Matrices,
Algebra of Matrices
&
Elementary Operations

What iS a MatI’iX ? (Not a movie trilogy staring Keanu Reaves)

A matrix is a rectangular array of numbers (or functions) enclosed in brackets.
These numbers (or functions) are called the entries (or elements) of the matrix.

For example,
Column1  Column2 Columnn
all a12 o aln Row1
A= [a ] _ a21 (122 azn Row 2
= il1= .
_aml . tee amn | Rowm

A is a matrix of dimension (size) mx n (mrows and n columns)

a; is an entry or an element of the matrix

a; is a main diagonal entry
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03 1 -=5] . . 10 -0
is a 2 x 3 matrix (Rectangular Matrix) 01 - 0
0 -02 16] I= is an identity matrix or a unit matrix
: 0
-z 27 o0 - 1
€ 2x is a2 x 2 matrix (Square Matrix)
8% 4x | 1 2 . _ . 1 00
0 5 is an upper triagular matrix {5 3 | is a lower triagular matrix
aix (ST Qi3 00 3 4 5
is a 3 x 3 matrix (Square Matrix) 0 0
Qg Qgg Qz3
0 0 0 ol . i
=. . is a zero matrix
asz a3z Q33 Do 0
a, 0 0 0 0 0
0 ay - 0 is a diagonal matrix [ay as az] isa1x3matrix (we usually call it a row vector)
. : o
4
0 0 a,, . . .
1 is a 2 x 1 matrix (we usually call it a column vector)
2
4
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Vector

A vector is a matrix with only one row or column. Its entries are called the components
of the vector. We shall denote vectors by lowercase boldface letters a, b, - - - or by its
general component in brackets, a = [a;], and so on. Qur special vectors in (1) suggest
that a (general) row vector is of the form

a=fay a -, @) For instance, a=[-2 5 08 0 1L

A column vector is of the form

by
4

by
b= - For instance, b= 0
. -7

b,

Basic operations of matrices

Equality of Matrices

Two matrices A = [a;,] and B = [by] are equal, written A = B, if and only if they
have the same size and the corresponding entries are equal, that is,
aj; = byy, a3 = bys, and so on. Matrices that are not equal are called different.
Thus, matrices of different sizes are always different.

/|
BE
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Let
an app 4 0
A= and B= .
azi Az 3 -1
Then 4 0
a1 =% 2= U
A=B if and only if
g9y = 3. dog = -1.
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Addition of Matrices

The sum of two matrices A = [a;] and B = [by] of the same size is written
A + B and has the entries a; + by, obtained by adding the corresponding entries
of A and B. Matrices of different sizes cannot be added.

A+B =[ajk +bﬂ<]mxn

For example;

2 -1 3 4 7 -8 6 6 -5
0 4 6 |+9 3 5|={9 7 11
-6 10 -5 I -1 2 -5 9 -3
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Scalar Multiplication (Multiplication by a Number)

The product of any m X n matrix A = [a;,] and any scalar ¢ (number c) is written
cA and is the m X n matrix cA = [cay,] obtained by multiplying each entry of A

by c.
ca,  ca, o cq,
ca ca e Cca
21 22 2
cA = !
caml CamZ T camn
27 -18 =27 1.8 3 -2 0 0
1
If A=|0 09, then -A= 0 -09|. TOA= 0 1], DA=|0 0].
9.0 -45 -90 45 10 -5 0 0

|
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Properties of Matrix Addition
4 0 5 B 1 1 1 C 2 -3
A= = =
—1 3 2 3 5 7 O 1 Cummulative law (a) A+B=B+ A
fesocaivela () (A +B)+C=A+(B+C)  (witenA + B+ C)
A + B _ (c) A+0=A
(d) A+ (—A)=0.
Properties of Scalar Multiplication
A+C= 2B = o @ cA+B)=cA+cB
Distributive laws
(b) (c + kA = cA + kA
(c) c(kA) = (cbhA (written ckA)
(d 1A = A.
A-2B
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Matrix multiplication Example
Three different ways with the same answer: 1 1 62
Method 1: Each entry of AB1is the product of a row and a column. 3 0 3(15]=
1 1 440
(AB) i ar’lblj + ﬂJ'_‘-b]_'." + -t ﬂjnb)ﬁ-
by,
by,
an dn - dm - = (AB);_)
by
(4B)ij=row i of A times column j of B
This single entry is the inner product of the two vectors.
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EXAMPLE 4= [ Compute

-1 0 1

el
fad
<
L 1
o3
Il
= D 2
|
1 =

AB. ifitis defined.

Solution: Since 4is 2x 3 and Bis 3 x 2, then 4B is defined and
ABis x

EXAMPLE: If 4is 4 x 3 and Bis 3 x 2, then what are the sizes of
AB and B4?

