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Introduc=on	
  

•  Having	
  determined	
  the	
  appropriate	
  exposure	
  to	
  risk,	
  the	
  
investor’s	
  next	
  task	
  is	
  to	
  build	
  the	
  risky	
  porFolio	
  

•  This	
  selec=on	
  will	
  be	
  	
  
made	
  from	
  the	
  whole	
  	
  
universe	
  of	
  risky	
  assets	
  	
  
•  How	
  much	
  of	
  your	
  wealth	
  	
  
should	
  you	
  invest	
  in	
  each	
  
security?	
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Mean	
  Variance	
  Analysis	
  

•  Up	
  un=l	
  the	
  mean-­‐variance	
  analysis	
  of	
  Markowitz	
  
became	
  known,	
  an	
  investment	
  advisor	
  might	
  have	
  
given	
  you	
  the	
  following	
  advice:	
  
–  If	
  you	
  are	
  young	
  you	
  should	
  put	
  money	
  into	
  a	
  
couple	
  of	
  good	
  growth	
  stocks,	
  maybe	
  even	
  into	
  a	
  
few	
  small	
  stocks.	
  Now	
  is	
  the	
  =me	
  to	
  take	
  risk	
  

–  If	
  you	
  are	
  close	
  to	
  re=rement,	
  you	
  should	
  put	
  all	
  
of	
  your	
  money	
  into	
  bond	
  and	
  safe	
  stocks,	
  and	
  
nothing	
  into	
  risky	
  stocks.	
  Don’t	
  take	
  risks	
  with	
  
your	
  porFolio	
  at	
  this	
  stage	
  in	
  your	
  life!	
  

Mean-­‐Variance	
  Analysis:	
  Preview	
  

•  We	
  will	
  show	
  that	
  the	
  op=mal	
  porFolio	
  of	
  
risky	
  assets	
  is	
  exactly	
  the	
  same	
  for	
  everyone,	
  
no	
  ma^er	
  what	
  their	
  tolerance	
  for	
  risk	
  
–  Investors	
  should	
  control	
  the	
  risk	
  of	
  their	
  porFolio	
  
not	
  by	
  realloca=ng	
  among	
  risky	
  assets,	
  but	
  
through	
  the	
  split	
  between	
  risky	
  and	
  risk-­‐free	
  
assets	
  

– The	
  porFolio	
  of	
  risky	
  assets	
  should	
  contain	
  a	
  large	
  
number	
  of	
  assets	
  -­‐	
  it	
  should	
  be	
  a	
  well	
  diversified	
  
porFolio 	
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Modern	
  PorFolio	
  Theory	
  

•  Harry	
  Markowitz	
  

•  Adjunct	
  Professor	
  of	
  
Finance	
  

•  UC	
  San	
  Diego	
  

•  An	
  economist	
  who	
  devised	
  the	
  
modern	
  porFolio	
  theory:	
  ‘PorFolio	
  
Selec=on’,	
  The	
  Journal	
  of	
  Finance,	
  
1952	
  (Published	
  while	
  a	
  graduate	
  
student	
  at	
  the	
  University	
  of	
  Chicago	
  at	
  
25	
  years	
  old)	
  

•  Best	
  known	
  for	
  his	
  work	
  in	
  modern	
  
porFolio	
  theory,	
  emphasizing	
  the	
  
importance	
  of	
  diversifica=on	
  	
  

•  Markowitz	
  won	
  the	
  Nobel	
  Prize	
  in	
  
1990,	
  while	
  a	
  professor	
  at	
  CUNY	
  

•  A	
  Markowitz	
  Efficient	
  PorFolio	
  is	
  one	
  
where	
  no	
  added	
  diversifica=on	
  can	
  
lower	
  the	
  porFolio’s	
  risk	
  for	
  a	
  given	
  
expected	
  return	
  

Recap:	
  Capital	
  Alloca=on	
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Op=mal	
  Risky	
  PorFolio	
  

