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Outline

• Mathematics of risk and return

• Types of returns : Evaluation of investment performance 
– Geometric vs Arithmetic, Holding period returns

• Quantifying risk and uncertainty
– Probability Theory

– Normal distribution vs standard normal distributions

• Applications:  Valuation simulations, technical analysis, portfolio risk 
management, portfolio allocation, performance attributions



Price simulations
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Questions that require 

knowledge or probability
• What is the likelihood of a stop-loss order 

being executed for my client’s portfolio?

• What are the chances that the price of 

CPN will go up before mid-day trading 

break?
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Why do we care?

• Process

• An exercise is logic and critical thinking

• Goal

• To come up with objective assessment on 

the firm’s/market future performance. 
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RETURN AND RISK
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Simple net return vs gross return

• Simple net return  on asset dates t-1 and t is 

defined as,

• Simple gross return is defined as  1 + Rt

• Gross return over k periods from dates t – k to t 

as
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Ways to annualize returns

• GM

• AM
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Will these two computation methods give close estimates?

Suppose k represents 1 year. You have a time series of return 

from year k = 1,…, to K.

What if the units of time change?
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AM vs GM

Year Payoff Return

0 -100

1 50 -50%

2 100 100%

AM = [(-50%) + 100%]/2 = 25%

GM = [(1-0.5)(1+1)]1/2 – 1 = (0.5x2)1/2 - 1 = 0



AM vs GM: Motorola
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Source: Damodaran:  Investment valuation, Tools 

Techniques for valuing any asset
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From Gross Return to Holding-

Period Returns: Geometric

• Recall gross return is 

• The holding period return is the return that an investor 

would get when holding an investment over a period of n 

years, when the return during year i is given as Ri:
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Holding Period Return: 

Example
• Suppose your investment provides the 

following returns over a four-year period:

Year Return

1 10%

2 -5%

3 20%

4 15% %21.444421.
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Holding Period Return: 

Example
• An investor who held this investment would have 

actually realized an annual return of 9.58%:

Year Return

1 10%

2 -5%

3 20%

4 15% %58.9095844.

1)15.1()20.1()95(.)10.1(

)1()1()1()1()1(

return average Geometric

4

4321

4









g

g

r

rrrrr

• So, our investor made 9.58% on his money for four years, realizing a holding 

period return of 44.21%

4)095844.1(4421.1 
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Holding Period Return: 

Example

• Note that the geometric average is 

not the same thing as the arithmetic 

average:

Year Return

1 10%

2 -5%

3 20%

4 15%
%10

4

%15%20%5%10

4
return  average Arithmetic 4321
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QUANTIFYING RISK AND 

UNCERTAINTY
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Risk and uncertainty

• Risk and uncertainty refers to randomness 

of events

• Risk is randomness in which events have 

measurable probabilities

• Uncertainty is randomness in which events 

have non-measurable probabilities 

because of imperfect information. 

• “Risk, Uncertainty, and Profit” Frank 

Knight in 1921
16



TYPES OF PROBABILITY
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Introduction
Fundamental Concepts

• A variable is random if its outcome is uncertain, where an outcome

is an observable future value of the variable.

• An event is the specified set of possible outcomes of a random 

variable.

– Events are mutually exclusive when the possible future outcomes can 

only occur one at a time and exhaustive when the set of outcomes 

includes every possible value the variable could take in the future. 

– Example: The future size of a dividend can be stated as a mutually 

exclusive and exhaustive event wherein dividends increase, decrease, or 

remain unchanged. 

– When the occurrence of one event does not affect the probability of the 

occurrence of another event, we say the events are independent. 

– Events that are not independent are dependent.
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Probability
Probability is the fundamental building block of 

statistics.

• Probability is a number between 0 and 1 that describes the chance 

that a stated event from the set of possible outcomes will occur.

• A probability distribution is the set of probabilities and their associated 

outcomes that describes all possible outcomes and their associated 

probabilities.

