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Lecture 5
CHAPTER 2: TWO-VARIABLE REGRESSION ANALYSIS

2.1 Example

In order to understand two-variable regression, consider the data given in Table 1.
The data in the below table refer to a total Population of 42 families with their weekly
income (X) and weekly consumption expenditure (Y).

Table 1. Weekly family Expenditure (Y), Baht and Income (X), Baht k"

_—\.
— —X—Weekly famityZneome, Baht\

500 600 700 800 900 1000
360 376 458 610 600 700
313 475 422 468 531 679
322 380 498 575 670 730
Y= Weeky 310 382 560 542 630 591
Family Expenditure 390 390 442 H88 544 550
315 425 440 466 565 620
390 442 - 461 - 695
400 - - - - 635
Total 2800 2870 2820 3710 3540 5200
Conditional
means of Y, 350 410 470 530 590 650
E(Y|X)
Notes -

Conditional expected value of we&& consumption expenditure given the in-
come level =X , E(Y|X)

E( Mlx=s00) = 350 , F(] x=9q09) = 590
Unconditional expected value ,E(Y) = 2 %00 12%7% 4 %20+ 3300 ¢ 2540 S200

42

= 40’$-§/¥}§l
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Table 2. Conditional Probabilities p(Y|.X;) for the Weekly Family Income (X) and Expen-
diture (Y)

X=Weekly family Income, Baht

500 600 700 800 900 1000
1/8 1/7 1/6 /7 1/6 1/8
1/8 1/7 1/6 1/7 1/6 1/8
1/8 1/7 1/6 1/7 1/6 1/8
Y= Weekly 1/8 1/7 1/6 1/7 1/6 1/8
Family Expenditure 1/8 1/7 1/6 1/7 1/6 1/8
1/8 1/7 1/6 /7 1/6 1/8
1/8 17 - 17 - 1/8
1/8 - - - - 1/8
Conditional
means of Y, 350 410 470 530 590 650
EY|X) .
Notes - w,\/ LM.’.
Figure 2.1: Conditional Distribution of Expenditure for Various Levels of Income V,&R F/(g
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Figure 2.2: Population Regression Line (PRL) L
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The Concept of Ropulation Regression Function (PRF)

The population regression functiyn (PRF) can be written as the function of X

E( Xf) - ,F(Y,.) — | CONMDITTIOMAL
EXPECTATION
Funs cTron € CEF)

R, OR
RF E(Y|X,) is a linear functiog of X, we get

.,XSMPE oF fRF COPULATLoN REGRESSTC NV
Fovcrioy CPRF)

If we assume the

E(Y|X,) =B, +

INTERCE PT “(-AXLY
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2.3 What is the meaning of the term LINEARY

LINEARITY in the variables
ECvl x) - PidPo Xr  — LINBARTT/ Tw VARMABLE
2
/5(\(/>(,') = /3, ~+ —  NOT| LTABARLTY TN VARIARLIZ
SWCE X, 15 RAISED BY
LINEARITY in the parameters ()OMT’/Z oF Z(/)
2
ECXIX) = Pytfy X T NOT| Lvkarery  ov PARAMETERS
2
A5 WE OBSERUE /32 .
o TeRM S LIMEAR REGRESSCOM MUDEL (LRM)  REFERY
N )
To A MODE L TwaT TS (TVRAR | Ta PARAMIETER.
T M RE /MAY BE NoT [ TMEAR TV VARIARLE
U MMARN( MOPE ) TA  LINVEAR TN VARIARLS
— YIE< { o
\/P:SJ 9e o O
MODE LR LRM oo
TS CIWVEAR
™V 0 ARAMETERG MO N LR MERM
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2.4 Stochastic Specification of PRF

We can write the deviation of an individual ¥, around it expected value as follows:

TAKE A oGk AT 42 FAMICCES  AcAD, .. .,
C TREATED AS POPOLATION)