Solution:
* % %
E I
E I I
AB = - =
* k¥
* ¥
E I I
. Which is
* X
* ok ok
B4 would be * x
* ok ok
* %
* k¥

‘IfA ismxnand Bisnxp,then 4Bis mx p.
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Example 1 1 612
Method 2: Each column of ABis the product of a matrix and a column 30 3(15]|=
1 1 4]0
Suppose dismxnand Bisnx pwhere B=[by by b, ]
AB = [4by 4b; -+ 4b, ]
Example
bll blz blp
21 b2l bZ[) 2 3 4 3 6 _
AvBry = Auen| - | A - | - A 1 =511 =2 3
bn] an bnp
Column j of AB= A times column j of B
The number of columns in A4 has to equal the number of rows in B.
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,
2 -

EXAMPLE: Compute 4Bwhered=| 3 -5 and}3‘=|: ; N i|
: 7

Solution:
-2 — 4 -2

2 -3
Aby=| 3 - 6} Aby=| 3 =5 -
0 L 01 -
-4 2
=| -24 =| 26

-4 2

= AB=| -24 26

6 =7

MNote that 4b,; is a lingar combination of the columns of A and 4b, is a linear combination of the
columns of 4.

Method 3: Each row of ABis the product of a row and a matrix

row 1 of AB=row iof Atimes B

2ol Gof
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Properties of Matrix Multiplication
Cautions ! Properties of matrix multiplication
AB is not always equal to BA
Try - Let 4 be m x n and let B and C have sizes for which the
5 1 20 L
A _L 2} and B _L q} indicated sums and products are defined.
3 - - 3
a. A(BC) = (4B)C (associative law of multiplication)
If AB = AC , B is not necessary equal to C b. A(B+ C) = AB + AC (left - distributive law)
eg. - - ) C. (B+C)4d=BA+CA (right-distributive law)
[2 -3] 8§ 4  [s5s -2
A —1_4 6 J B —|:5 5} and C = |:3 1 } d. 1(4B) = (r4)B = A(rB)
B«C but AB=AC for any scalar r
. e. Ind = 4 = Al, (identity for matrix multiplication)
If AB =0, A or Bis not necessary equal to 0
€g. N
=3 0 gl ? 1B =(
Sl o207 AB=0
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Transposition of Matrices and Vectors

The transpose of an m X n matrix A = [a;] is the n X mmatrix AT (read A transpose)
that has the first row of A as its first column, the second row of A as its second
column, and so on.

&y, a, &, all a21 aml
_ Gn  Gp @on T a, Ay A2
A=[a,] ; A" =la,]=
1 o aln aZn . amn
Transposition of Matrices and Vectors
5 4
5 -8 |
I A= . ten AT=|-8 of.
4 0 0
1 0
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|
E3

1 20
EXAMPLE: Let4 = [ 201 . Compute

L |
=]
Il

I

o=

AB, (4B)T, ATBT and BTAT.

Solution:

R ]
Il
1
[E—
'

-
ty
=]

I
L N
(=)
1

BTAT — 1 2
21 4

[ R
o

(4BY =
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7 3 10
=] 20 -4
21 4
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Properties of Matrix Transposition

Let 4 and B denote matrices whose sizes are appropriate for
the following sums and products.

a. (AT)T =4 (Le., the transpose of 4T is 4)
b. (4+B)T = 4T+ BT
c. Forany scalarr, (r4)7 = 147

d. (4B)T = BTAT (l.e. the transpose of a product of matrices
equals the product of their transposes in reverse order. )

EXAMPLE: Prove that (4BC)T = _

Solution: By Theorem 3d,
(ABC)T = ((4B)O)T = €*( 3

=c7( Y=__ .
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Solution of System of Linear
Equations
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System of Linear Equations

Alinear equation

’ Unknown Variables |

— \
ax, +a,x, +..+ax =b

AN / \

‘ Given Coefficients ‘ ‘ Given Constant
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A linear equation
ax, +a,x,+..+a x, =b )
eg.
2x, —x, +5x;, = 25

Non-linear equation

Anything that is not in the form of a linear equation (*)

eg.
2x, — x°, +5x, sin(x,) = 25
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System of Linear Equations

A collection of one or more linear equations involving the same set
of variables.
A system of linear equations with 2 variables:

Eg. 2x+yp=8
X+3y=9

ax+by =h

ox+dv=k
A system of linear equations with 3 variables:

6x,+x,+x, =6

Sx,4+x, +2x, =4

4.‘.‘| + .\,‘2 _\‘g = _2
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The whole idea of linear algebra is to solve
Ax=b
A system of linear equations can be written in matrix form

6x, +x,+x;,=06
Sx,+x,+2x; =4

4x, +x, —x,=-2

6 1 1x 6 6 1 1/|6
51 2|x,|=| 4 or 51 214
4 1 —1|x| |-2 4 1 -1-2

An augmented matrix form
[Alb]
Ax=Db
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A matrix equation:
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Solutions of System of Linear Equations

A system of linear equations with n variables:

)X, A5 Xy X+ a,x, =b
(3 X, + Uy Xy + Uy Xy + ooy, X, = b,
Ay X + A3 X5 + U3 Xy + e ay, X, = b,
(1)
a,X, +d X, +d X e, X, =b
XisXgs Xgyunenen » X, s asetof unknown variables

If all b, are zero then the system is called “Homogeneous system”
If b, are not all zero then the system is called “Non homogeneous system”

If the system (1) is homogeneous, it has at least the trivial
solution x,=0,...,x,, =0
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A linear system of z equations in  unknowns xy, - - -, x,, is a set of equations of the form

ay1X1 + .-+ AnXn = bl

agyxy + 0+ agpx, = by

QX + 0 F QX = by,

Can be written in a form of matrix equation as

[Alb]

Ax=Db
a, a, a, || X bl
a, dy A || %2 | bz
_aml amZ e amn | _xn _ _bm _
11X nx1 mxt
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EXAMPLE: Three eqguations in three variables. Each equation
determines a plane in 3-space.

