MA332 Linear Algebra

Exercise IV

1 i —2
1. Letv, = (—2 L ¥y = 7 |. Determine if {v,, v;} is a basis for R, Is {v;, v}
-3 -9
a basis for R??
1 8 2 -4
2. Lety,=| =3 |,V = 2|, vy=|-2,vy= —EJ.Findaba.sisfar-
4 -1 3 S

the subspace W spanned by {v,. ¥ Y1, v.}

1 0 5
Jletvy=|0{,¥va=1]1 |, and H = s |:rin B ;. Then every vecter in
0 0 0

H is a linear combination of v, and v, because

Is {v, v;] a basis for H?

4 17] ¥
4 letvy=|=3]|.¥2= 91,vy= llJ.
7 =2 6 —

and F = Span {vy. ¥z, ¥3). It may be verified trat 4v) +
Svq — 2vy = 0. Use this infermation to find 2 basis fer H.
There is mors than one answer.

7 4 l
4 =7 -5

5 LE[‘I,'E"_"E —9 y Vg = 9 LV o= 3 ,]:maybc
-5 3 4

verificd that v, — 3vp + Svy = 0. Use this information 10
find a basis for & = Span {vy, ¥z, v3}.

6 Suppose B = Span [v;. ..., ¥s}. Explain why (¥]sunn, Va)
is a basis for R®.

Decide whether each statement is tue or false, and give a reason for each answer.
Here V 1s a nonzero finite-dimensional vector space.

7 ifdimV = p and if § is a linearly dependent subset of V, then § contains more
than p vectors.

8 1If § spans V and if T is a subset of ¥ that contains more vectors than S.thenT
_is linearly dependent.
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MA332 Linear Algebra

Solution Part 1

1.

5

Let A=[v, v;]. Row operations show that
1 =2 1 =2
A=|=-2 T7|~|0 3
3 -9 6 D

Not every row of A contains a pivot position. So the columns of A do not span
R, by Theorem 2 in Section 2.2. Hence (v, v,} is not 2 basis for B*. Since v,
and v, are not in B, they cannot possibly be a basis for R?. However, since v,
and v, are obviously linearly independent, they are a basis for a subspace of R,
namely, Span {v|, v;}-

Set up 2 matwix A whose column space is the space spanned by {v,, v, v.. v.},
and then row reduce A to find its ptvot columns.

1 6 2 —47 1 6 2 -4 1 6 2 -4
A=[-3 2 -2 -8|~|0 20 4 -20f{~{0 S 1 -5
4 -1 3 9 0 =25 =5 25 0 ¢ 0 D

The ficst two columns of A are the pivot columns and hence form a basis of
Col A = W. Hence [v,, v,} is a basis for W. Note that the reduced echelon form
of A is not needed in order to locate the pivot columns. -

Neither v, nor v, is in &, s¢ (v, v4] cannot be a basis for A. In fact, [v,.v,]
“is a basis for the plane of all vectors of the form {c,,¢,, 0), but H is anly a
line. ;

The three simplest answers are [v;, v2} or (v(, v;) or
{va, v1], Other answers are possible.

the set {v1, v2}, {Vv2, vs},{Vv1, vs} are linearly independent and thus each form a

basis for H.

6
Let

Hint: Use the Invertible Mawix Thecrem.

A=[v1 v2 v3 v4] then A is a square and its columns span R4 since R4=span{v1 v2

v3 v4} So its columns are linearly independent by the invertible matrix theorem

and

vl v2 v4 va} is a basis for R4.

7 False. Consider the set {0}.
True. By the Spanning Set Theorem, § coatains a basis for V; call that basis §".
Then T will contain more vectars than 5°. By Theorem 10, T is linearly depencent.
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MA332 Linear Algebra

Part 2

The matrices below are row eguivalent.

2 -1 1 ~6 8 |2 a3 -
| -2 —4 3 -2 0 3 9 -12 12

A=l 2 ¢ 1 3 -w0)] ZTj0o 0o 0o ¢ o
4 -5 -7 0 4 0o 0 0 0 0

1. Find rank A and dim Nul A,

2. Find bases for Col A and Row A. 1

3. What is the next step to perform if one wants to find a basis for Nu! 47
4. How many pivot columns are in a row echelon form of AT?