• We typically use P(E) to denote the probability of event E.

– Properties of probability

1. All probabilities must lie between 0 and 1: 

2. For n mutually exclusive and exhaustive events,

the sum of all probabilities must equal 1:
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Types of probability

Sources of probabilities

• In practice, we observe a number of different types of 

probability.

– A subjective probability is a personal assessment of the 

likelihood of an event or set of events occurring in the future and 

is so named because it relies on the subjective judgment of the 

person making the assessment.

– An empirical probability is one that is estimated from observed 

data, typically using the relative frequency at which an event or 

set of events has occurred in the past.

– An a priori probability is one whose values are obtained from 

mathematical or logical analysis.
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Conditional and unconditional 

probability

• When we observe the probability that an event (A) occurs without 

taking into account whether it is necessarily preceded by any other 

specific events, it is known as an unconditional probability.

– Also known as a marginal probability.

– Notation:

• When we observe the probability of a given event after taking into 

account that another event has already occurred (A occurs given that 

B has occurred), it is known as a conditional probability.

– Notation:

– Language: the probability of A given B

21



Joint Probability

• When two events occur, the combined probability of their 

occurrence is known as the joint probability.

– Notation: 

– Language: the probability of A and B

– The calculation of a joint probability is governed by a set of 

probability rules, as are the calculations of the probability of other 

combinations of events.

22

P(A)
P(B)

P(AB)



Working with probabilities

• We use the multiplication rule to assess the joint probability of A

and B occurring.

– Note that from this equation, we can calculate the conditional probability 

of A given B, as long as the probability of B isn’t zero.

• We use the addition rule to assess the probability that A or B or both 

occur:

23



Addition rule

Focus on: Calculations

• If the probability of relaxed import restrictions is 0.60 and the probability of a trade war 

is 0.10, then the probability of relaxed trade restrictions or a trade war is 0.65 when the 

joint probability of a trade war and relaxed trade restrictions is 0.05.

24

P(A) = 0.6

P(B) = 0.1

P(AB) = 

0.05



Multiplication rule

Focus on: Calculations

• Recall that our probability of relaxed trade restrictions has been 

estimated at 60%. 

• If the probability of reduced sales, given that the trade restrictions are 

relaxed, is 80%, then the probability of relaxed trade restrictions and 

reduced sales is

25



Dependent and Independent

events
• When events are independent, the occurrence of one does not affect 

the probability of the other. In other words, P(A|B) = P(A) and P(B|A) 

= P(B).

– To determine the joint probability, we use the multiplication rule:

or, more generally, 

26

P(A) P(B) P(C)



Joint probability of independent events

Focus on: Calculations

• Recall our analyst’s estimated probability of relaxed import 

restrictions (60%).

• If A is the probability of a heavy winter snowfall (40%) and

B is the independent probability of relaxed restrictions:

• Then the joint probability of relaxed import restrictions and a heavy 

winter snowfall is:

27



Self test

• Suppose in Japan, the probability that a person lives at least 80 

years is 0.75 and probability that a person lives at least 90 years is 

0.63. What is probability that a randomly selected 80 year old 

Japanese will survive to become 90?

28



Law of total probability

• Let B be an event with P(B) > 0 and P(B’) > 0, then for any event A

• P(A) = P(AB) + P(AB’) = P(A|B)P(B) + P(A|B’)P(B’) 

• Ex. An insurance firm rents 35% of the cars for its customers from 

agency I and 65% from agency II. If 8% of the cars of agency I and 

5% of the cars of agency II break down during rental periods, what is 

the probability that a car rented by this insurance firm breaks down.

• Ans: P(A) = P(A|I)P(I) + P(A|II)P(II)  = 0.08(0.35) + 0.05(0.65) = 

0.0605
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Bayes’ Rule

Bayes’ Rule is often used to determine how a subjective belief 

should change given new evidence.

• First term: updated probability given new information, also 

known as posterior probability.

• Second term: probability of the new information given the 

event over the probability of the event.

