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Bellman’s EquationsBellman s Equations
D fi th (T 1) i d l f ti• Define the (T+1)-period value function

         
0

1 0 0 0 0 1 1 1,...,
max , , ... , 1

T
T T T Tc c

W x U x c U x c U x c      

Problem (1) is the same as

 
0 , ,

1 0, , 0,1,....,; .
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t t t tSubject to x g x c t x given  

Problem (1) is the same as

         
0 1

1 0 0 0 0 1 1 1max , max , ....max , 2
T

T T T Tc c c
W x U x c U x c U x c

           

(1) Solving for cT=hT(xT) to optimize W1(xT),
 1 0, , .t t t tSubject to x g x c x given

 


( ) g T T( T) p 1( T),
(2) Solving for cT-1=hT-1(xT-1) to optimize W2(xT-1),
Continue to repeat this process until t=0. 
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Self enforcing propertySelf-enforcing property

Th ti l li i h ( ) t 0 1 2 T• The optimal policies ct=ht(xt), t=0,1,2…,T, 
from problem (1) will have the same 
values ofvalues of 

cs=hs(xs), t=s,s+1,s+2…,T,
th ti l li i bt i d fas those optimal policies obtained from 

the following problem:  for s>0 

       

 
1 1 1,...,

max , , ... , 3

1 ;
s T

s s s s s s T T Tc c
U x c U x c U x c

Subject to x g x c t s s x given

      

  

• Then, these optimal policies are said to 

 1 , , , 1,....,; .t t t t sSubject to x g x c t s s x given   
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Policy function that does not vary over timePolicy function that does not vary over time

t• Assume that:     Ut(xt,ct) = t.U(xt,ct),  0<<1
• gt(xt,ct) = g(xt,ct),                (4)
• Bellman’s equation becomes (for j=1,2,..T)

     1 1max ,
T j

T j
j T j T j T j j T jc

W x U x c W x 
     

   

     
     
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1 1max , .

T j

T j

c

j T j T
j T j T j T j j T jc

W x U x c W x  





  
     

 

   

 

• where 
       1 1max , . 5

T j
j T j T j T j j T jc

V x U x c V x


     
   

   
   

1 1
j T

j T j j T jV x W x

If j T then V x W x

 
   

 
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   1 0 1 0, T TIf j T then V x W x  



Policy function that does not vary 
over time

The Bellman’s equation becomes, (for 
j=1,2,….,T)

       1 1max , 6
T j

j T j T j T j j T jc
V x U x c V x


     

   

In the case that V lim V then

 1 , ,T j T j T j T jSubject to x g x c x given    

• In the case that   V=limj Vj , then

       
  

max , 7

, , .
c

V x U x c V x

Subject to x g x c x given

   



1/26/2014Arayah Preechametta5



Policy function that does not vary over timey y
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Discounted Dynamic 
Programming Problem

Th li iti l f ti V th t l (7) i th• The limiting value function V that solves (7) is the 
optimal value function for the infinite horizon 
problemp

 
   

0 0

max , 8
t t

t
t t

c t

U x c








 1 0, ,t t tSubject to x g x c x given 

• There is a unique and time-invariant optimal 
policy 

h( ) t 0 1 2 T• ct=h(xt), t=0,1,2…,T
• Where h(.) is chosen to maximize the right hand 

side of (7) and
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Discounted Dynamic y
Programming Problem

the limiting value function V is differentiable 
with respect to x. (This is the same as the 
marginal condition (1.4d) in Lecture #1).  
Hence,

       , ,
'

U x h x U x h x h x
V x

           
 

   

' .V x
x h x x

g x h x

    
  

       ,
' , (9)

g x h x
V g x h x

x

      
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