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Solution: Exercise 1

Part I: Compute the following limits.

. 5T
1. xli)rgg’ -
Solution:
2 2
_ — — 925
lim5 NI _ lim5 \/5‘5+\/5: - 5% — (/) ~ lim 5—x
225 25 — x a—=25 25 —x 5+ /x =25 (25 — ) (5 + ) a—25 (25 — 2)(5 + /)

1 1 1
— 1. = = —.
2505 5 + NI 5++25 10

. z2
i o
Solution:
5 x? i x2 Va2 + 12+ V12
1m = 1m .
=0 /22 + 12 — /12 20 /22 + 12 — /12 Va2 + 12+ /12
i 22(VaZ + 12+ /12) i 22(Va? + 12 4+ V12)
11m = 11m
2=0 (Va2 + 12)2 — (V/12)? =0 x24+12-12
2(Va2 + 12+ V12
g SV T2V lim /2 +12 + V12 = 4V3.
X T—

z—0

3. lim 28n@/2)

r—0 |z
Solution:
—x, for <0 -1, for z<0
Note that |z| = and ﬁ = .
x, for z>0 1, for >0
That is, we can write —1 < & < 1. Since lim — sin(z/2) = —sin(0/2) = 0 and lim sin(z/2) =
z—0 z—0

sin(0/2) = 0, we can use the Squeeze Theorem (Theorem 2.4.1) as follows.

-1 < 12l <1
—sin(z/2) < I%I sin(z/2) < sin(z/2)
lim —sin(z/2) < lim % sin(z/2) < lim sin(x/2)
=0 =0

and therefore, ili}r(l) ﬁ sin(z/2) = 0 by the Squeeze Theorem.
4. lim =22
z——2 VaZ2—2z—/8
Solution:
—z, for <0
Since |z| = and since we consider x approaching negative number —2
x, for x>0
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(xr — —2), we use the condition |z| = —a:
. |z| — 2 ) —x—2
lim = lim
-2 /22 — 2r — /8 e=-2 /22 — 21 — /8
—x—2 Va2 =2z + /8

N e YR e Y
—(z + 2)(Vx? — 2z +/8)

= lim 5
T——2 x4 —2x —8
—  fim —(x 4+ 2)(Va2 — 2z +V/8)
a2 (x4 2)(x —4)
_ — (Va2 =2z +/8)
- xinfl2 z—4
WP A+ VE) 2B 23
- -2—4 -6 3
]
D. il_)r% §_2.
Solution:
—(x—2), for —2<0 or <2
Since |z — 2| = )
r—2, for —2>0 or x>2
_(;:3) =—1, for z<2
we have |§:§| = . That is, the one-sided limits are
i—:% =1, for =z >2
-2 -2
lim |2 | =—1 and lim [x | =1.
z—2- T — 2 x—2t X — 2
which are different. Hence, lim ‘xfg‘ does not exist. IL.e.,
z—2 T
-2 -2 -2
lim M lim M = lim M does not exist.
z—2- T — 2 z—2+ T — 2 =2 T — 2
Part II:
z, for <0
Let f(x)=<{ 22, for 0<z<?2 .

x, for z>2

1. Find each of the following limits (if exists).

(a) lim f(x)and lim f(x).
z—0~ xz—07t
Solution:

lim f(z)= lim z=0.
z—0" z—0~

li = lim 2* =0?=0.
A D= g
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(b) lim f(z).

Solution:
lim f(z) = lim f(x)=0 = lim f(z)=0.
z—0— z—0t z—0
li d li .
(c) lim f(z)and lim f(z)
Solution:
lim f(z) = lim 2?2 =22=4
T2~ T2~
li = li =2
S 0= g e
(d) lim f(z).
T—2
Solution:

lim f(z) # lim f(z) = lim f(z) does not exist.
T2 z—2+ T—2

=4 =2

2. Find all the values of x at which the function f(x) is discontinuous.

Solution:
Since the function y = x and y = =
given interval, we only have to check at x =0 and = = 2.

2
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are polynomial and hence continuous functions on any

-For z = 0, f(0) is well-defined and lir% f(z) exists with lim f(z) = f(0) = 0. Then we can
T—

z—0
conclude that f(z) is continuous at = = 0.

-For x = 2, since lin% f(z) does not exist, then f(x) is discontinuous at = = 2.
T—

Therefore the only point at which f is discontinuous is x = 2.

