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EE 320 Introductory Mathematical Economics 

 

Semester 1/2019 

Homework 3 - Suggested Answers 

 

 

Question 1  
 

 
 

a.  𝜕𝑓/𝜕𝑥 = (𝑥2+𝑦2)(5𝑦2)−(5𝑥𝑦2)(2𝑥)

(𝑥2+𝑦2)
2  

𝜕𝑓/𝜕𝑦 =
(𝑥2 + 𝑦2)(10𝑥𝑦) − (5𝑥𝑦2)(2𝑦)

(𝑥2 + 𝑦2)
2

 

 

      b. 𝜕𝑓/𝜕𝑥 = 2𝑥𝑦+𝑦2

𝑥2𝑦+𝑥𝑦2 − 2𝑥 

𝜕𝑓/𝜕𝑦  =
𝑥2+2𝑥𝑦

𝑥2𝑦+𝑥𝑦2 − 2𝑦 

 

 

      c. 𝜕𝑓/𝜕𝑥 = 𝑧2𝑙𝑛(𝑦) + [𝑦/(𝑧2 + 𝑥 − 𝑦)
2

 

𝜕𝑓/𝜕𝑦 = 𝑥𝑧2/𝑦 − [(𝑧2 + 𝑥)/(𝑧2 + 𝑥 − 𝑦)
2
] 



 

2 

𝜕𝑓/𝜕𝑧 = 2𝑥𝑧𝑙𝑛(𝑦) + [2𝑦𝑧/(𝑧2 + 𝑥 − 𝑦)
2
] 

 

 

      d. 𝜕𝑓/𝜕𝑥 = 𝑧𝑒𝑥 − (2/𝑥)𝑦2𝑧3   

𝜕𝑓/𝜕𝑦 = −2𝑦𝑙𝑛(𝑥2)𝑧3 

𝜕𝑓/𝜕𝑧 = 𝑒𝑥 − 3𝑧2𝑙𝑛(𝑥2)𝑦2 

 

 

Question 2 

 

The optimal profit function of a firm can be given by, 

𝜋
∗(𝑝, 𝑤1, 𝑤2, 𝐴) = 𝐴 ∗ 𝑝

 
1

1−𝛽(𝑤1
𝛾 + 𝑤2

𝛾)
𝛽

𝛾(𝛽−1)
 
 

 

where 0 < 𝛽 < 1 and 𝛾 < 1, A is the level of technology, P is price of output, 𝑤1is 

the factor price of capital, and 𝑤2is the factor price of labor. 

Consider the following problem 

a. Use the partial derivative to conclude about the relationship between price and 

the level of profit. 

𝜕𝜋∗/𝜕𝑝 =
1

1 − 𝛽
𝐴 ∗ 𝑝

 𝛽
1−𝛽(𝑤1

𝛾 + 𝑤2
𝛾)

𝛽
𝛾(𝛽−1)

 
> 0 

 

b. How does the technical progress affect the level of profit? Show your result by 

using the partial derivative. 

𝜕𝜋∗/𝜕𝐴 = 𝑝
 1
1−𝛽(𝑤1

𝛾 + 𝑤2
𝛾)

𝛽
𝛾(𝛽−1)

 
> 0 

 

c. How does the level of factor price of inputs affect the level of profit? Show your 

result for both types of input, using the partial derivative. Then, explain the 

intuition of your result in economics. 

𝜕𝜋∗/𝜕𝑤1 = [
𝛽

(𝛽 − 1)
] 𝐴𝑝

 1
1−𝛽(𝑤1

𝛾 + 𝑤2
𝛾)

𝛽
𝛾(𝛽−1)

−1 
∗ 𝑤1

𝛾−1 <  0 
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𝜕𝜋∗/𝜕𝑤2 = [
𝛽

(𝛽 − 1)
] 𝐴𝑝

 1
1−𝛽(𝑤1

𝛾 + 𝑤2
𝛾)

𝛽
𝛾(𝛽−1)

−1 
∗ 𝑤2

𝛾−1 <  0 

This is because  0 < 𝛽 < 1 => 𝛽 − 1 < 0 => [
𝛽

(𝛽−1)
]  <  0  

 

d. Show that the profit function is convex in factor price of inputs. That is, the 

second-order partial derivatives of profit with respect to factor price of both 

capital and labor are greater than zero. 
 

𝜕2𝜋∗/𝜕𝑤1
2 = [

𝛽

(𝛽 − 1)
](𝛾 − 1) 𝐴𝑝

 1
1−𝛽(𝑤1

𝛾 + 𝑤2
𝛾)

𝛽
𝛾(𝛽−1)

−1 
∗ 𝑤1

𝛾−2 

 + [
𝛽

(𝛽 − 1)
][

𝛽
𝛾(𝛽 − 1)

− 1] 𝐴𝑝
 1
1−𝛽(𝑤1

𝛾 + 𝑤2
𝛾)

𝛽
𝛾(𝛽−1)

−2 
∗ 𝛾𝑤1

2(𝛾−1) > 0 

 

