Outline

1. From Preferences to Utility (and viceversa)

2. Common utility functions

3. Utility maximization



1 From preferences to utility

e Nicholson, Ch. 3

e Economists like to use utility functions u : X — R
e u(x) is ‘liking' of good x

e u(a) > u(b) means: | prefer a to b.

e Def. Utility function u represents preferences > if,
for all x and y in X, = > y if and only if u(x) >

u(y)-

e Theorem. If preference relation > is rational and
continuous, there exists a continuous utility function
u : X — R that represents it.



[Skip proof]

Example:

(x1,22) = (y1,¥2) iff 21 + 220 > y1 + 2

Draw:

Utility function that represents it: u (z) = 1 + x»

But... Utility function representing > is not unique

Take 3u(x) or exp(u(x))

u(a) > u(b) <= exp(u(a)) > exp(u(d))



o If u(x) represents preferences > and f is a strictly
increasing function, then f(u(x)) represents > as

well.

e If preferences are represented from a utility function,
are they rational?

— completeness

— transitivity



e Indifference curves: u(x1,x2) =@

e They are just implicit functions! u(x1,z2) —u =0

dey _ Usn _ o
dzq Uz,

e Indifference curves for:

— monotonic preferences;
— strictly monotonic preferences;

— convex preferences



2 Common utility functions

e Nicholson, Ch. 3, pp. 102-105

1

1. Cobb-Douglas preferences: u(xi,xp) = z{z; @

_ a—1_l—o =0 )
o MRS = —ax] "z; " /(1—a)x{x, " = e

2. Perfect substitutes: u (z1, x2) = ax1 + Bxo

e MRS =—a/p



3. Perfect complements: w (x1,z2) = min (ax1, Bx2)

e MRS discontinuous at xo = %xl

4. Constant Elasticity of Substitution: w(z1,x2) =
1
(aa:fl) + Ba;’zo) /P

_ _a(z)P!
* MRS = p (wz)
o if p=1, then...
o if p =0, then...

o if p — —o0, then...



3 Utility Maximization
e Nicholson, Ch. 4, pp. 119-128
o X = Rﬁ_ (2 goods)

e Consumers: choose bundle x = (1, x2) in X which
yields highest utility.

e Constraint: income = M
e Price of good 1 = pq, price of good 2 = py
e Bundle x is feasible if pjx1 + poxyo < M

e Consumer maximizes

max u(z1, 22)

s.t. p1r1 + pox2 < M
r1 >0, z20 20



e Maximization subject to inequality. How do we solve
that?

e Trick: wu strictly increasing in at least one dimension.
(> strictly monotonic)

e Budget constraint always satisfied with equality

e Ignore temporarily £1 > 0, o > 0 and check after-
wards that they are satisfied for 7 and z3.



e Problem becomes

max u(z1, 22)

s.t. p1x1 + prxo — M =0

o L(x1,x2) =u(x1,z2) — A(p121 + poxo — M)

e F.ocs:

up, —Ap; = 0fori=1,2
0

p1r1 + poxro — M



e Moving the two terms across and dividing, we get:

/

u
MRS = ——1 -1

Uz, p2

e Graphical interpretation.



e Second order conditions:

0 —p1 —DP2

| 7, "
H = p1 u,x/LfUl uf/1>5’72
—P2 Ugy iy Uzpao

|H| — D1 (_plugg,xz +p2ug2axl)
—p2 (_plugl,xz + pZugl,xl)

2.1 " 2.1
—P1Ugs 25 -+ 2p1p2u$1,x2 — PoUgq x4

e Notice: uy, ,, < 0 and uy, .. < 0 usually satisfied

(but check it!).

P // . P
e Condition ug, ;. > 0 is then sufficient



Example with CES utility function.

Lagrangean =

F.o.c.:

Solution:

r] =

p p)
may (o + B2

s.t. p1x1 + prxo — M =0

1/p




e Special case 1: p = 0 (Cobb-Douglas)

a M
331 =

o+ Bp1
0y = 2 M

o+ Bp2

e Special case 1: p — 1~ (Perfect Substitutes)

0 if pi/p2>a/B
M/py if p1/p2 < /B

M/py if p1/p2 > /B
0 if pi/p2<a/B

N7




e Special case 1: p — —oo (Perfect Complements)

p1+p2

e Parameter p indicates substition pattern between goods:
— p > 0 —> Goods are (net) substitutes

— p < 0 —> Goods are (net) complements