Limit and Continuity

1. Find each of the following limits (if it exists).

: 22 —5x—24
(a) ;li)% r—8
Solution:
2_br—24 -8 3
lim rmor=at lim w = lim z+3=11
r—8 x —8 r—8 xr —8 r—8
(b) lim z3(z* + 223)~1
x—0
Solution:
x3 x3 . 1

lim ——— =

1
llm — 11m = —
r—0 x4 + 213 z—0 1'3(.1' + 2) x—0 1+ 2 2
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xT

(c) lim (7x3+§$—1 + l)

z—0
Solution:
3 -1 1 3 -1+1 2
lim <M+> ~ lim (x tir -1 ) —gim TS gy 22453
z—0 T X z—0 T z—0 T z—0
- 1 6
(d) lim (m—m)
Solution:
I 1 6 I 1 6 I xr+4—6
m — = 1m — = lim - - -
a—2 \x—2 a242x-8 =2 \x—2 (z—2)(z+4) a—=2 \ (z —2)(z +4)
. r—2 . 1 1
= lim ————=1lim — =~
=2 (x—2)(x+4) -2 (x+4) 6
i Vz44-3
(e) :l1_>n15 r—5
Solution:
lim Vr+4-3 lim Ver+4—-3 Vr+4+3 lim (Vo +4)? - 32
im — = i . =1
a—5  x—5H a—=5  x—5H Ve+4+3 =5 (x—5)(Vx+4+3)
. x+4—-9 . r—5
= lim = lim
e=5 (x —5)(vVr+4+3) 2=5 (x—5)(Vr+4+3)
1 1
= lim — =

=5 (Vo +443) 6

—(x—=5), for z—5<0 or z<5
Solution: Notice that |z — 5| = ;
x—>5 for x—5>0 or z>5

7(9(6;;5;) =-1, for z<5
SO é:gl = . That is, the one-sided limits are
i—:g =1, for x>5
lim 0 — im0

m -———=
z—5t |I — 5|

which are different from each other. Hence, lin}) ﬁ does not exist. Le. for f(z) = é:g‘,
r—r

T—5~ |I‘ — 5| -

lim f(z) does not exist because lim f(z) # lirgl+ f(z).
xT—r

T—5 T—5—
: z—1
(&) ilinl V522—10z+5
Solution:
I r—1 I r—1 I r—1 . r—1
1m = 1m = 1m — =1 —F———
=1 /5x2 — 10z + 5 =1 /522 —2x+1) =1 /5x—1)2 =1 /5 \/(x —1)2

1 -1 1 i r—1
rz—1 \/B‘LL’—H \/gx—ﬂ |1‘—1|
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—(x—1), for z—1<0 or z<1

|IE - 1| = )
x—1 for z—1>0 or z>1
1 _(”a__li) =1, for z<1
r— —
SO 17=q] =
;ﬁ—j =1, for x>1
. . z—1 - o .
That is, for f(z) = Nermn et the one-sided 1hrmts are
R . 1
A=t = =g
. z—1 . _ 1
xligl* le—1] 1 — :vligl+ f(fl') VA

which are not the same. Hence, lirrg f(x) does not exist. Le.,
T—

lim f(z) does not exist because lim f(z) # lim f(x).

z—1 z—1~ z—17+
2. Determine the number (if any) at which each given function is discontinuous.

(a) f(z)=a3+22—1
Solution: None.

(b) f(z) ==L

Solution: f(z) is discontinuous at z = +1 because 2* —1=0<«=z=—-1lorx = 1.
%, for z<1
(c) f(z)= 3, for 1<z<?2

22 -1, for z>2

Solution: f(z) is discontinuous at z = 1 because

21 DNz —1
ol oy D@D =0

rz—1— z—1—- x—1 r—1— r—1 r—1—

is different from mlif{h f(z) =3.
Note: f(x) is continuous at x = 2 because xlirgl_ f(z) = 3 is the same as zlggr flz)=22-1=3
and so ;}1_}1% f(z) = f(2)=3.

3. Find the values of a, b and ¢ so that the given functions f and g are continuous.

ar, for =<4

2%, for >4

Solution: To make f(z) continuous, we only have to make sure that it is continuous at
x = 4 (since functions f(x) = ax and f(z) = 2? are continuous for all x € R). Note that

lim f(z) = 4a lim f(z) =42 =16 f(4) = 4% = 16.