• Third term: prior probability of the event.

𝑃 Event Info =
𝑃 Info Event

𝑃 Info
𝑃(Event)
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Define Event = Prob stock will go up in 

next 15 minutes of trade = P(U)

• You have been monitoring stock ABC for the past 20 days and 

taking information of order imbalance (OB) every 15 minutes.

• 20 days is equivalent to 360 observation intervals. Why?

• Of these intervals you count, P(OB>0) =0.6. Denote P(OB>0) = 

P(OB) for short.

• P(OB>0|U) = 0.75

• Today, the market has not opened. Your prior probability of P(U) = 

0.5.  Based on you historical (empirical) data collection, what is the 

probability that stock ABC will go up in first 15 minutes of market 

opening P(U|OB)?

• P(U|OB) = [P(OB|U)*P(U)]/P(OB) = (0.75*0.5)/0.6 = 0.625

31



An experiment

• It is 9.50 am…

• What is the probability that CPN will close 

higher at end of mid-day trading session?

• Event = CPN closing higher than opening

32



What is your assessment of P(U|OIB) in 

next 15 minutes?

• It is 10.18 AM

33



Later…
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Let’s try another stock
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Later…
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Bayesian updating

Focus On: Calculations

• Suppose you have the following prior probabilities: 

– P(EPS exceeded consensus) = 0.45 

– P(EPS met consensus) = 0.30 

– P(EPS fell short of consensus) = 0.25

– P(Expansion) = 0.41

• Given that DriveMed announces an expansion, what is 

the probability that prior quarter EPS (unreleased) 

exceeds consensus?
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Bayesian updating

Focus On: Calculations
• You believe the conditional probabilities are

– P(DriveMed expands | EPS exceeded consensus) = 0.75 

– P(DriveMed expands | EPS met consensus) = 0.20 

– P(DriveMed expands | EPS fell short of consensus) = 0.05

1. Use the total probability rule.

2. Apply Bayes’ formula.

𝑃 Exceeds Expands =
𝑃 Expands Exceeds

𝑃 Expands
𝑃(Exceeds)

𝑃 Exceeds Expands =
0.75

0.41
0.45 = 0.823171
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Bayesian updating

Focus On: Calculations

Recall that you updated the probability that last quarter EPS 

exceeded the consensus from .45 to .823 after the 

expansion announcement.

39

Prior Probabilities Conditional Probabilities

P(EPS exceeded consensus) = 0.45 P(DriveMed expands | EPS exceeded consensus) = 0.75

P(EPS met consensus) = 0.30 P(DriveMed expands | EPS met consensus) = 0.20 

P(EPS fell short of consensus) = 0.25 P(DriveMed expands | EPS fell short of consensus) = 0.05

𝑃 Exceeds Expands =
0.75

0.41
0.45 = 0.823171



Bayesian updating

Focus On: Calculations
• Update the prior probability that DriveMed’s EPS met 

consensus. 

– Result is 0.146341, down from 0.3.

• Update the prior probability that DriveMed’s EPS fell short 

of consensus. 

– Result is 0.030488, down from 0.25.

• Show that the three updated probabilities sum to 1. 

– Result: 0.030488 + 0.146341 + 0.823171 = 1

40



PROBABILITY DENSITY 

FUNCTIONS

41



Probability distribution

The set of probabilities for the possible outcomes of a random 

variable is called a “probability distribution.”

• The underlying foundation of most inferential statistical analysis is the 

concept of a probability distribution.

• The focus in the investments arena is on four probability distributions.

1. Uniform

2. Binomial

3. Normal

4. Lognormal (Coming in Financial Economics class)

• An understanding of probability distributions is critical to using such 

quantitative methods as hypothesis testing, regression, and time-

series analysis.
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Discrete and continuous random variables

A random variable is a variable whose future values are 

uncertain.
• Discrete random variables have a theoretically countable number of 

outcomes.

– There may be an infinite number of them, but they are countable.

