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According to the calculation above, the result can be summarized into Table 2.

Table 2 shows joint probability of random variable X and Y

X
-1 0 1

1 0.11 0.08 0.05 f (Y = 1)
=

Y 2 0.09 0.05 0.03 f (Y = 2)
=

3 0.35 0.07 0.17 f (Y = 3)
=

f (X =−1) f (X = 0) f (X = 1) f (X) =

= = = f (Y ) =

1.2.5 Conditional Probability Density Function

Conditional probability density function is the probability of one event given that some events have
already occurred. The function is written as,

f (X |Y ) = P(X = x|Y = y)

This function can be obtained from the joint probability density function through,

f (X |Y ) = f (X ,Y )
f (Y )

Example: According to Table 2, find f (X = 1|Y = 2) and f (Y = 2|X = 0)
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(X = 0|Y = 1) =

=

=

=

(Y = 2|X = 0) =

=

=
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12 Chapter 1. Introduction

Example: Let event A be tossing the dice once and the point is odd number and B be the tossing
the dice once and the point is at least 5. Find the probability that the point coming up is odd given
that the point has to be at least 5.

Answer A and B will occur simultaneously if the point from tossing the dice is 5; so, the joint
probability of A and B is 1

6 . The probability that B occurs is 2
6 . Hence, the conditional probability

of A given B is

P(A|B) = P(A and B)
P(B) =

1
6
2
6
= 1

2 #

1.2.6 Statistical Independence

Two random variables are independent if the resulting value of one variable does not affect the result-
ing value of the other; namely,

f (X ,Y ) = f (X) f (Y )

Example: Consider Mr. Ake’s expenditure for a meal and the Miss Somsri’s expenditure for a
dessert. Given that they do not know each other, the realization of Mr. Ake’s expenditure does not
imply the realization of Miss Somsri’s expenditure. We can, thus, conclude that the expenditures of
these two people are independent#

Example: Consider drawing cards sequentially from the standard 52-card deck without putting it
back into the deck. Once the first card is drawn, the probability of drawing the second card will be
influenced because the amount of cards in the deck is reduced. In this case, it can be concluded that
drawing the first and second card are not independent#

1.3 Expectation, Variance, Covariance and Correlation

1.3.1 Mean or Expected Value

Because the value of random variable hinges on the value of random results of experiment which can-
not be determined certainly, statisticians have invented the measures of central tendency of the random
variable. One of them is expected value, indicating the mean of the random variable.

For discrete random variable, the expected value is calculated by;

E(X) =
n

∑
i=i

xi f (xi) = x1 f (x1)+ x2 f (x2)+ . . .+ xn f (xn)
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1.3 Expectation, Variance, Covariance and Correlation 13

For continuous random variable, the expected value is calculated by,

E(X) =
∫ b

a
x f (x)dx

where;

E(X) is the measure of central tendency of random variable, resulting from repeated trial of experi-
ment.

∑n
i=i xi f (xi) is the average of random variable weighted by the probability corresponding to each value.

a and b are the lowest and highest constant possible respectively.

Example: Find the expected value of rolling two dice once (Figure 1)

E CX) = Ease fca)
= 246) -13E)t . . .. 412 (Igf)
= 7

I 2 3 4 5 6 7 89 10 11 12

k¥EI¥oEoE¥¥¥¥
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Crucial properties of expected value include:

1. E(b) = b

2. E(aX +b) = aE(X)+b

3. E(XY ) = E(X)E(Y ); given that X and Y are independent

4. E(g(X)) = ∑x g(X) f (X)

where a and b are constant.

Conditional expectation value is the expectation value of random variable under some conditions
such as expected value of X conditional on Y or E(X |Y = 5)

Let f (X ,Y ) be the joint probability function of X and Y . The expectation of X conditional on
some value of Y is defined as,

For discrete random variable E(X |Y = y) = ∑X Xi f (X |Y = y)

For continuous random variable E(X |Y = y) =
∫ ∞
−∞ Xi f (X |Y = y)

Example



②E eaxtb) = a ECXy%
Ecaxtb) -- Ecaxitb) fail

= Eaxifcxil + Ebifcail
= aExifexit + BEfoul- -r

ELX) I

= a ECX ) tb



③ If X and Y are independent Rv then
ECXY ) -

- ECXIECY ) JointPDF
ECXYI -- EE aeoygfcsciyj ))

fcxiyjl-fcxisfmnycy.tn#haI%feECXY1--
Exifcxildcyjfcyj )

= ECXIECY)

Howerter '¥ytE¥¥
even if X and Y are independent .



Ff X is a R.v. with PDF fcx ) and if

g C 7 is any function
of X , then

Eiigcx) ) = §gcxlfcklifa.sxihete-f.gexlfcxidx if x is

¥1
continual .

km¥¥
Eat -45g) t

' (f)t YZ)
if gCX)

e X
2 e CX)

= {god fdd

EH) - 4 (E )
t I (f)+4(F) =2g1

Eun 't ECXZ)



Practice for fun
④

- I 0 2 4

④25*80.2700716O 0.10 0.04 O- 35

ECX ) = Ex fck)

ECY) a Eyycfy)
if gcx) = X

'

ECXZ ) =



conditional Expectationecxixn.e.ie#Iiii:gIi:i:EiEaei
Example

x

y3÷2ai6 O 0.04 0.10 0.35

ELY 1*2)
-

- Eyyfcy 1*2
)

fcytx-H-fcx-xie.gl¥
=3 + 6

-
- 4.15

Mcfly-- 31*2) tf LY-61*-2 )



f. ( 4--3/4=2)
= f CY --3,4=2 )
-

f.CX --27

= 0.160
.
2b

f(Y=6/X=2) -
- fly :b ,x=2 )
-

fCx=2)
= 0.10

0726