𝜕2𝜋∗/𝜕𝑤2
2 = [

𝛽

(𝛽 − 1)
](𝛾 − 1) 𝐴𝑝

 1
1−𝛽(𝑤1

𝛾 + 𝑤2
𝛾)

𝛽
𝛾(𝛽−1)

−1 
∗ 𝑤2

𝛾−2 

 + [
𝛽

(𝛽 − 1)
][

𝛽
𝛾(𝛽 − 1)

− 1] 𝐴𝑝
 1
1−𝛽(𝑤1

𝛾 + 𝑤2
𝛾)

𝛽
𝛾(𝛽−1)

−2 
∗ 𝛾𝑤2

2(𝛾−1) > 0 

 

Note that [
𝛽

(𝛽−1)
]< 0 , (𝛾 − 1) < 0 and [

𝛽

𝛾(𝛽−1)
− 1] < 0.   

 

 Question 3  
 

Consider a simple macroeconomic model given below, 
           

𝑌 = 𝐶 + 𝐺 

𝐶 = 𝐶0 + 𝑐1(𝑌 − 𝑇) 

𝑇 = 𝑇0 + 𝑡1 𝑌 

𝐺 = 𝐺0 

 

where Y is national income, C is consumption, T is the amount of tax collected, G is 

the level of government expenditure. 
 

Answer the following questions: 
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a. State all the endogenous variables. What are the parameters and exogenous 

variables in the model? 

 Endogenous:  C, Y, T 

 Exo and Parameters: 𝐶0, 𝑐1, 𝑇0, 𝑡1, 𝐺0 

b. Derive the equilibrium solution of all the endogenous variables? 

𝑌∗ =
𝐶0 − 𝑐1𝑇0 + 𝐺0

1 − (1 − 𝑡1)𝑐1
 

𝑇∗ = 𝑇0 + 𝑡1[
𝐶0 − 𝑐1𝑇0 + 𝐺0

1 − (1 − 𝑡1)𝑐1
] 

𝐶∗ = 𝐶0 + 𝑐1 [(1 − 𝑡1) (
𝐶0 − 𝑐1𝑇0 + 𝐺0

1 − (1 − 𝑡1)𝑐1
) − 𝑇0] 

 

c. Use the partial derivative to show the effect change in 𝑐1 and  𝐺0 on the 

equilibrium of endogenous variables? 
 

 

          
∂y∗

∂c1
=

[1 − (1 − 𝑡1)𝑐1](−𝑇0) + (𝐶0 − 𝑐1𝑇0 + 𝐺0)(1 − 𝑡1)

(1 − (1 − 𝑡1)𝑐1)2

=
(𝐶0 + 𝐺0)(1 − 𝑡1) − 𝑇0

(1 − (1 − 𝑡1)𝑐1)2
> 0 

            
∂y∗

∂𝐺0
=

1

(1 − (1 − 𝑡1)𝑐1)
> 0 

 

∂T∗

∂𝑐1
= 𝑡1 [

(𝑐0 + 𝐺0)(1 − 𝑡) − 𝑇0

(1 − 𝑐1(1 − 𝑡1))2
] 

 

∂T∗

∂𝐺0
=

𝑡1

1 − (1 − 𝑡1)𝑐1
> 0 

 

 

𝜕𝐶∗

𝜕𝑐1
= (1 − 𝑡1) [

𝐶0 − 𝑐1𝑇0 + 𝐺0

1 − (1 − 𝑡1)𝑐1
+ 𝑐1

(𝐶0 + 𝐺0)(1 − 𝑡1) − 𝑇0

(1 − (1 − 𝑡1)𝑐1)2
] − 𝑇0 > 0 
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𝜕𝐶∗

𝜕𝐺0
=

𝑐1(1 − 𝑡1)

1 − (1 − 𝑡1)𝑐1
> 0 

 

d. How does the marginal propensity to tax (𝑡1 ) affect the equilibrium level of 

income (Y*) and consumption (C*)? 
 

𝜕𝑌∗/𝜕𝑡1 =  −
(𝑐0 − 𝑐1𝑇0 + 𝐺0)𝑐1

(1 − (1 − 𝑡1)𝑐1)2
< 0 

 

 

𝜕𝐶∗/𝜕𝑡1 = −𝑐1[
𝐶0 − 𝑐1𝑇0 + 𝐺0

1 − (1 − 𝑡1)𝑐1
+ (1 − 𝑡1)

𝑐1(𝐶0 − 𝑐1𝑇0 + 𝐺0)

(1 − (1 − 𝑡1)𝑐1)2
] < 0 

 

Question 4 

 

Write the Hessian Matrix for each of the following functions: 

a. 𝑈(𝑥, 𝑦) = 7𝑥2 + 8𝑥𝑦 + 3𝑦2 

 

b. 𝑧(𝑥, 𝑦) = 5(13𝑥 − 5𝑦)2 

 

c. 𝑓(𝑥, 𝑦) = 4𝑥3 − 11𝑥𝑦 − 7𝑦5 

 

d. 𝑄(𝐾, 𝐿) = (2𝐾 + 1)(3𝐿2 + 2) 

 
 

Question 5 
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The demand for a product depends on the price 𝑝1of the product and on the price 

𝑝2charged by a competing producer, and it is given by: 

  𝐷(𝑝1, 𝑝2) = 36 −
8𝑝1

√𝑝2
. 

a. Find 
𝜕𝐷

𝜕𝑝1
and

𝜕𝐷

𝜕𝑝2
, and comment on the signs of the partial derivatives.  

