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Chapter 6 Relations and Functions

6.1 Order pairs and Cartesian product of A and B

Definition 6.1.1: Cartesian product of A and B, denoted by AxB , is the set of all order pairs

which is written as a coordinate (x, y) where the first element of each order pair is an element of

A and the second element of each order pair is an element of B.

Theorem 6.1.1: Let (X, y) and (a,b) be any order pairs. If (x,y)=(a,b) then x=a and y=b.

Example 6.1.1: Let A={1,2} and B={-1,0,9}. Find AxB, BxA, AxA, and BxB.
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6.2 Relations and Functions

Definition 6.2.1: A rule that assigns elements of B to elements of A is called a relation from A to
B. The set of elements of A to which the assignments are made is called the domain of the

relation. The set of elements of B used in the assignments is the range of relation.

Definition 6.2.2: A relation from set A to set B is called a mapping or a function if the relation

assigns to each element of A exactly one element of B.

Theorem 6.2.1: Vertical-Line Test for a Function
An equation defines a function if each vertical line in the coordinate system passes through at
most one point on the graph of the equation. If any vertical line passes through two or more

points on the graph of an equation, then the equation does not define a function.

Definition 6.2.3: f is said to be a function from A into B if f is a function that has A as a

domain and range of f is a subset of B. A function A into B is denoted by f:A—B or

f:A—" yB,

Definition 6.2.4: f is said to be a function from A onto B if f is a function from A into B and

range of f is B (R, =B). A function A onto B is denoted by f : A—"">B.

Example 6.2.1: Let A={1,2} and B ={-1,0,9}. Are the following relations a function?
1) r:{(x,y)eAxB‘x+y:x}
2) t={(x, y)eBxA0< x+y§10}

3) s= x,y)eBxB‘xyZO}

{
4) u {(X y)eAxA‘BS 2x+ys4}



TU 152 Dr.Supranee Lisawadi 3



TU 152 Dr.Supranee Lisawadi 4

Example 6.2.2: Let A={0,1,2} and B ={0,1,4}. Are the following relations a function?
1) f :{(x, y)eAxB‘y:XZ}

2) 9Z{(X,y)eAxB‘2x+y:2v2x+y:4}
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Example 6.2.3: Check whether the following relation is a function. If it is a function then

explain that it is a function from where onto where.

1) f, :{(x, y)eRxR‘erx:B}
2) f, :{(x, y)eRxR‘y:\/E}

3) f, :{(x, y)eRxR‘x+ y? :3}
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Definition 6.2.5: f is said to be one-to-one function from A into B, denote by f : A—=>B,iff
is a function from Ainto Band [ (x,y)e f A(X,, ¥)e f [ (% =x,).

Definition 6.2.6: f is said to be one-to-one function from A onto B, denote by f : A———B, if

onto

f is a function from A onto B and f is one-to-one.

Note: A function is a one-to-one function if and only if each second element corresponds to one

and only one first element. (each x and y value is used only once)

Example 6.2.4: Recall Example 6.2.3. Consider the following relations and check if they are

one-to-one functions.

1) f, ={(x, y)eRxR‘erx:B}

2) f, :{(x, y)eRxR‘y:\/E}
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Definition 6.2.7: The inverse of a function is the set of ordered pairs obtained by interchanging

the first and second elements of each pair in the original function. For function f, the inverse of

the function is denoted by f ™.

Note: If the original function is a one-to-one function, the inverse will be a function.

Example 6.2.5: Let A={1,2,3,5}, B={-2,-1,0,4} and let f and g be functions from A to B

where f ={(1,0),(2,-1),(3,-2),(5,0)} and g ={(1-2),(2,-1),(3,0),(5,4)} . Find f*and g~
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Example 6.2.6: Let f = {(x y)e RXR‘ y= 2x—3} be a function. Find the inverse of a function f

and check if it is a function.
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Example 6.2.7: Let f be a function defined by f (x):1+\/x—2. Find f* and check if it is a

function.
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1-x ,x<0

Example 6.2.8: Let g be a function defined by g(x) :{ 21 x50
X2 +1,x>

Is g~ afunction? Find the domain and range of g .
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Definition 6.2.8: (Algebra of Functions)

Let f and g be two functions. The sum, f + g, the difference, f —g, the product, f g, and the

quotient, iare functions defined as follows:
g

1.Sum: (f+g)(x)=f(x)+g(x)

2. Difference: (f —g)(x)=f(x)-g(x)

3. Product: (fg)(x)=f(x)-g(x)

4. Quotient (éj(x): T g (x)0

The domains of the sum, difference, and product functions are the set of all real numbers

common to the domains of both f and g . The domain of t includes all real numbers common
g

to the domains of f and g for which g(x)=0.