Start	
  simple:	
  Two	
  assets	
  
•  The	
  expected	
  return	
  for	
  the	
  porFolio	
  is	
  

•  The	
  variance	
  of	
  the	
  porFolio	
  is:	
  

•  The	
  variance	
  of	
  the	
  porFolio	
  depends	
  on	
  the	
  
correla=on	
  between	
  the	
  two	
  securi=es	
  

Op=mal	
  Risky	
  PorFolio	
  

•  What	
  should	
  be	
  the	
  combina=on	
  of	
  risky	
  
securi=es	
  in	
  your	
  porFolio?	
  

•  Plot	
  out	
  possible	
  set	
  of	
  expected	
  returns	
  and	
  
standard	
  devia=ons	
  for	
  different	
  combina=ons	
  
of	
  the	
  assets	
  

•  Minimum	
  Variance	
  Fron3er	
  	
  is	
  the	
  set	
  of	
  
porFolios	
  with	
  the	
  lowest	
  variance	
  for	
  a	
  given	
  
expected	
  return	
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Two	
  Risky	
  Asset	
  Example	
  

•  How	
  does	
  correla=on	
  affect	
  the	
  risk?	
  Derive	
  
the	
  minimum	
  variance	
  fron=er	
  under	
  3	
  
different	
  assump=ons	
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No	
  diversifica=on	
  benefit	
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Perfect	
  Hedge	
  	
  
•  Perfect	
  Hedge	
  is	
  a	
  hedge	
  that	
  gives	
  a	
  porFolio	
  
with	
  zero	
  risk	
  

•  It	
  is	
  possible	
  to	
  find	
  a	
  perfect	
  hedge	
  with	
  these	
  2	
  
securi=es	
  

•  We	
  have	
  created	
  a	
  ‘synthe=c’	
  risk-­‐free	
  security!	
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Correla=on	
  and	
  diversifica=on	
  

•  Diversifica=on	
  benefit	
  

	
  
	
  
•  Hedged	
  Assets	
  

Many	
  risky	
  assets	
  …	
  

•  Three	
  risky	
  assets	
  

•  N	
  asset	
  porFolio	
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Shape	
  of	
  the	
  PorFolio	
  Possibili=es	
  Curve	
  

What	
  if	
  a	
  risk-­‐free	
  asset	
  is	
  available?	
  

•  We	
  have	
  covered	
  the	
  capital	
  alloca=on	
  
problem	
  between	
  a	
  risk-­‐free	
  asset	
  and	
  a	
  risky	
  
asset	
  

•  Recall	
  that	
  the	
  capital	
  alloca=on	
  line	
  is	
  the	
  
straight	
  line	
  through	
  the	
  risk-­‐free	
  asset	
  and	
  
the	
  risky	
  asset	
  

•  Adding	
  the	
  risk-­‐free	
  asset	
  generates	
  a	
  number	
  
of	
  CAL	
  choices	
  	
  
– Which	
  CAL	
  to	
  choose?	
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CAL	
  with	
  two	
  risky	
  assets	
  
•  Assume	
  we	
  can	
  only	
  trade	
  in	
  risk-­‐free	
  asset	
  with	
  
3%	
  return	
  and	
  risk	
  assets	
  B	
  and	
  C	
  where	
  

	
  with	
  correla=on	
  coefficient	
  0.5	
  
•  We	
  can	
  compute	
  the	
  minimum	
  variance	
  fron=er	
  
created	
  by	
  combina=ons	
  of	
  B	
  and	
  C	
  
–  The	
  risk-­‐free	
  asset	
  plus	
  B,	
  or	
  the	
  risk-­‐free	
  asset	
  plus	
  C	
  
gives	
  us	
  two	
  possible	
  CALs	
  

CAL	
  with	
  two	
  risky	
  assets	
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The	
  Mean-­‐Variance	
  Efficient	
  (MVE)	
  PorFolio	
  	