 

b. Calculate the own-price and cross-price elasticities of demand when 𝑝1 = 3and 

𝑝2 = 4. 

Ans.  When 𝑝1 = 3and 𝑝2 = 4, 𝐷 = 36 − (8)(3)/2 = 24 

 𝜀𝐷,𝑝1
=

𝜕𝐷/𝐷

𝜕𝑝1/𝑝1
=

𝜕𝐷

𝜕𝑝1
⋅

𝑝1

𝐷
= −

8

2
⋅

3

24
= −0.5 

𝜀𝐷,𝑝2 =  
𝜕𝐷
𝜕𝑝2

⋅
𝑝2

𝐷
=

12
8

⋅
4

24
= 0.25 

 

Question 6 

 

Suppose the production function Q depends on the number of workers L according to 

the formula: 

  𝑄 = 𝐿𝑔(
𝑙𝑛(𝐿)

𝐿
) 

where g(.) is a differentiable function.  Find expressions for 
𝑑𝑄

𝑑𝐿
and 

𝑑2𝑄

𝑑𝐿2
. 
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a) To ensure a decreasing return to scale, n must be less than one. 

b) This requires that MPK decreases in K, and MPL decreases in L.  

 
𝜕𝑀𝑃𝐾

𝜕𝐾
= 𝐴𝑛(𝑛 − 1)𝑘𝑛−2  --> n < 1 is needed to ensure the decreasing. 

𝜕𝑀𝑃𝐿

𝜕𝑙
= 𝐴𝑛(𝑛 − 1)𝑙𝑛−2    → n < 1 is needed to ensure the decreasing. 

 

c) 𝑀𝑅𝑇𝑆𝐿 𝑓𝑜𝑟 𝐾 = |𝑑𝐾/𝑑𝐿|  = 𝑀𝑃𝐿/𝑀𝑃𝐾 =  (𝐿/𝐾)𝑛−1 = (𝐾/𝐿)1−𝑛 

 

d) 𝑑𝑀𝑅𝑇𝑆𝐿 𝑓𝑜𝑟 𝐾/𝑑𝐿 = {𝐿(1−𝑛)(1 − 𝑛)𝐾(−𝑛)𝑑𝐾/𝑑𝐿 − (1 − 𝑛)𝐿−𝑛𝐾1−𝑛}/

𝐿2(1−𝑛)  

Note that (1-n) > 0 (from the condition in b) but 𝑑𝐾/𝑑𝐿 <  0.  

As a result, 𝑑𝑀𝑅𝑇𝑆𝐿 𝑓𝑜𝑟 𝐾/𝑑𝐿 < 0. 
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e)   H  =  [
𝐴𝑛(𝑛 − 1)𝐾𝑛−2 0

0 𝐴𝑛(𝑛 − 1)𝐿𝑛−2] 

Note that  |H1| =𝐴𝑛(𝑛 − 1)𝑘𝑛−2< 0 for all positive value of K. 

Also, we observe that |H2| = 𝐴2𝑛2(𝑛 − 1)2(𝑘𝐿)𝑛−2 > 0 for any strict positive 

combination of K and L. This implies that H is negative definite for all strict positive 

combination of K and L, and hence suggesting that f(K,L) is globally concave. 

f)  𝑑𝑄/𝑑𝑡 =  𝑀𝑃𝐾 ∗ (𝑑𝐾/𝑑𝑡)  +  𝑀𝑃𝐿 ∗ (𝑑𝐿/𝑑𝑡) 

Note that (𝑑𝐾/𝑑𝑡) = 𝑡 + 2 > 0  𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 ≥ 0  

     (𝑑𝐿/𝑑𝑡) = 𝑒𝑡 > 0  𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 ≥ 0  

Since both MPK and MPL are greater than zero, this implies that  𝑑𝑄/𝑑𝑡 > 0. 

That is, output is a strictly increasing function over time. 

 

h) For t = 0, we note that K(0) = 3 and L(0) = 4 → Q(t=0) = 𝐴[3𝑛 + 4𝑛] 

dQ/dt = MPK(t=0) * (2) + MPL(t=0) *(1)   

(Use the above equation that we derived  dK/dt and dL/dt, and substitute t=0 into.)  

MPK(t=0) = 𝐴𝑛𝐾(𝑡 = 0)𝑛−1 = 𝐴𝑛(3𝑛−1)  

MPL(t=0) = 𝐴𝑛𝐿(𝑡 = 0)𝑛−1 = 𝐴𝑛(4𝑛−1)  

 

(dQ/dt)/Q  = {𝐴𝑛(3𝑛−1)*2+𝐴𝑛(4𝑛−1)*1 } / 𝐴[3𝑛 + 4𝑛] # 