Example 6.2.9: Recall Example 6.2.2: Let A={0,1,2} and B={0,1,4}. Letf and g be functions
defined by

f ={(X,y)eAxB‘y=X2}

9=1{(xy) e AxB|2x+y=2v2x+y=4]

Find f+g,f—g,g—f,fg,é,and%
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Example 6.2.10: Let f and g be functions defined by f(x)=+/x+3 and g(x) . Find

:x—4

f+g,f-g, fg,i,andg
g f
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2 <
Example 6.2.11: Let f(x)=2-x and g(x):{X J;l’ 0>_1X<1. Find f —g and r
X—-3, X g
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Definition 6.2.9: (Composition of Functions)

If f and g are functions which R, "D, = &, then the composite function of f and g, denoted by
go f, isdefined by (g f)(x)=g(f(x)) where xeD;.

Example 6.2.12: Let A={1,2,3,4,5}, B={-3,-2,-1,0,6}, C={-4,7,8,9},and f:A—>B,
9:B > C where f —{(1-3),(2.-2),(30),(4,-1),(5.-2)} and
9={(-37).(-29).(-17),(0,7),(6,8)} . Find g f if possible.
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Example 6.2.13: Let f(x)= and g(x)=x*+3.Find go f and fog if possible.

x-1

Example 6.2.14: Recall Example 6.2.7. Let f(x)=1++/x—2 then f=(x)=2+(x~1)". Find

fof and fof™" if possible.
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3-X, x<2
Example 6.2.15: Let f(x)=x*+5and g(x)=11
X

, 2<x<3

Find fog and go f if possible.

Example 6.2.16: Let f be a function defined by f(x)=-x*-1 and let g be a function defined

1-x ,x<0 ) )
by g(x)= el x>0 .Find go f if possible.
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Example 6.2.17: Let f(x)=1 | L xs2 and g(x)= .
X°+1,x>
: — ,x20
X+1

Find go f if possible.
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6.3 Types of Functions
In this section, we will be introduced several types of functions. In general, functions have two
types: algebraic functions and transcendental functions.
6.3.1 Algebraic functions
There are two types of algebraic functions.
1) Polynomial functions: Polynomial function is a function of the form
P(x)=a,x"+a,,x""+a, ,X"*+..+a,X+a, where n is a positive integer or zero
and a,,a,,a,,..,a, are real numbers. Since the polynomial function is a function

from a set of real numbers to real numbers, therefore the domain of polynomial

functions is a set of real numbers.

P(x)
Q(x)

P(x) and Q(x) are polynomial functions and Q(x)=0. For example,

2) Rational functions: Rational function is a function of the form y = where

X +1 x—1 1

5 T , .etc. The domain of a rational function is a set of any
X“=X+2 2x“+x+1 x-3

real numbers where Q(x)=0, that is D, ={x e R|Q(x)=0}.

6.3.2 Transcendental functions
Transcendental function is a function that is not an algebraic function.

1) Exponential functions base a: An exponential function is the function of the form

y=ba"" where a and b are real numbers, a>0, a=1, b=0, and P(x) is a

polynomial function. For example, y =2, y= —3H, y =e”*, etc. The domain of
an exponential function base a is a set of real numbers.

2) Logarithmic functions: A logarithmic function is an inverse function of an
exponential function, that is the logarithmic function that is defined by y =log, x
will be an inverse function of the exponential function base a which is y =a* where
a>0 and a=1. Forexample, y=Ilog,x, y=Ilogx,and y=Inx, etc.

Note: (i) Logarithmic function base 10 is denoted by y =logx.

(if) The natural logarithm is the logarithmic function base e and is denoted by y =Inx.
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6.4 Applications of Functions

Example 6.4.1: A rectangular box has a square base and the length of each side of the base is
twice the height of the box. Let f(x) be a function of its volume and let x be the length of
each side of the base (in centimeter).

1) Find f(x).