– Price is a discrete random variable.

• Continuous random variables have a theoretically uncountable 

number of outcomes.

– Rate of return is a continuous random variable.

– Temperature is a continuous random variable.
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Random Variables and outcomes

Focus on: Example of a Random Variable and Its 

Outcomes

• Consider a special dividend with five possible 

year-end values: $1, $5, $7, $10 and $11.

• Each of these values is known as an outcome.

• The random variable is described by its set of 

possible outcomes as

– Div {$1, $5, $7, $10, $11}
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Probability functions

The possible outcomes of a random variable and their associated 

probabilities are collectively known as a probability function.

• By convention, discrete random variable probability functions are 

denoted as p(x) and known as probability mass functions (pmf).

• Continuous random variable probability functions are denoted as f(x) 

and are known as probability density functions (pdf).

• Probability functions have two very important properties:

1. Any and all individual probabilities described by the probability function take 

on a value between 0 and 1 (including 0 and 1).

2. The sum of all probabilities described by the probability function is equal to 

1.
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Verifying a probability function

Focus on: Calculations
• Consider a special dividend with five possible year-end outcomes of $1, $5, 

$7, $10, and $11.

• The probability of each outcome is 0.05, 0.3, 0.5, 0.1, and 0.05, respectively.

• Is this a valid probability function? It satisfies our two properties.

• This is a discrete random probability function.

− The outcomes are countable, and it is a valid probability function.
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The probability density function (pdf)

The mathematical expression that describes the individual 
probabilities that a random variable will take on each of a set of 
specified values is known as its probability density function.

• For a discrete distribution, the pdf has discrete, countable, nonzero 

probabilities for every possible outcome. 

• For a continuous distribution, the pdf has continuous, uncountable 

probabilities for each possible specified outcome in the set of infinite, 

uncountable outcomes. Hence, the probability of any specific 

outcome is zero.

– For continuous distributions, this result means that the cumulative 

distribution function will be more useful and, to some extent, more 

meaningful.
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The cumulative distribution function (cdf) 

The mathematical expression that describes the probability that a random 
variable will be less than or equal to a specific value for all possible values 
of that variable is known as its cumulative distribution function.

• The cumulative distribution function, denoted F(x), is represented as 

the sum of the probabilities of the specified outcome and all prior 

outcomes in the distribution for each and every possible outcome.

• The cdf has the same properties as the pdf, in addition to

1. All values of the cdf are between 0 and 1;

2. As we increase the value of the specified outcome, the cdf must increase 

or remain constant.

48



• Returning to the special dividend example, the cdf can be written and 

depicted as:

• What is the probability of receiving at least a $10 dividend?

• What is the probability of receiving more than a $7 dividend?

The cdf in action

Focus on: Calculations

49

cdf Div =

𝑃 Div ≤ $1 = 0.05
𝑃 Div ≤ $5 = 0.35
𝑃 Div ≤ $7 = 0.85
𝑃 Div ≤ $10 = 0.95
𝑃 Div ≤ $11 = 1.00



The continuous uniform distribution

Recall that continuous variables are those whose 

possible outcomes cannot be counted.

• By analogy, the continuous uniform distribution is the continuous 

counterpart to the discrete uniform distribution. 

– This distribution is almost always the basis for generating random 

numbers in simulations; hence, it is a very important distribution.

• We generally use this distribution when we have no prior beliefs 

about the distribution of probabilities over outcomes (uncertainty in 

our beliefs) or when we believe probability is equally spread over the 

possible outcomes.
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The continuous uniform distribution

Focus On: Characterizing the Distribution

• The pdf and cdf for a continuous uniform distribution are written as

• Probabilities are calculated from

• The mean and variance of a continuous uniformly distributed variable 

are

51

μ =
𝑎 + 𝑏

2
σ2 =
(𝑏 − 𝑎)2

12



The continuous uniform distribution

Focus On: Calculations

You are examining the forecasts of a buy-side analyst for the free cash flow 

(FCF) available to shareholders at a subject company. She estimates that the 

FCF will fall within –25m to 275m. You have decided to treat this as a continuous 

uniform variable. 

