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e What is the relationship between

the level of an equilibrium risk

free interest rate and its term to
maturity?
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e Suppose that there are markets in one-period
and two-period perfectly safe loans.

 R,; and R, are risk free gross rate of return
from the one- and two-period safe loans,
respectively. R,; and R,; are known with
certainty at fime {.

« R, !is the price of a perfectly sure claim to
1 unit of consumption at time t+1.
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Max  E,Y AU (c,),
t=0

S't' Ct_|_|‘1t_|_|‘2t Sdt_l_l‘lt 1R1t 1+L2t 2R2t 21
where L, Is the amount lent for j periods at time t.

The Lagrangian function Is,
J=E ZIB [U +ﬂt d +L1t1R1t1+L2t 2R2t2 t_th
The flrst—order necessary conditions are

D _o = | dU (c,)/ec, |- 4 =0,

ac
0J
a—th:O’ = — A4+ PEALR, =0,
0J
=0, _ﬂT_'_ﬂzEtﬂ‘HZRZt:O’
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Substituting the first into each of the second
and third conditions gives

oJ(c.,)/oc,,

t IB( (tl)/ tl)Rn =1, (1)

" (V(e)/ee)

- (aU 0

| G/ 1y 2

o (u(a)/ee)

Since R, and R, are known with certainty at the beginning of t,
. R_l _ E (aU (Ct+1)/5ct+l)

“Re=RA (oU (c,)/oc,)

E

E

=the price of a perfectly sure claim to

1 unit of consumption at time t+1.
This price can be easily obtained from the following reasoning,
Since R, units of consumption at t+1 = 1 unit of consumption at time t

hence, 1 " " o= Rl_tl " " "

R — 2 (5U (Ct+2 )/act+2)

n =ES (aU (c,)/ec,)
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Let U(c)=Inc and set c,=d, Eq(l) and (2) become

Rl;l = pE, (dt/dt+1)

R2_tl = /BZEt (dt/dt+2)

Suppose that d., = pdé.,, 0 >0,

where 6, Is a sequence of i.i.d. random variables that are

positive with probability one. Then

—1_£ 1 _ P
LG o pE(07)

_(ﬁM ( ﬂ > R”{ﬂEf@l)}'

The level of interest rates rises (or falls) with the term to maturity if

e [Or [ﬁEfﬁl)] <1}'
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If R, =(1+r)= ,BEfﬁl) >1, then r>0.

2
It also follows that R, = P —(1+r) > ,
2t (ﬂE(@l)] ( ) th

(The level of interest rates rises with the term to maturity)

R, and R, are risk free gross rates of return becasue they are

the rates of return of perfectly safe loans.
The values of R, and R,, are obatined from the equilibrium

of the economy with uncertain future dividends.
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Let us write Eq (1) as

(ﬁll (r‘t+1 )//5ct+ )
IB ( R, =1+¢&,,,

(c)/c)

where E,g,., IS the least squares residual and E.g,,, =0.

p (U (c,,4)/0c.)
(oU (c,)/oc,)
Eq (2) can be written as
1 2 (au (Ct+1 )/aCHl) (au (Ct+2 )/act+2)
R =5 {'B (6U (c,)/ec,) (eU(c,,)/éc,,) (4)
Substitt Eq (3) into Eq (4) gives

U ...J.... =g
w = B [( Ry + _151t+1)( o1 T R )]
=R E, [th-lﬂ +Ry1€i1 + R + R1t+1glt+2]
Or, Ry =R, [E Ry + ER.,E&  +cov, (R[tﬂ,gmﬂ

+R'ER &8, + RyER L& 5
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/~ Consider the last two terms
Et Ri_ti-—lglt+lglt+2 = Et Et+1R t+1glt+1glt+2
— E R1t+1Et+1glt+1glt+2
=ERE &E 6., =0,
E Rt+151t+2 =E Et+1Rt+151t+2 E RﬂilEt+151t+2 =0.
Substituting these 2 equalities into (5) gives
R, = Ry | ERy +cov (Rt ey ) | (6)

. (aU (Ct+1 )/aCHl)
where Eppay = P (au (ct)/act) R, —1.

For example,
ouU (c : e
TR =lc,,, Tc, =1 E 1) (since utility is concave)= { &,.,,
t+1
hence,  cov, (R}, &,,)<0, so from (6),

R, =R,. [E R1t+1 + COV, (th}rl’glt+1):|1
@ RyE Ry, = Ry +cov, (Rt 6,1 )RyERy; <Ry 3/31/2014
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Eq.(6) is a generalized version of the pure expectation theory
of the term structure of interest rates, adjusted for the

risk premium cov, (R, &, ).
If the private agent is risk aversive, then cov, (R}, &,,,)<0.

If the private agent is risk lover, then cov, (R, &, )>0.

The pure expectation theory states that R, = R_l[EtRﬁl]

this is the result from the assumption that private agent
IS risk neutral.
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Pricing of one-step-ahead state-contingent

securities.

e Let the state of the economy evolve

according to a Markov process described by
density f(x',x), hence,

X|

prob(x.,, <x'| X, =X) = j f(u,x)du=F(x'x)

—00
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e |In period t, given that the economy is in state
X;, then one can purchase, or sell, a claim to 1
unit of next period consumption good

contingent on the event that x;,, belongs to a

set A, at the following price (measured in terms
of fime t consumption)

| A% %) dx,,

Xt+1 eA
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e Let Q be the entire space of possible x, the fime

t, price of a perfectly certain claim on period
(t+1) consumption is

1
[ a(xx)dx, ==

X, €Q th
=the price of a perfectly sure claim to
1 unit of consumption at time t +1,
where

[ 0w ) B> [ a(% %) ds

Xi41 €Q X1 € A
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