Geometric Interpretation. Existence and Uniqueness of Solutions

If m = n = 2, we have two equations in two unknowns xy, Xo
apyy + apxy = by

Q91X1 + AgoXo = bz.

There are 3 possible cases
Xy H+a=1 x +x=1 x) +x5=1
2x;~2,=0 2%+ 2x,=2 x, +%,=0

Case (b) Case (¢)

Case (a)
EN E X2
N AN

%S
/

r-'-, /
/

{b) Infinitely many solutions if the lines coincide.
{c) No solution if the lincs are parallel

{a) Precisely one solution if the lines intersect.

Matrix- p31

>

y

B 4

Unique solution

Infinitely
many solutions

No solution

Solutions

Unique or Infinitely many solutions ——  Consistent system

Inconsistent system

No solution

How can we know ?
Matrix- p32
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Strategy for solving a linear system

Replace one system with an equivalent system (one with the
same solution set) that is easier to solve.

example
Xy = 22X =1
a)
=X; + 3x = 3
b) X 2x, = 1
Y2 2
c) Al 3

Equivalent systems

a) b) c)

10 =5 3 ig

Matrix- p35
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Example Solving a system of linear equations
Solving a linear system using augmented matrix methods.
_ 3x,+4x, =1
Elementary Row Operations:
1. (Replacement) Add cne row to a multiple of another row. X, — 2 X, = 7
2. (Interchange) Interchange two rows. 1 2
3. (Scaling) Multiply all entries in a row by a nonzero constant. 1. Augmented matrix corresponding to the
system of linear equations.
Note: Row equivalent matrices: Two matrices where one matrix can 3 4 11
be transformed into the other matrix by a sequence of elementary
row operations. 1 =217
2. R R, (To get a 1 in the upper left
Fact about Row Equivalence: If the augmented matrices of two
linear systems are row equivalent, then the two systems have the corner.)
same sclution set. 1 i 2 7
Replacement: k x Row / adds to Row j and replace Row j (the one
that is not multiplied.) 3 4 |1
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3. (3R +R, >R, (To get a 0 in the lower
left corner.)

1 -2 7
{o 10‘-—20}
4. (110JR2 — R, (To get a 1 in the lower right
corner.)
1 =27
0 1|-2

5. @R, +R - R (To get a 0 in the upper
right corner.)

I 0] 3
0 1|-2

Hence, X, =3 and *, =—2.

We can stop the row operation process at step 4
and perform back substitution to obtain the solution set.
This method is known as “Gauss Elimination” method.

1
4. (E)RQ — R, (To get a 1 in the lower right

corner.)
1 =27
0O 1|-2
x=2y=7 ()
y==2 @)

Solve for y first in eq. (2)
and then substitute y into eq.(1)
to solve for x
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Example of system of linear equations with 3 variables
fair a1z aig o] [an a1z a3 cr] An augmented matrix
a] @22 423 cz
el gz CQ a3 axp o3 | c3 7 [ 2
la31 az ass e L 4 e Xf = 23y + 13 = 0 1 2 1|0
| conare Y [ Shutieliz va — 8x3 = 8 D 2 8|8 |RHRIR
l} elimination i (dis. g o 5
_ _ 4 Hya . Dys: = — 5 ) -t
all aip ars ¢ . o Axy 4+ Sxr 4+ Oxy 9 L 4 5 9
az a3 ¢ L ai3 ci
L ass s o T ; s . I < 7]
U, --------------- ﬁ backward X - =X 4 X3 = 0 ] 2 1 0 .
_____________________ elimination 2y; Bxy = & 0 2 -8 | 8 z
e "
_ ’, 3,/ ®o | Back 100 C',, 3xa 4+ 13xy = 9 0 3 13 |9
X = co — a3x3) /a2 substitution 01 0lc = —
X1 = [c1 — a12x2 — a1gx3)/a | 2
0 0 1 C3 X = 2% o+ ¥ o= 0 ] =2 L |0
Xz vy = 4 0 1 4|4
Iy + 13x = 9 0 -3 13 |9 Ra#3R; P Rs
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¥ = 2% + n = 0

¥ - dxy = 4
:'!I.’l.'_" + 13xy = 9
LS = 2.‘1'_1 + vy = 0

Xi = dxy =
X3 =

V] e 2AX2 = 3

3 = 16

X3 = 3

MA 217 Calculus for Social Science Il (semester 1/2016)

|
BE

| =2
o |
0 _3

I =2

1

(4]

1 2

1

]

L] O

4| 4
R2+4Rs | Rz

13 |9
R1+2R3 9 R1

Lo

-4 |4

113

03 ]
0|16
1| 3
Matrix- p41

Xy = 20 1 0 020
T = 16 o1 0|16
= 3 0013

Check: Is (29, 16.3) a solution of the original system?