  

Finding	
  the	
  MVE	
  PorFolio	
  (Algebra)	
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Op=mal	
  Risky	
  PorFolio	
  

•  Adding	
  the	
  risk	
  free	
  asset	
  generates	
  a	
  number	
  of	
  
CAL	
  choices	
  	
  

•  The	
  feasible	
  set	
  of	
  porFolios	
  becomes	
  more	
  
a^rac=ve	
  

•  We	
  can	
  iden=fy	
  an	
  op=mal	
  risky	
  porFolio	
  which	
  
dominates	
  all	
  other	
  risky	
  porFolios	
  (irrespec=ve	
  
of	
  risk	
  preferences)	
  

•  The	
  op=mal	
  (tangency/MVE)	
  porFolio	
  has	
  the	
  
highest	
  Sharpe	
  ra=o	
  among	
  all	
  feasible	
  porFolios	
  
(highest	
  slope)	
  

Example:	
  Op=mal	
  Risky	
  PorFolio	
  
•  Inves=ng	
  $100,000,	
  risk-­‐free	
  =	
  0.5%	
  
•  Stock	
  1	
  has	
  expected	
  return	
  8%,	
  stdev	
  12%	
  
•  Stock	
  2	
  has	
  expected	
  return	
  13%,	
  stdev	
  20%	
  
•  The	
  correla=on	
  between	
  the	
  two	
  stock	
  returns	
  is	
  zero.	
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Op=mal	
  Complete	
  PorFolio	
  

•  Inves=ng	
  $100,000,	
  A=8,	
  risk-­‐free	
  =	
  0.5%	
  

Op=mal	
  PorFolio	
  with	
  Many	
  Risky	
  Assets	
  

•  What	
  does	
  the	
  minimum	
  variance	
  fron=er	
  
look	
  like	
  now?	
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•  We	
  get	
  the	
  possible	
  combina=ons.	
  Can	
  we	
  do	
  
be^er?	
  

PorFolios	
  of	
  PorFolios	
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The	
  Case	
  of	
  N	
  Risky	
  Assets	
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The	
  Case	
  of	
  N	
  Risky	
  Assets	
  (cont.)	
  

Op=mal	
  PorFolio	
  Selec=on	
  

1)  Es=mate	
  expected	
  return,	
  variances-­‐covariances	
  
matrix	
  

2)  The	
  weights	
  are	
  determined	
  by	
  quadra=c	
  
programming	
  op=miza=on	
  with	
  constraints	
  
based	
  on	
  either:	
  
–  For	
  given	
  expected	
  return,	
  find	
  the	
  minimum	
  variance	
  
–  For	
  given	
  variance,	
  find	
  the	
  maximum	
  expected	
  return	
  

Note:	
  You	
  can	
  do	
  this	
  by	
  using	
  Solver	
  in	
  Excel	
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4)	
  Trace	
  out	
  the	
  minimum	
  variance	
  fron=er	
  by	
  repea=ng	
  the	
  
op=miza=on	
  for	
  all	
  levels	
  of	
  expected	
  return	
  
5)	
  Graph	
  the	
  efficient	
  fron=er	
  
6)	
  With	
  a	
  risk-­‐free	
  asset,	
  find	
  CAL	
  with	
  highest	
  Sharpe	
  ra=o,	
  with	
  
the	
  point	
  of	
  tangency	
  with	
  efficient	
  fron=er	
  being	
  the	
  op=mal	
  
risky	
  porFolio	
  
6)	
  Find	
  the	
  op=mal	
  complete	
  porFolio	
  for	
  a	
  specific	
  investor	
  
using	
  his/her	
  u=lity	
  func=on	
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Example	
  

•  Consider	
  three	
  risky	
  assets,	
  A,	
  B,	
  C	
  with	
  risk	
  
free	
  return	
  at	
  3.5%	
  

•  Refer	
  to	
  Markowitz.xls	
  and	
  tutorial	
  on	
  moodle	
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Passive	
  Strategy	
  is	
  Efficient	
  