T4 r—4+
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By definition, f(x) is continuous at z = 4 when f(4) = lim f(x) = lit}llJr f(z). That is,
T—r

r—4-

4da =16 =— a=4.

bx, for z<3
(b) g(x) = ¢, for =3
—2x+7, for >3

Solution: To make f(x) continuous, we only have to make sure that it is continuous at z = 3
(since g(x) = bz and g(r) = —2z + 7 are continuous for all € R). Note that

lim f(z)=3b lim f(z)=-23)+7=1 f(3)=c.

x—3~ z—3+

By definition, f(z) is continuous at = 3 when f(3) = lim f(z) = lirgl+ f(z). That is,
T—r

r—3~

1
3b=c=1 = b:§, c=1.

4. Trigonometric functions: Find the the following limits.

im L
(a) ig% sin(mz)
Solution: From lim &) — 1,
=0 T
. x s 1 . T 1 . 1 1 1 1
lim ——=1lm — - —=—1lim ——— = —lim — =— . = —.
=0 sin(mx) 2—0 sin(mx) 7 wa2—0 sin(rz) w0 sin(mz) g5, sinlrz) g
T z—0 T

We have used the fact that hl% sin(rz) _ lim % =1 for z = wx.
z—

™ z—0
(b) lim tan(z)
z—0
Solution: lim tan(z) = tan(0) = 0.
z—0
tan(z/2)

(c¢) lim >

z—0

Solution: From lim S%&) — 1,
z—0 T

tan(z/2)

L sin(z/2) 1/2 sin(z/2) 1
ili}%) x B ilg%) zcos(z/2) :Pi% <1/2 oz cos(x/2)>
1/, sin(z/2) . 1
T2 <;11£>% x/2 > (a%lg(l) cos(x/2))
1 11
T2 7 cos(0/2) 2

We have used the facts that lim Sin(%Q) = lim &) = 1 for z = x/2 and cos(0) = 1.
z—0 * 2—0 “
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: in(z—2)
Solution: From lim w =1,
z—0
i -2 i -2 i -2 1 1
g Sn@—2) o sin(@—2) L osin@ = 2)) 0 1 b
a—2 12+ 2x — 8 z—=2 (x—2)(r+4) a2 (r—2) e—=2 T+ 4 244
Note that lim%zlimsjn—(z)zlforz:m—Qandx%Q = z—0.
z—2 T z2—=0 Z
: 3a-+tan(z)
(e) gljli% a:cos(%z)?sii(?m)
Solution: From lim &) — 1,
z—0
32 + tan(z) 3o+ tan(e)l/r . 3+ tan(e) 341

I _ . _ _
230 x cos(bx) + sin(7x) 250 [z cos(5x) +sin(Tz)] [z 220 cos(5z) + sin(7z) 147

where we have used: lim cos(5x) = cos(0) = 1,

z—0
i ' 1 1
T A =1 — =1,
a0 a—0 x cos(x) a0 a—0 cos(x) cos(0)
and
lim SRy, S002) T g, 00 G e 2 = 7
z—0 X z—0 x 7 z—0 Tx z—0 z

(f) lim x*sin ()
z—0
Solution: The Squeeze theorem (or the Squeezing/Sandwich theorem) will be used here:

-1< sin (1) <1
—a? < x4 sin (%) < x?

lim (—z%) < lim z*sin (1) <lim zt

z—0 z—0 z—0

—— N——

=0 =0
1
0< lima*sin(l) <o = lim 2 sin (> =0.
z—0 z z—0 X
That is, by the Squeeze theorem, since
—2* <atsin (1) <2?, lim 2! = 0 and lim(—2?) = — lim 2* = 0, then lim z?sin (1) = 0.
z—0 z—0 z—0 z—0 x
. tan(x)—1
(g) 1221/4 sin(x)—cos(z)
Solution:
in(z) in(z)—cos(z)
. tan(z) — 1 . f,;r;(i) - . = :gos(igs -
lim —_— = _ = m —
a—m/4 sin(x) — cos(z) a—m/4 sin(z) —cos(x)  a—n/4 sin(z) — cos(x)
1 1 1
= 1‘ i p—y = 2
cmja cos(z)  cos(n/d) | 1/v2 V2

1

57
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5. Limit at infinity: Find the the following limits.

(a) lim (%aﬂ — bz® — z?)