X = 2.1'3 o X3 = 0

2va - Bxa = 8

A | + S.lg + ‘?_\'3 = _9Q
(29) - 2{16) + 3 =29_32+73 =
2016) _8(3) = 32_24 =
_A(29) +5(16) +9(3) = _116+80+27 =

MA 217 Calculus for Social Science Il (semester 1/2016)
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Row operations are reversible.

If the augmented matrices of two linear systems are row equivalent, then the

two systems have the same solution sets.

Example 1
6x,+x,+x,=6

Sx,+x,+2x, =4

4x+x,—x; =2

MA 217 Calculus for Social Science Il (semester 1/2016)
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x,=3,x,=-13,x, =1

Matrix- p43

-3

Example 2

5 -4 x 7
-2 4 |x|=|-1
I -8 x -4
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4
x =-1+—=x

3

X, =2
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Example 3

3x,

—6x, =8

X, —2x,4+3x, =-1

S5x,

/|
BE

=7x,+9x,=0

Inconsistent
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Example 4
2x,—4x, +x, =4

4x,—8x, +7x, =2
—2x, —4x,-3x, =5

Inconsistent

MA 217 Calculus for Social Science Il (semester 1/2016)
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Example 5 : For what values of /1 will the following system be
consistent?

3, - 9 = 4

2x; + fxa = h

Solution: Reduce to triangular form.

3 94 [T - 1 3 i
2 6|k 26| h 0 0|+t
The second equation is Ox) + w2 = h+ &, System is consistent

onlyifh+ £ =0orh ==L

)
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Example 7 Give an example of b_that will make the linear system consistent.
X, +2x,+2x;, =b,

1 2 2 b,
2x, +4x, +6x;,=b, 2 4 6 b,
3x,+6x, +8x; = b, 3 6 8 b,
1 22 b, 2 2 b,
0 0 2 b,-2b | ~ 0 0 2 b, —2b,
0 0 2 b, —3b, 0 0O —b, +2b,+b, - 3b,

For consistent system (0 = b3-b2-b1
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Echelon form (or row echelon form):
1. All nonzero rows are above any rows of all zeros,

2. Each leading entry (i.e. left most nonzero entry) of a row is

in a column to the right of the leading entry of the row above
it.

3. All entries in a column below a leading entry are zero.

EXAMPLE: Echelon forms

Reduced echelon form: Add the following conditions to
conditions 1, 2, and 3 above:

4. The leading entry in each nonzero row is 1.
5. Each leading 1 is the only nonzero entry in its column.

EXAMPLE (continued):
B o+ = * * B o+
(@) 0 W o+ % * b) 0 W =« Reduced echelon form : _
0 0000 0 0N The whole purpose of doing 01 = 00 = = 00 % =*
0 0000 0 00 the elimination is to get an 00010 = =00 * »
0 M % * % % % 4 * * * upper triangular matrix (U) D0 O0O0 1 %= %00 % %
0 0 0 M * % £ * * * =% (echelon form) 00000 D %
(©] 000 0 M+ x % % x « 00000 00 1 % %
000 0 0 W o+ *+ * L= =
00000 0 MW o« x
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Important terms . .
v The first pivot
o TS | P
Pivot position: a position of a leading entry in an echelon form of the matrix. . Pivot row
. 4 —
Pivot: anonzero number that either is used in a pivot position to create 0’s or 6 0
is changed into a leading 1, which in turn is used to create 0’s _Q 7 2
Pivot column: a column that contains a pivot position. Pivot column
Pivot row: a row that contains a pivot position.
. . 2 1 1 1
Number of pivots = Rank of a matrix Replacement
Example : 3 equations 3 unknowns Replacement | () —2 | - 0 =8]-2
0 8 3 0 0
2 I 1x 5
/ U
(coefficient matrix) 4 - 6 O yi=|— 2
By definition, pivots cannot be zero. ( need to divide them!)
-2 7 2|z 9
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Example Row reduce to echelon form and locate the pivot columns.

pivot
Y
0 <3 -6 4 9 N 145-9--7—‘ 1 4 5 =9 -7
-1 =2 =1 3 1 -1 =2 -1 3 | ~ 0 2 4 -6 -6
Rx+R1 2 R: - 2
-2 -3 0 3 -1 23 0 3 -1 0 ] 0 510 -15 -15
| 4 5 9 -7 |mer 0 -3 -6 4 9 | 0 -3 -6 4 9
1
pivot column Possible Pivots:
1 45 -9 -7 145 -9 7
024 -6 -6 024 =6 -6
Refs/2f @R 0 0 0 0 0 000 -5 0
R/ PR 0 0 0 =5 0 000 0 0 Note: There is no more
than one pivot in any row.
0 -3 -6 4 9 )
0§ 2 % There is no more than one
Orginel Melte: | o & & 5 - pivot in any column.
1 4 5 -9 -7
| 1
pivot columns: 1 2 4

