7.3 Constrained optimization
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Statement of the problem: Comparison

Constrain-free optimization

max (min)x,y f(x,)’)
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Constraint optimization

max (min)x.yf(x: y)
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Statement of the problem: Comparison

Constrain-free optimization

max 200 — (x — 10) * = (y = 10) ?
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Constraint optimization

max 200 — (x = 10)* = (y — 10)?

such that
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3-D curve of the objective function 20 representatnon‘of the objective
function
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X=10 and y =10 isthe optimum point under
constraim-free optimization problem.

Introducing a constraint set would affect the possible choice set.

3-D curve of the objective function 2D representation'of the objective
function

Can we still choose x = 10 and y = 10 when the constraint is imposed?
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The Impact of introducing constraint

- Lower the optimum
value of the objective
function.

- Our goal is to come up
with solution methods
that help finding the
constrained optimum
point.
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Solution methods

1) Substitution method

Example:
MmaX,, X Y

subjectto x+y=7
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Limitations:

* Functional form of the constraint function is too complicate.

- Ex. ln()+x . =242

x2+1  xy

* More than single constraint set.
— In general case, there can be more than one constraint.

— Doable, but difficult/impractical to reduce the problem into
unconstrained optimization problem.

2) LaGrange method

Construct a new function called the LaGrange function.
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The function takes the following form: L(»
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Lix,y,A¢c) = f(x,y) + A[c — g(x, y)]
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A is the LaGrange multiplier.

(an auxiliary variable introduced fo@atlonal @0 be explained

later.)
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* Under some regularity conditions, the solution to the constrained
optimization is the stationary point for the LaGrange function.

— A stationary point of a function is the point where “first-order
derivatives” are equal to zero.

* For the LaGrange function, they are (x*, y*, 2*) such that
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A geometric interpretation

* Keep moving the
objective function until
the functionis tangent
to the constraint set.
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Example: Solve for the problem max,,x y st cox + ¢y = ¢,

o= %Y. + A[C2-cxcif]
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The Interpretation of LaGrange multiplier

Definition: Optimal value function

f*(c) = f(x*(c),y*(c)) as the optimal value of the object function.
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Envelop theorem: Given the optimal value function,

df*(c) _dL(x,y;c)
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df*(c)
dCz

Following the theorem, one knows that A*(c) =

) By ap:ﬁé);imation, we know that: g(x) < -r( xo) -+ '("(Kg) ‘ CK-Xo)
R(C) ‘_ic_') /taon,*r‘zc“m.

Ac, £ (c + dcy) — £7(€) ~ A'(c)de;

EECT T
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If we relax the constraint set/value (c,) imposed on our optimization by a small
amount of dc, units, on its first approximation, the optimized value of the
objective function would be changed by 1*(c) dc,.

The second-order condition: confirming the result

* Similar to the unconstrained optimization problem, we need to confirm
our result.

« If the objective function is concave at the stationary point (along the
constraint set), solution to the first-order condition is then confirmed to
be a constrained maximizer.

* To do this, we check for the property of the second-order derivative
matrix of the LaGrange function.

* By checking the property of the so called “Bordered” Hessian matrix.
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Example: Check the concavity and convexity of the example above.
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Checking conditions:

- For maximum, determinant of the bordered Hessian must be POSITIVE.

- For minimum, determinant of the bordered Hessian must be NEGATIVE.

©cittichai Saelee; EE320 Semester 1/2017 BE International program
Comments are welcomed. Please do not circulate without author’s permission.




Page |88

Some economics examples:
Example: Regulated v.s. Unregulated monopolist
Suppose that a monopolist profit function is given by
m(x,y) = 64x — 2x% + 4xy — 4y? + 32y — 14

where “x” is the level of output sold to the first type of consumer and “y” is the
level of output sold to the second type of consumer.

a) Find the optimal level of output that generate the highest profit

O = Compdrtnt-frad Se1™ o mne T
\ \- S;m;c:clmv\:\

o P PR ST

?—1-[-:‘ - 2 e
= ¢$-4X+4Yy =0 [

21

0
O® » q¢ -4Y =0 = d=2vwiy

X 4x —8C18)+32 = O
Gx = 160 = X¥ YO Umiy

Tv‘"‘ 064"»" =) Yo +214 c 6¢ onile,

[2-nd Corel Pro :
_Tl'm '”x7-T T-([. @
H = T
VT'-"IX ﬂ il l 4 -3
“"ll v=4 ) (H) - 14 -y &f 1 NsJehe Q‘t

©Kittichai Saelee; EE320 Semester 1/2017 BE International program d < n < o
Comments are welcomed. Please do not circulate without author’s permission.
LN s Cencave,

e
Tr (403 "') = (. L’@c",g) - M ey

4x -gy +32 =0 -

<

O



alS Wit avn
1) wpy progpes . m pp o
il ~n mal 5 uSIS

@n "+ 4+ Q0+ 8+0+ ¥ =y G
*v.f .-v.._... 0O

+ -] o_ _ T
/./ m \ﬁv;\nv‘\.. ~
Hh- - $ = -
A N .
| - Qo 1 _..l | — O |
I+ O _hy
Truo Xr1 Rr%\\j
lm,)vb Xxf KX%
i .mawo xep wWp |




(’5‘!‘7!‘4\)

Page | 89

b) What happen if the government limits the total of quantity output to be
equal to 79 units.

Ls xX+Y = 79 = lus&'&ﬁrgfmshuia‘\'
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c) Ifthe government allows for the production limit to be 80 units, what
would happen to the optimized level of profit?

T*(39) = ore Wi [ ]

Tf“(eo)L Xty = 39
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Example: Utility maximization problem Bvdy* ¢ P.‘ . X %+ PU' S: M

Suppose that a household has the preference relationship defined by the utility
function U(x,y) = 2x%6y%3, Suppose further that the price of goods x is P, and
the price of goods y is B,. Given M as the budget of this household, find the
optimal bundle of consumption for goods x and goods y.
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