Part 2 solutions

1, A has 1wo pivot columns, so rank A = 2. Since A has 5 columns altogether.
dimNuld =5 —-2=73.
2. The pivot columns of A are the first two columns. S¢ a basis for Col 4 is

2 -1
1 -2
{al- 31} = 71 8
4 -5

The nonzero rows of B form a basis for Row A, namely, (1, -2, —4.3.-2),
(0,3,9. ~12, 12)}. In this particular example, it happens that any two rows of 4
form a basis for the row space, because the row space is 2-dimensional and aone
of the rows of A is a multiple of another row. In general, the nonzero rows <f an
echelon form of A should be used as a basis for Row A, not the rows of 4 iself.

3. For Nul A, the next step is to perform row operations on B to obtain the redaced
echelon form of A.

4. Rank AT = rank A, by the Rank Theorem, because Col AT = Row A. So AT has
w0 pivei positions. -
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CHAPTER 5

MA332 Linear Algebra

SUPPLEMENTARY EXERCISES

1. Mark each statement as True or False. Justify each answer.
In parts {@)=(f). ¥y...., v, are Vectors in a nonzera finite-
dimensional vector space V, and § = [v|..... vl

___ a. The set of all linear combinations of vy ... \'R

— b

—

— . d

vector space.

IF ¥y, ... v, 1} spans ¥, then S spans V.

If {v),.... ¥p=} is linearly independent, then 50 is S.
iIf 5 is linearly independent, then § is a basis for V.
If Span § = V, then some subset of § is a basis for V.

L If dimV = p and Span S = V. then § cannot be

linearly dependent.
A plane in B® is a two-dimensional subspace.

. The nonpivot columns of a matrix are always lineady

dependeant.

Row operations on a matrix A can change the linear
dependence relations among the rows of A.

Row operations on a matrix can change the nult space.

The rank of a matrix equals the number of nonzero
[OWS,

. If an mxn matrix 4 is row eguivaient o an eche-

lon matrix I/, and if {/ has & ncnzero rows, then the
dimension of the solution space of Ax=0ism — k.

. If 8 is chtained from a matrix A by several elementary

row operations. then rank 5 = rank A.

If A is mxn and rank 4 = m, then the linear trans-
formation x r= AX is one-lo-0ne,

. If A ts mxa and the lingar transformation X =+ AX is

onio, then rank A = m.

. A change-of-coordinates matrix is always invertible.

. If3= [h|.-..

Jb,tand € = {c;,....¢,}are bases for
a vector space V. then the jih column of the ¢hange-
of-coordinates matrix £ is the coordinate veciar

{e;]s. "

2. Find a basis for the set of all vectors of the form

3

5.

a-— 25+ 3¢
2a+ 56 =8¢

— = db+ T (Be careful.)
lu+bh+c-

—2 I b]
}[ z].h= [h}.m
_6 _5 b]_

Span {u). ua}. Find an implicir description of W thar is.
find a set of one or more homogeneous equations that char-
acterize the poimts of W. [Hinr When is b in W?7]
Suppose p|. pa. P;. Dy are specific polynomials that span a
rwo-dimensional subspace H of Ps. Describe how one can
find a basis for H by examiring the four polynomials and
making almost no compuiaticns.

What would you have to know about the solution set of 2
homogeneous system of 18 linear equations in 20 variables
in order o know that every associated nonhomogenepus
eguation has a sojution? Discuss.

Let uy =

. Let H be an n-d¢imensional subspace of an n-dimensionai

vector space V. Explain why A = V.

. Let § be a maximal linearly independent subset of a vecior

space V. That is, § has the property that if a vector not
in 5 is adjoined to 5, then the new set will no longer be
linearly independent. Prove that § must be a basis for V.
[Hint: What if § were linearly independent but not a kasis
of V7]

Let 5 be a fAnite minimal spanning set of a vector spuce
V. That is, § has the property that if o vector is remaved
from 3. then the new set will no longer span V. Prove that
S must be a basis for V.

Exercises 9-12 develop properties of rank that are somerimes
needed in applications. Assume the matrix A is mrxn,

Show that it P is an invertible m xm munx. hen
rank PA = rank A, [#isr: Explain why P is a product of
elementary muirices, and show that PA is row eguivulent
w0 Al
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