% MA 217 Calculus for Social Science Il (semester 1/2016)
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EXAMPLE: Row reduce to echelon form and then to reduced
echelon form:

Solution:
0 3 -6 6 4 =5 =9 12 -9 6 15
3 -7 & =5 8 9 - 3 =7 -5 & 9
-9 12 9 6 15 pew| O 3 -6 6 4 -5

Rz-R1 2 Rz ~ 0 2 =4 4 2 -6

=
Led
|
vy
o
e
|
Lin
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Cover the top row and look at the remaining two rows for the Example
left-most nonzero column. ~ _
1 2 3
3 =9 12 % 6 15 =9 12 -9 6 |5
2 2 4
0 2 4 4 2 -6 - 0o 1 =2 21 =3 A=
0 3 -6 6 4 -5 0 3 -6 64 =5 2 6 8
2 8 10
9 12 -9 6 15 meman 3 Q9 12 -9 (0 -9 - -
~ 0 1 =2 21 =3 1 =2 2 — ] )
00 6 61 4 0 0 =7 How many pivot variables?
RrRad Ry | wesn |00 0 0 1 4
Echelon form
romsn | 3 () =6 9 0 =72 Ri/3 L O =23 0 =M
r 01 220 =7 o= 01 =220 =3
00 001 4 00 001 4
Reduced echelon form
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How could this 3x3 case fail to give answer?

* ) ko ok
-Fail to come up with 3 pivots.
k% 3k
k% sk
Example

1 21 12 1] _ 12 1
3.6 1| "0 (0) -2 0 4 1
0 4 1 041®00/.(”2}

If this entry is changed to 0
=>» matrix would not have been invertible

The breakdown of elimination

Under what circumstances could the elimination break down?

If the algorithm produces n pivots (a full set of pivots),
then there is only one solution to the equations (nonsingular case)

If a zero appears in a pivot position, elimination has to stop!
Stop temporarily=> there is possibility to exchange with
a lower row for a proper pivot.
Stop permanently=» there is no exchange of row that
can avoid zero.

However, we do not know whether a zero will appear until we try.
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Two Fundamental Questions (Existence and Uniqueness)
EXAMPLE: Is this system consistent?
1) Is the system consistent; (i.e. does a solution exist?) X o= 22+ &= 0
2yz. - By = 8
2) If a solution exists, is it unique? (i.e. is there one & only one Ax) 4+ Sxpo 4+ Gy = 9
solution?)
In the last example, this system was reduced to the triangular
. . . . . P . form:
If a solution exists either a unique solution or infinitely many solutions
, the system is said to be consistent. Otherwise the system is inconsistent. , . ¢ s pla
| - X2 T Xy = —
va dy; = 4 0 1 4|4
How an echelon form (or rref) of a matrix (obtained by performing v o= 3 0 0 1|3
Row operations on a matrix ) tell us about the nature of the solution
(e.g. Unique solution, infinitely many solutions or no solution)? This is sufficient to see that the system is consistent and unique.
Why?
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EXAMPLE: |s this system consistent?

EXAMPLE: For what values of /i will the following system be

Ixa— Gr;= B 0 3 6| 8 consistent?
¥1 =23+ 3xy=_1 I =2 3|l v — B = 4
5.l'| = T.\'] +9 = 0 5 7 Q 0 21“ 4 By = |'I.F
Solution: Row operations produce: 3 :
Solution: Reduce to triangular form.
0 3 6|8 L =2 F <=l 1 <2 3=l
I 2 3|1 |=| 0 3 6|8 |-| 0 3 6|8 3 .94 1 3]+ 1 3 %
579l 4 3 K5 b0 B3 2 6 | | 2 6] a 0 0lh+d
Equation notation of triangular form:
y s 4 A = 1 The second equation is Oy, + 0x: = h+ £ System is consistent
e 2 R . B =) 5 = =& )
i _ 6x3 = 8 onlyifh+ L =00rh ===
Oy; = _3 « Nevertrue
The original system is inconsistent!
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example
1 2| 2 1 2|2 1 2|2
1 5|6 0 34 0 34
2 71| 8 0 3|4 0 0|0 m-n=2
/ These 2 rows are linear
4 14| 16 0 6|8 0 0,0 combination of other rows
Solution to Ux=0 is the same as solution to Ax=0 1
Number of pivot variables (basic variables ) = r 0
(a) L2 o L2 g Number of free variables = n-r 0
15 6 - 03 4 Unique solutions
2 7 8 000
312 14 000 e Assign any number to X2 and X4 X =-2x,=2x,—2x,
eSolve for X1 and X3 q Parametric description
L2 2 . 5 L2 o L2 2 x3:—2x4 of general solutions
(b) 156 - 0 3 4| ~ 03 4 ~ |0 3 4 )
2 7 8 0 3 4 00 o 00 5/3 No solutions
311 0 -5 -5 0 0 5/3 00 0
2 4 4 000 .
© 15 ¢ 6l ~ o 0 ol  Many solutions
" SHEI0EIL0! 000 "
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Example