Tr—r—00
Solution:
1 1 5 2 1 5 1
lim (=2 —52° — 22 = lim z7 f—Bx——x— = | lim 27 Im (- ——— —
r——00 \ D T——00 5 7 z7 T——00 z——00 \ O xr2 0
=—00 (1/5—0—0)=1/5
= -0
Note: lim % = %, lim % =0, and lim ;715 =0
r—r—0o0 Tr—r—0o0 r—r—00
. N r2_ /
(b) xEIPoo lﬁ-?xg (NOte: z? = ’CL‘|)
Solution:
/TS Rt ) B Y S A IRVA RS- A
lm — = lim *Y——"—= lim ——— = lim .
z——oc0 14 2z T——00 1+ 2z T——00 1+ 2x T——00 1+ 2z 1/|$\
8 i — 1 8
_ lim ~a? . mEIEloo 1 rgr—noo z? . 1-0 . 1
B oo L Loz T : 1 ; x _ - 9
a——00 + 2|m| mll)r_noo 7] + 23531(_11OO o] 0—2 2

—x, for <0
Note that lim & = 0 and lim & = 0. Also, since |z| = , and
oo 17l r——o00 T
xz for x>0

therefore
z T . x
r— -0 = <0 = Pjl=-2 = W:——:—l = lim W:—l.
€T €T Tr——00 |IU
: 2z—1
(C) xEI,HOO V3x2—14+2x
Solution:
lim 20 — 1 lim 2 — 1 lim 2 — 1
m — = i = 1
roTee Vet — 1422w a3 Ly pop T g /(3 - L) 42
1
200 T T —2-0 -2

T——00 (3_%)_’_2& \/(3—0)—2 \/5—2

|z

1

o] = 0, lim %2 =0, and

T——00

Note that we have used lim
Tr—r—00

x ) x
r— -0 — <0 = |z|l=—1 = —=-—=-1 = lim =-1.
x

z——o0 ||

4_ .2
d lim 2t —x“—8x
( ) z—oo  1-3a?
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Solution:
p 2o =8 R H o) 2od o 22020 2
T—00 1— 324 T—00 x4(xi4 — ) T—00 :ci‘l -3 0—3 3
Note that we have used lim -5 = 0, lim & —0and lim 4 =0
z—00 T z—00 T Tz—00 T
. 2_
(e) IEIE]OO 316_25
Solution:
2 _ 8 _ 8
. x* -8 o x(x ) o (x ) —o00o—0 —o0
lim = lim ——7-= lim 7= = =0
z——oco 1 — 2z g—=—o00 p(+ —2) z——oo (= —2) (0—2) )
X xr

Note: Remember that we only look at the denominator when determining the largest power
of x here. There is a larger power of x in the numerator but we ignore it. We ONLY look
at the denominator when doing this! Otherwise, the denominator could become zero after
taking the limit.

(f) lim e'/*

T—r00
Solution:
lim e'/* = ewh—%o Ve _ e’ =1
T—00
. 3651+2e—2z . 3e5z+26—2z
(g) :BILH(}O e—2z _gbx a‘nd LL‘EIE].OO e—2z _ghx
. 36D 4 2e7 . €342 3427 340
llm ﬁ = llm — s - = 11 - == _3
T—00 e 2T — edT z—o0 €DT (e~ — 1) t5o0 e~ — 1 0—-1
. 3D 4 2e7 % . e 22(3e™ 4 2) . 3™+2  0+2
hm — = = hm — 5 = hm = =2
2 —00 6—21‘ _ 65:(; 2300 6—250(1 _ 673:) 2500 1 — 671 1—-0

Above used the facts that lim e~ =0 and lim e = 0.
T—00 T—r—00
Note:

o If the limit is at plus infinity we only look at exponentials with positive exponents and
if we're looking at a limit at minus infinity we only look at exponentials with negative
exponents.

e Remember to only look at the denominator. Do NOT use the exponential from the
numerator, even though that one is “larger” than the exponential in the denominator.
We always look only at the denominator when determining what term to factor out
regardless of what is going on in the numerator.

(h) lim (Va? + 5z — x)
Solution: Notice that if co is substituted directly, we obtain the form of oo —oo. To find the

limit, we first rationalize the numerator and then multiply both numerator and denominator
by 1/|z| or 1/x:
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(Va2 + 5z + ) i (Va2 +5z)% — 22

lim (Vz2+5z—2) = lim(Vz2+5z—2x)- = lim
( ) ( ) (Va2 +bx+x) 220 a?2+br+ux

T—r00 T—r00
. 22 + b — 22 . 5%
= lim = lim
Rl + 8+ TV 1+ 2 4o
Sx Lz 5 5 5

= lm ———-—" = lim = = -,
m—>oo|x’ 1—1—%4—33 1/;1: m%m% 1+%+1 V1I+0+1 2

where we have used V22 = |z] and %‘ =T =1forx >0 (sincexr = oo =2>0= |r|=21).

10



