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and Application
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1 Terminology and Type of Matrix

1.1 Definition

aij; a2 -+ Aip

as1 Q22 -+ Q2p
Amxn — . . .

Am1 Am2 - Amn

mXxn

Subscript of each a;; indicates dimension of particular element:

m X n = row X column

B 1 2 o b11 b12
MBQXQ_ [3 4]2><2_ [bgl b22]
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1.2 Types of matrix

1. Square Matrix : number of rows = number of columns

ex. Agxg =

—_ = =
—_ = =

2. Identity Matrix: square matrix with diagonal elements being equal to
1 and the rest equal to 0

10
eX.ng 01
0 0

_— o O

diagonal elements = 1

3. Column Vector: A = [1 2 3}1><3 when n=1

4. Row Vector: B = when m =1

S W

1x3

2 Matrix Operation

2.1 Basic Operation

2. Suppose we have matrices of A and B as follows:

A= ], -
same dimension
B=[b]
Addition and subtraction: A+B = [aij]ani[ @'j]mxn = |a;; £ bij]mxn
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11 5 5
%A:{1 1] A+B:_5 4]
4 4 —3 -3
B = [4 3] A-B= -3 —2}

3. If a is a real number, then A = « [aij]mxn = [Ofaij}mxn

ex. bA =

4. Rules of matrix addition and multiplication by constants:

1) (A+B)+C = A+ (B+C)
2) A+B = B+A

3) A+0 = A

4y A+(-A) =0

5) (a+ B)A = oA+ SA
6) a(A+B) = aA+oB

2.2 Matrix Multiplication
sy and B= [bij}nxp,then the product C = AB =

[cij] and each element in C is as follows:
mxp

Suppose A = [aij}

n
Cij = E Qirbrj = ainbyj + igbaj + - -+ + @inbn;

r=1

bll b12 b13]

ex. Ay = [CLH CL12} Boys = [b21 boo  bog

Cixz = A1oBoys = [allbll + a12091  a11012 + ai2bae ai1biz + a12b23} 1x3
= 11 iz cs)

But D = B - A not possible since column of B # row of A
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Coxo = Aoy - Bixo =

x a-f, o
2%2 2x2

Coxo = Agyo - Boyo =

« ool ]|

Y el

- AT =TA = A but AB # BA

Identity matrix is the matrix such that when it is multiplied by the other
matrix, the result is that other matrix multiplied.

Rules for matrix multiplication

1) AB # BA in general
2) (AB)C = A(BC)

3) (A +B)C = AC + BC
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2.3 Matrix Transposition

A= [a’ij}mxn
A/ =A"= [aU]nxm
ex. A = é] — AT =
L1 2x1
_3 4 2x2
Rules for transposes
1) (AHT = A
2) (A+B)T = AT+ BT
3) (AB)T = BTAT
4) (aA)T = aAT

(AB)T =

BTAT —



Chapter 4

3 System of Linear Equation

3.CU1 -|—4.CC2 =5
Tx1+ 4xy = 2

We can write the above two equations and two unknowns in matrix form:

AX =10

35131 -+ 41’2 . 5

< [7561 + 4562] B [2]
So, if we have m equations and n unknowns :
A

a1121 + a2 + - + aypxy, = b D
9171 + 29T+« + A2 Ty, = by (2)

Am1T1 + AmaXe + - + QppTy = bm—@ y

ai; a2 - a | [T by
a1 Q22 - Qd2p L2 by
Am1 Am2 **° Amp L bm

Consider general form of two equations with two unknowns:

O —anz +aprs =b1 | [an ap| [x1] b
@) _ a9 x1 + asrs = by a1 a22| |T2 by
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@ X a1 : a11021°1 + A12021T2 = a21bl—@
@ X aip . a11a2101 + a11022T2 = a1152—@
B —@ : (a12a91 — aj1ax)ry = anb; — anbe

ag by — ayby

Th =

=

a12a2] — 411022
a12by — agaby

*_

a12G21 — A110922

X

—_

ex.

r+y = 10D

2e4+y = 5__ @
OD-@ -z =5
r = 9
y = 15

AX = b
ATAX = A'lp
X = Al
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4 Matrix Inversion

4.1 Definition
AAT = ATA =T, A~!is defined iff A is square matrix

4.2 Properties
1) If Al exists, If (A1)t =A

2) If AB is invertible, then (AB)! = B1A!

3) (A7) = (A1)

4) (cA)! = (¢1A1) where ¢ # 0

If a square matrix A has an inverse, A is said to be non singular.

If a square matrix A is not invertible, then A is called a singular matrix.

For system of linear equations:

AX = b
ATTAX = A1y
X=A"1p
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5 Determinant

To test whether matrix is invertible, we can use determinant. Determinant
of square matrix A, |A|, is a uniquely defined number associated with that

matrix.

Example:

1. |A

2. [Ay]

3. | Ay

(D Laplace Expansion: a1y

[a

ail
asq

aiq
asq
asy

= a

aig
a2

aig
a2
aso

ai

= a11022 — Q12021

a13
a23
ass

22

a32

ag2 a3

@) Sarrus’s Law: |a9; a9y as3

a31

a3z Aas3

as3 as1
— a19 +a
ass a31 as3
ailr a2
as1 G922
azy ass

3
asi

a2
ass

asi

= (11022033 + 12093031 + 13021032 — A31022013 — Q32023011 — 433021012
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Laplace Expansion
Let A be an n X n matrix.