1 22 211 1 2 2
2 4 6 815 ~ 0 0 2
36 8 10/6 000

S B~ N
S W o=

Example
305 4T x] [7
3 -2 4 |x|=|-1
6 1 -8|x -4
3005 4717 Lo 2%
3 -2 4 |-1 o1 o o
6 1 -8 |-4 00 0 0

General solutions
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Example 137 Solutions of linear systems
A= 2 1 & b= Pivot variable (Basic variable) :
6 1 =>any variables that corresponds to a pivot column
5 1 Free variable: all nonbasic variables
EXAMPLE:
i 1 60 3 00 xy b F3x4 = {}
1 3147 [1 3 4 i 0 e 001 805 X3 —8xq 5
2 1131 _lo =51 =5 (full column rank) o0 917 X5 =17
6 117 0 -17|-17 _
Pivot columns:
5 116 0 —-14|-14
- - - - B Pivot variables: Free variables
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Final step in solving a consistent linear system: After the augmented matrix
is in reduced echelon form and the system is written down as a set of equations

Solve each equation for the pivot variables
in terms of the free variables (if any) in the equations

EXAMPLE:
xXp = —fix2 —3xg
vy 4hy +3x4 =0 A is free
vy =8y =35 X3 =5+ 8y
=7 xa Is free
Xs =17

{general solution)

The system is consistent and has infinite many solutions

/|
E3

EXAMPLE:

3y =0xy +hHyy +dys =-5
3xp =Txx  +Byy =S5xy +Bxs =9
3x; =9%2 +12xy 9%y +6xs =15

In an earlier example, we obtained the echelon form:

3 -9 12 -2 6 15
0 2 4 42 -6
O 0 0 o1 4 (xs = 4)

No equation of the form 0 = ¢, where ¢ = 0, so the system is
consistent.

Free variables: xs and x,

Consistent system | __ ;. initely many solutions.

with free variables
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EXAMPLE:
3x; +dxs = =3 3 4 |=3
20 #5302 = 5 =+ 2 5| 5
-2x; =da2 = | =2 =311 =
Inverse of Matrices
3 4|3
vy + 4y = =3
= 0 1) 3 g
¥ =3
000
Full column rank -5
Consistent system, . "
i = unique solution.
no free variables 3
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Matrix Inverses

The inverse of a real number a is denoted by a™. For example,
7-1 = 1/7 and
7.7t =T71.7=1

An n x n matrix 4 is said to be invertible if thereisan nx n
matrix C satisfying

Cd =AC =1,
where I, is the n x n identity matrix. We call C the inverse of 4 .
example 2.5 . -7 -5
= C = = =
4 {—3 -7| 302 AC CA

The inverse of 4 is usually denoted by 4.

Not all n x n matrices are invertible. A matrix which is not
invertible is sometimes called a singular matrix. An invertible
matrix is called nonsingular matrix.

We have

% MA 217 Calculus for Social Science Il (semester 1/2016)

|
E3

Fact 1 If 4 is invertible, then the inverse is unique.
Proof: Assume B and C are both inverses of 4. Then

B =BI=B( )= ) =1 =C

So the inverse is unique since any two inverses coincide.g

Fact 2 The inverse of A7 is A itself.

Fact 3 Letd = [ a z ] If ad — be + 0, then 4 is invertible and

c
d -b

A= .

ad—b€|: ¢ a :|

If ad — be = 0, then A4 is not invertible.
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Matrix- p73 Matrix- p74
. -7 3
. . ) ) ) EXAMPLE: Use the inverse of 4 = to solve
Assume A is any invertible matrix and we wish to solve 4X = b. 5 -2
Then
-7x 3x2 = 2
AX = b and so o on .
5% - 2x =1
x = orx = Solution: Matrix form of the linear system
Suppose W is also a solution to 4X = b. Then AW = b and - 5
=7 X1
AW = b  whichmeans w=4"h. [ 5 =2 :||: X2 :| |: 1 :|
So, W =4"'h, which is in fact the same solution. 3
. o ] ~2 -3 23
We have proved the following result: = s 5 g = s -
Fact4 If 4 is an invertible n x n matrix, then for each b in R”, the . .
equation AX = b has the unique solution x = 4-!b. X =4"b =[ - ][ = [ ]
57
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Properties of Inverses

Suppose A and B are invertible. Then the following results hold:

a. Alisinvertible and (471)" = 4 (i.e. 4 is the inverse of
A,

b. ABis invertible and (4B)™! = Bl4!
c. ATisinvertible and (47)™' = (4 1)
Partial proof of part b:

(4B)(B 4™y = A( )4~

= A( 147l = =

Similarly, one can show that (B-'471)(4B) = I.