•  Basic	
  message:	
  your	
  risk/return	
  tradeoff	
  is	
  
improved	
  by	
  holding	
  many	
  assets	
  with	
  less	
  
than	
  perfect	
  correla=on	
  

•  The	
  op=mal	
  risky	
  porFolio	
  is	
  the	
  same	
  for	
  
every	
  investor,	
  and	
  is	
  the	
  market	
  porFolio	
  

•  No	
  need	
  for	
  stock	
  selec=on	
  
•  Investors	
  need	
  only	
  to	
  adjust	
  the	
  mix	
  of	
  risk-­‐
free	
  asset	
  and	
  the	
  market	
  porFolio	
  based	
  on	
  
risk	
  aversion	
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Far	
  from	
  everyone	
  agrees…	
  

Why?	
  	
  
Reconsider	
  the	
  assump=ons	
  for	
  mean-­‐variance	
  analysis:	
  
•  Separa=on	
  Theorem	
  

•  No	
  market	
  fric=on	
  	
  

•  No	
  heterogeneity	
  in	
  investors	
  	
  

•  Sta=c	
  expected	
  returns	
  and	
  variances	
  	
  

•  Risk	
  averse	
  investor	
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Final	
  notes	
  on	
  diversifica=on	
  



9/6/16	
  

24	
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Conclusion	
  
•  We	
  have	
  developed	
  mean-­‐variance	
  porFolio	
  
analysis	
  
– We	
  assume	
  that	
  all	
  that	
  ma^ers	
  to	
  investors	
  is	
  the	
  
average	
  return	
  and	
  the	
  return	
  variance	
  of	
  their	
  
porFolio	
  

–  This	
  is	
  appropriate	
  if	
  returns	
  are	
  normally	
  distributed	
  
•  Couple	
  of	
  lessons	
  
– Hold	
  the	
  same	
  porFolio	
  of	
  risky	
  assets	
  no	
  ma^er	
  what	
  
your	
  tolerance	
  for	
  risk	
  
•  If	
  you	
  want	
  less	
  risk,	
  combine	
  the	
  porFolio	
  with	
  investment	
  
in	
  the	
  risk-­‐free	
  asset	
  

•  If	
  you	
  want	
  more	
  risk,	
  buy	
  the	
  porFolio	
  on	
  margin	
  
–  In	
  large	
  porFolios,	
  covariance	
  is	
  important,	
  not	
  
variance	
  

Readings	
  

•  Readings:	
  
– Campbell,	
  J.Y.,	
  M.	
  Le^au,	
  B.G.	
  Malkiel,	
  Y.	
  Xu,	
  
2001,	
  “Have	
  Individual	
  Stocks	
  Become	
  More	
  
Vola=le?	
  An	
  Empirical	
  Explora=on	
  of	
  Idiosyncra=c	
  
Risk”,	
  Journal	
  of	
  Finance	
  56,	
  1-­‐43.	
  

– Markowitz,	
  H.,	
  1952,	
  “PorFolio	
  Selec=on”,	
  The	
  
Journal	
  of	
  Finance	
  7,	
  No.	
  1,	
  77-­‐91.	
  

(Files	
  are	
  posted	
  on	
  moodle)	
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Homework	
  

BKM	
  Ch	
  7	
  	
  
•  Solve	
  #4-­‐10,	
  then	
  repeat	
  the	
  analysis	
  with	
  
Excel	
  Solver	
  to	
  check	
  your	
  answer	
  (see	
  tutorial	
  
on	
  how	
  to	
  use	
  Excel	
  Solver	
  in	
  lecture	
  notes	
  
folder	
  on	
  moodle,	
  and	
  also	
  refer	
  to	
  Appendix	
  
A	
  of	
  book)	
  

•  Solve	
  #17-­‐19	
  