FOR  Av VDIV purr  FAMILY , WE CBSERUE A DEVIATION  FRON)
T79 conDdiTtovAr MEANV , ECN LX)

o LET S (AL TME DEVIATION FOR A FAMIVY AT UL
Ex’ AT x= €00, FOR VY= 340 WE AV WRITE §
oy EO | X =sw)
290 = 250 + W/
e ECVIXT)
O/Z %/’ = %60 - ‘%S—U - (-)LO

v GRVEIAL

u: = Y; - eCylxi)

OR N o= ECOYLX) + Ug

CTURN AN TNV UM u’:w;(,/ A FAMILY | s WEEKLY EwDITURIZ (}/,')

COMOUSE]  OF 2 COM PoVNT S 8 ;'.e()

0 ECNIX ) < MEANV (oMEuMprion EXxPEADITwRE OF ALL
FAMLLLEY W/ THME SAME LevEL oF TArE
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2.5 The roles of the stochastic disturbance term [(/i I ) /
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Lecture 6

2.6 The Sample Regression Function (SRF)

As mentioned, in the real sitnation, we cannot find out all the population of Y values corre-
sponding to the fixed X's. We only have a sample of Y values corresponding to some fixed X's.

Therefore, our goal in this section is to estimate the population regression line (PRF) on the
basis of the SAMPLE INFORMATION.

As a result, for the fixed X's as given in table 1, we only have a randomly selected sample
of Y values. For example, table 5 and table 19 show a random sample from the population
of table 1

Table 3. A Random Sample From the Population

X Y
500 390
GO0 425
00 260
800 aTH
a00 630
1000 G679

Table 4. Another Random Sample From the Population

X Y
500 360
GO0 390
00 440
800 375
900 670
1000 730
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Figure 2.3: Regression lines based on two different samples
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The sample regression function (SRF) can be written as:

where Y is read as “Y-hat”

Y=
Ay=estimator of 5,

By=estimator of 3,

estimator of E(Y|X;)

PRF ¢ E(‘(l)(.') :/3,7/;1)(/'

We can express the SRF in its stochastic form as follows:

Y = 5 + o Xi + fis

Lecture Note: EE 325-2/2015: Introductory Econometrics
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Figure 2.4: Sample and Population Regression Lines
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CHAPTER 3: TWO-VARIABLE REGRESSION MODEL: THE
PROBLEM OF ESTIMATION

As mentioned in the previous chapter, our main objective is 1

o estimate the |
recression function (PRF) based on the basis of th

e sample regression function |_‘-|i|-"' as
accurately as possible.

In this chapter, we are going to discuss two methods of estimation:
(1) Ordinary Least Squares (OLS) and

(2) Maximum Likelihood (ML).
3.1 The Method of Ordinary Least Squares (OLS)

Figure 3.1: Least-Squares Criterion
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Lecture 7

From the SRF: R .
Yi= 061+ 5:X +4;

Now, we obtain the least-squares estimators:

5, XLV P XX
’ nE X7 (LX)

= }7 - 322
(Eq.1)
b, = nY X;Y; = > Xi) Yi
S SR SRR
(Eq.2)
If we define X and Y to be the sample means of X and Y. Then:
xr; = (Xz - _)
yi = (Yi— }7}
(Eq.3)
We can have the alternative expressions for a:
Y X2 X2
_ > Xiyi
T EX ok
(Eq.4)
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;= Xf _5(—
Ji= =Y P(\Z:wék.“(.' - 2Ky
Show that . Z"'i‘fi n éx;z - (2)(‘)2
ﬂ:é(gij%;§>
~—
2 (xi-%)

= £ (X.“(; - XY - XY +%Y)

= (x%- 2x;x +%X )
S Z2xY - Yew —xg Y +EXY
S N - 2xEX + EX

= 22XV - gYigx —%Y/ + ) @./Q/
22 Y / 12

2t - 2@ + A (2 %)

} IS - —
N < % \¢ PRI Qkﬂl YL
=" <~ 1

/

EXAMPLE
Nz % - (£x)?

Table 5. A Random Sample From the Population

X Y
500 390
600 125
T00 560
800 575
900 630
1000 679
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