Proof part ¢
p AT(A—I)TZ(A—IA)TZITzl

(A—l)TAT :(AA—l)T 1T =7

Matrix inversion algorithm
-1
AAT =1
1 3fa c 1 0
2 7|b d] |0 1
> Take a column at a time, that equation determines the columns of 4~

Atimes column j of A7 =column j of /
1 3ja| |1 . 1 3¢ 0
2 7|b| (0] 7 |2 7|4 |1

1 3|1 0
2 710 1

Carry out elimination on
all systems simultaneously.
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Matrix inversion algorithm
1 31 0 Place 4 and I side-by-side to form an augmented matrix [ZI I].
Then perform row operations on this matrix (which will produce
2 710 1 identical operations on 4 and I).
A|I'] will row reduce to | I|47!
(4] 1] [4]1] [7]4]
or 4 is not invertible.
' The Gauss-Jordan method
Bl 1 0 2 00
EXAMPLE: Findtheinverseof4=| -3 o 1 |, ifitexists.
0 1 -2 1 010
B l Solution:
1 0 7 —3} | 2 00100 100/t oo
[4I]=| 3 01/010 |~~~ 010|001
_01_2 1 0 10001 001|210
_1] L oo
[I ‘ A Soal-| 0 0
3
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0 1 2

Find the inverse of the matrix A=|1 0 3 , if it exists
4 -3 8
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Determinant of Matrices
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Determinants
Determinant of a square matrix A is denoted by |A| or det A is a uniquely
defined SCALAR associated with that matrix. Determinants are defined
only for square matrices

A second-order determinant

, |G ap
For a 2x2 matrix A =
a, ay

a, 4y e dd—d-a
= U6y 12%21 is a scalar

det A =|A| =

a, A4y

Example : Given

det A =|A| =(6)(9)—(-3)(5) =69
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A Third-order determinant

For a 3x3 matrix

detA = |A| = (0,85, 053 + Q1505305 + 01305,0,)) = (0,305,0y, + ay,0305, + 1, 0,,033)

or
ty G, GGy Gy
dtA=|Al=la, a, aya, a
Iy Gy G|l Gy
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OR Subdeterminant or Minor

o

a, 4a;, dap;

a a a a
22 23 21 23
|[4] =% 4n 4dx|=aq a a1 = a4 a
a a a 32 33 31 33
31 k?) 33
a, a
+a; 22
as; dasxp
=ay,05033 — 11A343 T 41,3333 — A5a,d3
+a13a743 — 41354y [ = a scalar]
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A Third-order determinant

Example :
21 3
: g g=(2)(5)(9)+(1)(6)(7)+(3)(8)(4)—(2)(8)(6)
—(H(#)®) - B3)(5)(7) = -9
-7 0 3
3 é 451=(—7)(1)(5)+(0)(4)(0)+(3)(6)(9)—(—7)(6)(4)
— (0)(9)(5) = (3)(1)(0) = 295
4
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An nt" -order determinant

For an n x n matrix
ay  dp 4y

A< s 7 |[al.

nl

By expanding .
Anyrow i detA or [A|=a,C, +4a,C,+...+a,C, =) a,C,
j=1

n
Any column j detA or [A|=a,,C,; +a,,C,; +...+a,C, =Y a,C,
i=1

Cl.j is the “cofactor” of the element

Mij is the “minor” of the element a,.j

Obtained by deleting the i th row and jth column of a given determinant
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/|
BE

The (i,])-cofactor of 4 is the number C; where

Cy = (1) detA4y.

detA=a,,.c; +a,c, +......a,,c,

A cofactor expansion across the first row of A

Use a matrix of signs to determine (1)

1 2 0
3 =1 2 |=1C1n+2C1h+0C1s + - +
2 0 1 - 4+ -

(cofactor expansion across row 1)
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Example

Evaluate determinant of A, given

01 2 2o
EXAMPLE: Compute the determinantof4=| 3 -1 2
A=|1 3 4 2 0 1
5 6 7 using cofactor expansion down column 3.
Choose row 1 for expansion, since there is 0 in row 1 Solution
1 2 0
detA =aq,,C,, +a,C, +a,,;C, s 12020 o e B Y L
2 0 20 3 -1
1 4 2 0 1
1+2
Co= (1) (1) >, =L A=) -@)(5) =13
Example
143 1 3 1
€= () ()= = (6)-(3)(5) = 5.0
A=l2 4 -1 detA=?
detA =(1)(3)+(2)(-9) =5 0 -2 0
(-2)
% MA 217 Calculus for Social Science Il (semester 1/2016) Matrix- p89 % MA 217 Calculus for Social Science Il (semester 1/2016) Matrix- p90
1234 Basic properties of determinants
0215
EXAMPLE: Compute the determinant of 4 =
0021 (1) detA” =detA
00 4 3|_l4 5 !
Example 1 ‘5 6‘=‘3 6‘=9
a b|_la cf_ _
Example 2 d! —‘b d‘ ad — bc

(14)
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Hence, column operations = row operations in determinant. (2)-(4)

(2)  Theinterchange of any two rows (or any two columns) will alter the sign,
but not the numerical value of the determinant.