What is the expected value of FCF?

• (–25 + 275)/2 = 125

What is the probability that FCF 

is negative?

• [0 – (–25)]/[275 – (–25)] = 0.083333
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The normal distribution

A continuous, symmetrical distribution that is completely 

described by its mean and variance.

• Arguably, it is the single most important distribution in statistics.

– It plays a key role in modern portfolio theory and risk 
management.

– The central limit theorem demonstrates that the sum and mean of 
a large number of independent random variables will be normally 
distributed even when the variables are not themselves normally 
distributed.

• The normal distribution ranges from infinitely negative to infinitely 
positive.

– It is often used as a model for approximate returns.

• Linear combinations of normally distributed variables are also 
normally distributed.
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The Normal distribution

A continuous, symmetrical distribution that is completely 

described by its mean and variance.

• Mean, median, and mode are equal.

• The normal distribution has skewness of zero.

– Option returns are skewed; hence, they are not normally 

distributed.

• Kurtosis of 3 or excess kurtosis of  0 (3 – 3 = 0).

– k > 3  fat tails  underestimated probability of extreme

values (the blue distribution has excess kurtosis).

– This area is one for which the normal distribution is 

a poor approximation for stock returns, which 

have “fat tails.”
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The Normal distribution

Focus On: Characterizing the Normal Distribution

• The pdf for a normal distribution is written as

𝑓 𝑥 =
1

σ 2π
exp
−(𝑥 − μ)2

2σ2
for − ∞ < 𝑥 < ∞

• We indicate that a random variable is normally distributed 

as

𝑋~𝑁(μ, σ2)

• The mean and variance of a normally distributed variable 

are
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The normal distribution

Focus On: Confidence Intervals
• Approximately 50% of all observations fall in the interval µ ± (2/3)σ. 

• Approximately 68% of all observations fall in the interval µ ± σ. 

• Approximately 95% of all observations fall in the interval µ ± 2σ. 

• Approximately 99% of all observations fall in the interval µ ± 3σ.

• We generally don’t observe population mean and variance (µ and σ), 

but we can estimate them with sample mean and variance.

– When we do, the same intervals apply, with the sample mean and 

variance used in place of their population analogs.
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The normal distribution

Focus On: Confidence Interval Calculations

• Your client’s portfolio has a mean monthly return of 1.2% with a 

standard deviation of 3.7%. You assume for now that returns are 

normally distributed.

• Your client’s return can be expected to fall in what range 50% of the 

time?

• 68% of the time?

• 95% of the time?
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Expected value

Random Variable
• The expected value of a random variable is the probability-weighted 

average of the possible outcomes for that variable.

• We anticipate that there is a 15% chance that next year’s return on 

holding Cleveland Corp will be 4%, a 60% chance it will be 6%, and a 

25% chance it will be 8%. What is the expected return on Cleveland 

Corp stock?
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Variance

Random Variable

• The variance of a random value is the sum of the squared deviations 
from the expected value weighted by their associated probabilities.

– This value is a measure of the dispersion of possible values.

– Because it has units that are squared, it is not easy to interpret. 
Accordingly, we use its positive square root, standard deviation, more 
often because it also measures dispersion but has the same units as 
expected value.

• The standard deviation of returns for Cleveland Corp. is then:

σ2 𝑋 = 0.15 0.04 − 0.062 2+ 0.6 0.06 − 0.062 2+ 0.25(0.08 − 0.062)2

σ 𝑅 = 0.01249
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σ2 𝑋 = 

𝑖=1

𝑛

𝑋𝑖 − 𝐸 𝑋
2𝑃 𝑋𝑖 = 𝐸 𝑋 − 𝐸(𝑋)

2



Covariance

Covariance and correlation are both measures of the extent to 

which two random variables move together. 

