n risky assets + risk-free asset

• 3 risky assets
𝐸 𝑟𝑝 = 𝑤1𝐸 𝑟1 + 𝑤2𝐸 𝑟2 + 𝑤3𝐸 𝑟3

𝜎𝑝
2 = 𝑤1

2𝜎1
2 + 𝑤2

2𝜎2
2 + 𝑤3

2𝜎3
2

+2𝑤1𝑤2𝜎1,2 + 2𝑤1𝑤3𝜎1,3 + 2𝑤2𝑤3𝜎2,3

• n risky assets
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n risky assets + risk-free asset

• We can write relevant variables in matrix form as follows

𝒘 =

𝑤1
𝑤2

⋮
𝑤𝑛

𝜇 = 𝐸(𝑟) =

𝐸(𝑅1)
𝐸(𝑅2)
⋮

𝐸(𝑅𝑛)

Σ =

𝜎1
2 𝜎1𝜎2𝜌12 … 𝜎1𝜎𝑛𝜌1𝑛

𝜎1𝜎2𝜌12 𝜎2
2 … 𝜎2𝜎𝑛𝜌2𝑛

⋮ ⋮ … ⋮
𝜎1𝜎𝑛𝜌1𝑛 𝜎2𝜎𝑛𝜌2𝑛 … 𝜎𝑛

2

σ𝑤𝑖 =𝑤1 + 𝑤2 +⋯+𝑤𝑛 = 1max
𝒘T𝜇 − 𝑅𝑓

𝒘TΣ𝒘 1/2
subject to

Expected return = 𝒘T𝜇 and risk = 𝒘TΣ𝒘
1/2

𝒘𝑡𝑎𝑛 =
Σ−1 𝜇 − 𝑅𝑓𝟏

𝟏TΣ−1 𝜇 − 𝑅𝑓𝟏

To receive the optimal risky portfolio (or tangency portfolio)

Investors maximize the Sharpe ratio
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Practical issues in modern portfolio theory

• MPT produces unrealistic portfolio allocation with extreme long/short 
positions in stocks

• With short-sale constraint, this problem can be avoided but this will 
restrict investors from allocating their positions in asset universe 

• Also, the previous result assumes that past risks/returns represent 
those of the future

• This leads to the outperformance of an equal-weighted portfolio over 
the optimal risky portfolio
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