2) If the height of this box is 6 cm, then find the volume of the box.
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Example 6.4.2: A company produces two products called A and B. They produce product A
and product B in a ratio of 1:3. The cost of producing both products is the same, which is
1-3x*—x (in Baht) where x is number of product A that is produced by this company. The
sale manager set the price for product A and B equal to 25 Baht and 23 Baht, respectively.
Assume that the company sold all the products.

1) Find the function of the profit from selling both products in term of x.

2) If the company produces 1,050 units of product B, find the profit from selling both

products.
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6.5 Partial Fractions Decomposition

Consider a rational function

f(x)= 2 )

Q(x)
where P and Q are both polynomials. A rational expression is proper if the degree of the
numerator is lower than the degree of the denominator; otherwise it is improper. An improper
rational expression is the sum of a polynomial and a proper rational expression. The division

statement is

Q(x) Q(x)
where S and R are also polynomials.
For example
3
XX _ye —2x+5——10
X+2 X+2

where x*—2x+5is the quotient and —10 is the remainder upon division of the denominator into
the numerator.

Partial fraction decomposition is the process of rewriting a rational expression as the sum
of a quotient polynomial plus partial fractions. If the rational expression is proper, the quotient
will be zero.
x> +2x%* -1

Example 6.5.1: Find the partial fraction decomposition of 5
X_
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After finding the quotient, the next step in decomposing a rational expression is factoring
the denominator. It can be shown that any polynomial Q (the denominator) can be factored as a

product of linear factors (of the form ax+b) and irreducible quadratic factors (of the form

ax® +bx-+c, where b* —4ac <0). For instance, if Q(x)=x"-16, we could factor it as
Q(x)=x"-16= (x2 +4)(x2 —4) = (x2 +4)(x+2)(x—2)
The third step is to express the proper rational function R(x)/Q(x)as a sum of partial
fractions of the form

A Ax+B
- or

(ax+b) (ax2+bx+c)j

CASE I: The denominator Q(x)is a product of distinct linear factors.

This means that we can write
Q(x)=(ax+b)(a,x+b,)-(ax+b)
where no factor is repeated (and no factor is a constant multiple of another). In this case the

partial fraction theorem states that there exist constants A, A,,..., A, such that

R)__ A A A 1)

Q(x) ax+b, ax+bh, ax+b,

Example 6.5.2: Find the partial fraction decomposition of
X—9

x* +3x-10

3x* —7x-2
x> —x

(@)

(b)
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Suppose the first linear factor (a,x-+b,)is repeated r times; that is, (ax+b,) occurs in the

factorization of Q(x). Then instead of the single term A /(a,x+b,)in Equation (1), we would

use

A LA L A
ax+b, (a1x+bl)2 (ax+b,)

By way of illustration, we could write

x> +4 A B C D E
=—+4— + +

2 3

— +—+ >
X2 (x+1) X X7 X+l (x+1)°  (x+1)

Example 6.5.3: Find the partial fraction decomposition of
5x* +20% +6
X2 +2X% + X
X—2
x? (x—l)2

(@)

(b)

)
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CASE 111: Q(x)contains irreducible quadratic factors, none of which is repeated.

If Q(x)has the factor ax’+bx+c, where b?—4ac <0, then, in addition to the partial fractions

in Equation (1) and (2), the expression for R(x)/Q(x) will have a term of the form

AxX+B
ax’ +bx+c

@)
where A and B are constants to be determined. For instance, the function given by
x/[(x—?,)(x2 +1)(x2 + 2)} has a partial fraction decomposition of the form

X A +Bx+C+Dx+E
(x—3)(x2+1)(x2+2)_X—3 X*+1  x*+2

Example 6.5.4: Find the partial fraction decomposition of

@ 3x2 —4x+3
X3 + X
(0) 6x° —3x+1

(4x+1)(x* +1)
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CASE 1V: Q(x)contains a repeated irreducible quadratic factor.

If Q(x)has the factor (ax2+bx+c)r, where b?—4ac <0, then instead of the single partial
fraction (3), the sum
AX+B, N AXx+B, . AX+B,

2 2 r
ax” +bx+c (ax2+bx+c) (ax2+bx+c)

(4)

occurs in the partial fraction decomposition of R(x)/Q(x). Each of the term in (4) can be

integrated by first completing the square.

6X% —15x +22
(x+3)(x2 +2)2

Example 6.5.5: Find the partial fraction decomposition of



