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liman’s Equations

DA
DC
* Define the (T+1)-period value function

Wi, (%)= max[U (X9:Co) +U, (%,€) + o +Ur (X0 ) | (1)

..... Cr

Subjectto X, =0,(%.¢), t=01...; X, given.

Problem (1) is the same as

Wm(xo):mC?x[Uo(xo,co)+mc?x[ul(&,cl)h..mcflx[UT(xT,cr)]ﬂ (2)
Subject 0 X,, =0,(X.C), X, given.

(1) Solving for c=h+(X;) to optimize W,(x+),
(2) Solving for ¢ ;=h,(X1.;) to optimize W,(X+_,),
Continue to repeat this process until t=0.
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Ing property
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* The optimal policies c=h(x,), t=0,1,2...,T,
from problem (1) will have the same

values of
c.=h.(xy), t=s,s+1,5+2...,T,

as those optimal policies obtained from
the following problem: for s>0

max :Us(xs’cs)+Us+1(xs+1’cs+1)+"'+UT(XT’CI'):| (3)
Subjectto X%, =0,(%.G), t=SS+L...; X given

* Then, these optimal policies are said to
be “time consistent”.
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Assume that:  U(x,c,) = BLU(X,c,), O<p<1

° 9¢(XCy) = 9(X;,Cy), (4)
Bellman’s equation becomes (for j=1,2,..T)

Wj+1(XT—j):miX|:ﬂT_jU (XT—j Cr_ )"'W ( T- j+1):|
BIWis (%) =max{U (6 )+ £87 T, (30

Via(% ) =max|U (x o)+ AV (6 )| (5)
where

Vialj) =AWt (%)
If JZT, then VT+1(XO) :\Nr+1(x0)
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Policy function that does not vary

over time

The Bellman’s equation becomes, (for
=1,2,.....,T)

Vil ) =max{U .0+ A (x0)] (6)

Subject to X, =0(%_;.Cr_;), X_; given

* Inthe case that V=lim,, V;, then

V(x):mgx[u(x,c)+ﬂv(>~<)} (7)

Subjectto  x=g(x,c), x given.
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Policy function that does not vary over time
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Arayah Preechametta

Discounted Dynamic
Programming Problem

The limiting value function V that solves (7) is the
optimal value function for the infinite horizon
problem

max Y BU (%) (8)

{Ct }t:o t=0

Subject to X, =0(X.C), X given

There Is a unique and time-invariant optimal
policy

c=h(x), t=0,1,2...,T
Where h(.) is chosen to maximize the right hand
side of (7), and
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Discounted Dynamic
Programming Problem

the limiting value function V is differentiable
with respect to x. (This is the same as the
marginal condition (1.4d) in Lecture #1).
Hence,

oU[ x,h(x) ]| au[xh X) | ah(x)
OX oh(x) X

PN (gTxn])

OX

V'(x)
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