EE320 (1/2011)
Chapter 6

Derivatives of More-Than-One Independent Variable Function

6.1 Extreme Values of a Function of Two Variables: First-Order Condition

(a) (b)

For the function
z=f(xy)
The first-order necessary condition for an extreme is dz = 0.
dz is a total differential.
dz = fydx +f, dy
dz=0whenfy=f,=0

Figure (a) is a maximum point. Figure (b) is a minimum point.
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(c) (d)

Figure (c) is a saddle point. Figure (d) is an inflection point.

6.2 Extreme Values of a Function of Two Variables: Second-Order Partial Derivatives

The function z = f(x,y) can give rise to two first-order partial derivatives.
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Second-order partial derivative
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The rate of change of f, with respect to x, while y remains fixed.
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The rate of change of f, with respect to y, while x remains fixed.

f«is also a function of y and f, is also a function of x.

S = axdy T ax

@’z 4 dz) %z 9 (az
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The rate of change of one first-order partial derivative with respect to the “other”
variable.
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6.3 Differentials
dy and dx - differentials
Let y = f(x)

dy = f'(x) dx - differential of y

6.4 Total Differential

y =f(A,B)
Total differential of y: dy = a_y * dA +@ *dB
dA 0B
or dy = fadA + fzgdB
6.5 Total Derivative
z = f(xy)
y = 8(x)

dz = fydx + f,dy

_ : dz dy
Total derivative of z with respect to x: — =f + fy -
dx dx
In general: If z = f(x,y)
and X = g(w)
y = h(w)
dz dx dy
dw dw dw

6.6 Implicit Function
If F(y,X1,X2,...,Xn) = 0
The implicit function: y = f(Xx1,X2,...,Xn)

Implicit function theorem:
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Let F(y,x1,X2) = 0

g g 9P L _oF _ _oF
an YT eyt T ax1 2T ax2
Total differential: Fydy +Fydx, + Fy dx; =
If x, is constant or dx, =0,

Fydy+F1dX1—0

a | Lt
>0 dx1 '#2=0 Fy

dy F1
or ol R

0x1 Fy

. 3] F2

and when x; is constant; — = - —

0x2 Fy
In general:

9y _ _Fi

axi Fy
6.7 Economic Application
6.7.1 Partial Market Equilibrium
Product Market:
At equilibrium Qq4 = Qs
Demand equation: Qq = f(P)
Supply equation: Qs = g(P)

where a;>0,b; <0

a, > 0 , bz >0
and a:b, > a,b;
In general:
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Qd = Qs
Qd = f(allP)

g(aZIP)

Qs

Total differential:

de = dQs

dQq =f,da; + fpdP
dQ = g,da, + gpdP
f.1>0,f,<0,g,>0andgy,>0
f,idag + fpdP = g,,da, + gpdP
fpdP - godP = g,,da, —f,;da;
dP(fp — gp) = gapda, —f.1dag
dP = gsda, —fayda;
fo-gp
If da; =0
dP Z 0P = g, <0 (fp<0,gr>0andg,>0)
da, Oaz fo-gp

If daz =0

d_P @: _fl >0 (fal>0,fP<Oandgp>O)

dal dai fp - 8p
6.7.1 Utility function
u = u(A,B)

du =u, dA + ug dB
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MRSps <0 = if A and B are both goods or A and B are both bads.
MRS >0 = if one of them is a good and another is a bad.
MRSpg =20 - if B is neutral, Ais a good or a bad.

MRS =0 = if B is a good or a bad, A is neutral.

6.7.3 Multipliers in Macroeconomic Models

Y =C+lp+ G
C = a+bYy
Yy=Y-T

T =ty

where |y and G, are autonomous variables.
0<t<1
O<b<1
a>0
Y=a+bY—-DbtY+Iy+ Gy
Ye=a+lg+Gy = A
1—Db(1-t) u
National income multipliers:

e = Y, = Y. = __ 1

da o 9Go 1-b(1-t)

ﬂg = ﬂg *du
db du db
= -ACA-D)
u2
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=__(1-vHA >0

[1-b(1-1)]?

= - bA <0

[1-b(1-1)]?

6.7.4 Demand Elasticity

Demand function: Qua = f(Pa, Pb, Y)
€ =0 da * Pa

0P, Qua

€ab = 0Qua * Py

0P, Qua
€ = 0Qyq *Y

dY  Qua

6.7.5 Production function

Q = f(L,K)
Cobb-Douglas production function:

Q = AL%K®
where Ais a constant and > 0.

A - coefficient of neutral technology
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aand B - coefficients
- 0<a<landO<B<1

. Marginal product:

MP, = dQ = aAL*'kP
oL
L
- ()
L
= a(AP,)
MP, = 9Q = BALKP?
oK
= BALKP
K
- 5(3)
= B(APy)
. MP,>0and MPy>0ifLand K>0
F.. = OMP,
oL

a(a-1)AL*?KP

‘Q <0; (a1)<0
oL

Fk = OMPy

0K

= B(B-1)AL*KP?
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=’Q <0; (B-1)<0
oK’
MP_and MPy are monotonic decreasing functions.
3. MPLand MP¢#0if Land K#0 - this production function is a
monotonic increasing function.
20, L _ MPL
0L Q APL

90 . K MPK
€= —*— = —
dK Q APK

For Cobb-Douglas production function
)
al=)(=
L/ \Q
Q\ (KY _
() () - ¢

Let R = (a+p)
If R = 1 = constant returns to scale

4. EL =

€

€k

If R < 1 = decreasing returns to scale
If R > 1 - increasing returns to scale

Homogeneous function:

The Cobb-Douglas production function is a homogeneous function of
degree a + B.
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