- The "minor” of the element a;; is

aip -+ arj-1 Q1y; Q1 41 - Ain
M| = |ain -+ @ij-1 @i Gigy1 o Qip
Qp1 -+ Apj—-1 Qpj Qpj+1 " Apn

- The ”cofactor” of the element a;; is |Cy;| = (—1)"7|M,;]
|Al = 327 ai; | Cij | expansion by the i"* row.

= >""  a;; | Cij | expansion by the 57 column.

ajp ar2 Aais
ex. A = 21 A92 Q923

a31 a3z2 ass

1¥'row : |A| = aq1|er1| + arz|cia] + ais|cas|

1StCOhJ.HH1 . |A‘ = an\cu\ =+ a21\021| —+ a31|031\

. a a
cir = (1) My | = (=1)2 2
asz ass

; a a
ciz = (—1)"7 M| = (-1)*| = *
asy ass

: a a
ci3 = (1) M| = (=1)* 21 7%
asp as2
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5.1 Properties of Determinants

1) |A] = |’
ex.
1 2
‘A‘:'?) 4‘:
/ 13
w1 §-

2) The interchange of any two rows (or columns) will alter the sign, but
not numerical value of determinant.

ex.
4= 3=
Bl= [} 3|=
ei= i 5=

3) If all elements in any row (or column) is multiplied by a scalar k, the
determinant is multiplied by k.

%\AIZ‘l 2‘

3 4

Suppose k = 2. For B and C, multiply first row of A with k and first
column, respectively.

2 4
‘B|:‘3 4:
2 2
cl=Jz 3 -

ok 4) The addition (or substitution) of a multiple of any row to (from)
another row will leave the value of the determinant unaltered.

wi-f -]

| =
Ry—3Ry
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i I
2Ry—4R,

“Row Operation” *not column operation

1 2 -1 2 N
3 4) T -1,
5) If one row (or column) is a multiple of another row (or column), the
value of the determinant will be zero.

1 2 1 2
VS IE L R
“linearly dependent” = one row/column depends on the other.

Note The condition of linear independence is a sufficient condition for non
singularity (invertible) of a matrix. For the rows (or column) to be linearly
independent, none must be a linear combination of the other

*Nonsingularity: |A| # 0
& there is row (column) independence in A
& A is singular
& Al exist
& A unique solution X* = A™'b exists.
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6 Matrix Inversion (Computation)

If A, is a nonsingular matrix and |A| # 0

The inverse of A is A™! = ﬁ adj.(A)

\011\ \C2l| \Cnl\
C C P C
where adj.(A)=CI = | T2 ;. - | , | " |
‘Cln’ ‘CQn’ ‘Cnn‘
ayp -+ arj—1 Q1 Aairj+1r v Ain
and | ¢;; |= (=1)™ |aq -+ @ij-1 @iy Gije1 0 Gin
Qp1 - Apj—1 Qpj Qpj+1 " Apn

1 -1 0
ex. Find inverse of A= |1 0 b
0 1 —d

Step 1. Find |A| =

S = =
— O

Step II. Find cofactors of all elements of A
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Step III. Take transpose

coadj.(A)=CT, =

nxn

Step IV. A™! = Ladj.(A) =

ex. Consider a partial market equilibrium of demand and supply:

Qd — Qs
QY = a—bP
Q* = —c+dP

= QI-Q*+0P =0
QI +0Q°*+bP = a

QI+ Q°—dP = —c

1 -1 0] [@? 0
= 1 0 bl || =]|a

0 1 —d||P —c
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7 Cramer’s Rule

Given an equation system AX = b, where A is n X n nonsingular matrix,
the solution value of j¥ variable can be obtained from

ay aip - dp o apy
o Al (G20 G2 - dy -+ agp
anl1 Ap2 - - dn cr Qpp

where | A; | is the determinant of A when the 4 column is replaced by
the constant terms d; , --- ,d,

[ =L

By Cramer’s Rule:
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1 -1 0] [Q 0
ex. 1 0 b Rl =1a
0 1 —d| [P —c
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8 Matrix Algebra : Application

Model 1: Specific tax on producer

Qd — Qs
Q¢ = a—bP
Q° = —c+d(P—1t)
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Model 2: IS-LM model

C = Cy+cYp Md:L0+l1Y—l27’
[ = I,—jr M® = M,

G = Gy

Yp =Y

Y = C+1+CG
Solve for IS-LM equilibrium

Equilibrium in goods market:

Y = C+I1+CG
Y = Co+cYp+ Iy —gr+ Gy
(1—C)Y = Co+Iloy+Gy—j-r

ve = L Co+]0+Go—j-r}

T T

Equilibrium in money market:

Md — M3
Lo+ 1LY —lor = M,
lly — ZQT’ = MO — L()
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ex. Solve for endogeneous variables Y, r , I, C simultaneously.

Y = C+1+Gy Y-C—-I1+0r = Gy
C = Cy+cY —cY +C+0I+0r = C
I = ]O—jT OY+OC+]+]’I“ = ]0
Mo = Lo-l-llY—lQ?“ l1Y+OC+OI—l2?“ — MQ_LO
1 -1 -1 0] [y Go
N —c 1 0 0 C o Co
0o 0 1 4|11 I
ll 0 0 —lg r MO_LO
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