• Covariance is the expected value of the 
product of each variable’s deviation from its 
respective mean.

σ𝑋,𝑌 = 𝐸{ 𝑋 − 𝐸 𝑋 𝑌 − 𝐸 𝑌 }

σ𝑅𝑖,𝑅𝑗

= 

𝑖=1

𝑛

𝑃 𝑅𝑖 [𝑅𝑖 − 𝐸(𝑅𝑖)][𝑅𝑗 − 𝐸 𝑅𝑗 ]
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Correlation

Covariance and correlation are both measures of the extent to 

which two random variables move together. 

• Correlation is a scaled transformation of covariance wherein the extent of 

comovement is measured along a scale from exactly the same movement in 

the same direction to exactly the same movement in opposite directions.

– When two variables move the same degree in opposing directions, they 

are said to be perfectly negatively correlated.

– When two variables move the same degree in the same direction, they 

are said to be perfectly positively correlated.

– When there is absolutely no commonality of movement, the variables are 

said to be uncorrelated.

ρ𝑋,𝑌 =
σ𝑋,𝑌
σ𝑋σ𝑌

−1 ≤ ρ𝑋,𝑌 ≤ 1
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Covariance and Correlation

Focus On: Calculations

• We anticipate that there is a 15% chance that next year’s stock 
returns for Cleveland Corp. will be 4%, a 60% chance they will 
be 6%, and a 25% chance they will be 8%. The standard 
deviation of returns is 1.249%, and the expected value is 6.2%.

• We anticipate that the same probabilities and states are 
associated with a 2% return for High Noon Inc., a 3% return, 
and a 3.5% return. The standard deviation of High Noon Inc. 
returns is then 0.46%, and its expected value is 2.975%.
– What is the covariance between Cleveland and High Noon returns?

– What is the correlation between Cleveland and High Noon returns?
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σ𝑅𝑖,𝑅𝑗
= 0.15 0.04 − 0.062 0.02 − 0.02975
+0.6 0.06 − 0.062 0.03 − 0.02975
+0.25 0.08 − 0.062 0.035 − 0.02975
= 0.0000555

ρ𝑅𝑖,𝑅𝑗 =
0.0000555

0.0046(0.01249)
= 0.966



Standard Normal

A normal distribution with a mean of 0 and standard 

deviation of 1 is called “standard normal.”

• The prevalence of the normal distribution has led to a process 

whereby probability tables that have been calculated for a standard 

normal distribution can be used to make probability statements for 

any normally distributed variable.

• This process is known as “standardizing” and is accomplished by:

1. Taking the observation(s) of interest and subtracting the mean of that 

observation’s observed distribution; 

2. Dividing the result by the observed distribution’s standard deviation.
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𝑍 =
𝑋 − μ

σ
𝑧 =
𝑥 −  𝑥
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Standard normal

• The pdf for standard normal is

• If X ~ N(µ, 2) The mean and variance of the 

standardized X is N(0,1) 
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Standard normal
• The scores on an achievement test given to 100,000 students are normally 

distributed with mean 500 and SD 100. What should the score of a student 

be to place him among the top 10% of all students?

• Need to find P(X>=x) = 0.10 

• This is the same as P(X < x) = 0.90

• From next slide, we have (1.28) = 0.8997, implying (x-500)/100 = 1.28; 

therefore x approx. 628

65

90.0
100

500

90.0
100

500

100

500








 









 




x

xX
P



66



The Standard normal distribution

Focus On: Calculations
• Your client’s portfolio has a mean monthly return of 1.2% with a standard 

deviation of 3.7%. You assume for now that returns are normally distributed.

– What is the chance that returns will be between –2.5% and 4.9%?

– What is the chance that returns will be negative?

• A stop-loss order automatically sells the stock if the price is below a set 

amount. You can set a stop-loss so that the portfolio is liquidated when it is 

triggered. How often will such a stop-loss be triggered if you set it so that it 

triggers when losses are below 1%?
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