Example

3‘=ad—bc. (Cz z|=cb—-ad=—(ad—bc)
01 3 3 1 0o "
2 5 7i=-26 7 5 2{=26
30 1 . 1 0 3
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(3) The multiplication of any one row (or one column) by a scalar k

will change the value of the determinant k-fold.

(4) The addition (subtraction) of a multiple of any row (or column) to (from)

another row will leave the value of the determinant unaltered.

Example Example
ka  kb| _ jad — kbe = k(ad — be) = k|@ ”‘ @ bl_ ad—be
¢c d c d c d
15¢ 7b Sa Sa Tb
=3 = 3(2) = 6(5ad — 14bc) a b a b
= + — = - =
!12c 2d 4c 2d 2c d c+ka d+ kb a(d+ kb) — b(c + ka) = ad — bc . d
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24 6 23 01
EXAMPLE: Compute | 5 6 7 EXAMPLE: Compute $T 0 using a combination of
_ 79 -2 4
6 10 12 0 4
row reduction and cofactor expansion.
Solution
2.4 6 12 3 1 2 3
56 7 |=2{56 7T |=2]0 -4 -8
7 6 10 7 6 10 0 -8 -11
1 2 3 1 2 3
=240 1 2 |[=2(4|012
0 -8 -11 005
= 2(-4)(1)(1)(5) = - 40
(-12)
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EXAMPLE: Compute
10

11

[ o R
1
-1 O D

(-10)

Compute Det(A)
3 -1 2 =5
0O 5 -3 -6
-6 7 -7 4
-5 -8 0 9

Det(A) = 0 when A is not invertible (singular).

(0)
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(5) If one row (or column) is a multiple of another row (or column), the value of the Further Properties
determinant will be zero.
7) det(AB)=det A -detB
Example
2a  2b| _ _ _ |c C‘ o4 s
p b‘—Zab 2ab =0 d d—cd cd=0
(6) Azero row or column renders the value of a determinant zero. EXAMPLE: Compute det4? if det4 = 5.
Example
Solution:  det4’ = det(444) = (detd)(detA)(det4)
1 23 01 5
0 0 O=0=10 2 8 = -
4 5 6 0 3 9
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(8) If Ais an nx n upper or lower triangular matrix

Triangular Matrices:

* ok e k% * 0 0 00
0 % - % = * = 0 0 0
0o o0 - * % * % 0 0
0 0 * % ¥ % - % 0
0 0 0 = ok - ok #

(upper triangular) (lower triangular)

Applications of determinants

Cramer’s Rule

Cramer’s rule can be used to study how the solution of Ax=b

affected by the changes in the entries of b.

Let A be an invertible nxn matrix. For any bin R" ,

the unique solution x of Ax =b has entries given by

det A.(b)
= X, =—""=, i=123..n
detA =a,a,a,...a,, T et A
Example
where A(b) = [a] .o - an]
2 0 0
[A]=|3 10 0]—|4=(2)10)9) =180 Col i
4 8 9
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Example Find the solution of the equation system
3x,—2x,=6 = xy— % =0
—5x, +4x, =8 10x, — 2%, + x3=8
6x, +3x, —2x;=17
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The computation of A-!

Chy Cy -+ Cn
» 1 Cp Cp -+ Cp
=— . ; (€]
det A : : :
Cln C2n e Cnn

The matrix of cofactors on the right side of (4) is cailed the adjugate (or classical
adjoint) of A, denoted by adj A. (The term adjoint also has another meaning in advanced
texts on linear transformations.) The next theorem simply restates (4).

The adjoint of 4, , is defined to be the transpose
of the matrix of cofactors:

adiA=|c, ()]

adjA ==>nxn

Example 3 0 -1

11 -26 4671 [11 -8 7

adiA=|-8 13 —24| =|-26 13 -13
7 -13 21 46 -24 21
Theorem An Inverse Formula

Let A be an invertible n x 1 matrix. Then

_ 1 .
A lsd—-—EtAadJA
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2 3
B EXAMPLE3 Findthe inverseofthematrix A= |1 —1 1 -2 14 4
1 4 =2 adjiA=| 3 -7 1
5 -7 -3
A We could compute det A directly, but the following computation provides a check
Solution  The nine cofactors are ' 1 the calculations above and produces det A: i
Cu=+|") ;=_2, C”:‘H ;|=3, Ci=+] _i'=5 2 14 412 1 3 4 0 0
- - (adjA)A=| 3 -7 1}|1 -1 1l=10 14 Of =141
1 ‘ 5 =7 =311 4 =2 0 0 14
cam-fh Y1 ameff = com-ft Y-8
Since (adj AYA = 147, Theorem 8 shows that det A = 14 and
Ca=+ _}"' ’;“=4. Ca=- f i =1, C33=+% _i =-3 1 -2 14 4 =177 1 2/7
Al=—1| 3 -7 1|=1|3/14 -172 1/14
Bls -7 -3

The adjugate matrix is the zranspose of the matrix of cofactors. [For instance, Cya ge
in the (2, 1) position.] Thus
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5/14 —1/2 ~3/14
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