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max iﬂtU(Ct), 0<p<1
t=0

Subject to

« State variables are A, , y;, R,
« Control variables is savings, s, = A, + Y, - ¢

 Transition function A, = R..(A+y,-C,) does not
iInvolve state variable. (in this case, we have
Xi+1=9(Cy), instead of x.,.4=g(x; C;))
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Saving under certainty

« Bellman’s equation

V(4,y,R_)= mSaX[U(At +3,-5,)+BV(Rs,,,,,R) |

t

-l
where s,=R A ,,

 Note that c=Aty—s,,or s=Aty—c, Hence
by recalling (9), which is the same marginal
condition as (1.4b), and suppose that the
optimal choice s=h(A,y,R ) then we have

aV(Atay;aRt_1) aU(Ct)a(At+yt_h(At9ytﬂRt—l))

04, oc o4

t t

aV(Rth(AzaytﬂRt—l)’yHl’R ) R ah(A ’yt’Rt—l)

t

ORh(A,y,,R_,) o oA




Saving under certainty

oV (4,y,,R,) 8U(ct){l_8h(At,yt,R”)}

04, oc, 04,
@V(R,h(ApymRt—l)ﬂyHl’Rt)R ah(Aﬁyt’Rt—l)
@Rth(Aﬁyt’Rt—l) t aAt ’
Oh At’ t’Rt— v v
:U'(ct)_ ( @Z 1)[U (Ct)_ﬂV (At+l’yt+1’Rt)Rt]’

t

=U'(¢c,), (' First—order condition wrt.u,)

The above result also valid for t+1, hence,

OV (A> Vs R) _0U(c,1) _U'(e.,), (11)

t
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Next, by differentiating Bellman equation w.r.t.s,, one has

aU(At +, _St) a(At + _Sz) +'B8V(S1Rz>yz+1>Rt) @Sth =0

o(4,+y,~-s,) 0s, os,R, 0s,

_U'(Ct) +ﬂV'(At+19yt+19Rt)Rt — 09

0, [ Eq.11] (12)

~U'(¢,)+ BRU(c,,,)

Eq.12 is the Euler equation for s,,
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If U(c,)=Inc,, then from (12)

Ct+j :ﬂj I:Rt‘Rt+1“"Rt+j—1:|Ct
Substituing this into the left hand side of (10), which is

C, +i(“ R =, +iK /] R’ij(ﬂj [Rt,RHI....RH].l]Ct)}
=c, _l+i{[ /1 Rf+lkj(ﬂj [Rt R, RHJI])H
:ctf1+{,8+ﬂ2+ ........... }]
:ct(l—ﬂ)_l

Hence, (10) and (12) imply that

¢ =(I- ,B){yt +Z(HR] V.. +At} (13)
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Optimal Growth under certainty

max iﬂ’U(ct), 0< <1
t=0

s.t. ¢, +k.,=f(k), k,>0 given, ¢, 20
U'(0)=+x, U'>0, U"<O0,

f(0)=00, f'(0)=0, f'>0,f"<0.
(.. one may write k,,, = f(k,)—c,=g(c,k,))
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Optimal Growth under certainty

Bellman's equation,
(k) =max {U [£(k) =k ]+ BV (k.,)}

Euler equation for k,, ,

OU [ f (k) =k ] d[f(k)- +1] oV (k..)

ju— O,
5[f(k )_ +1] d[ r+1] akm
oU (c,) oV (k...)
=0

act ( ) i ﬂ kt+1 ,
oU(c,) _oVi(k,)
e 14

oc, p ok, (14)
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Optimal Growth

From (9), (The marginal condition), and the optimal choice k,_, :h(kt)

Yk ) = 8U[f(kt)—h(kt)] {df(kt) ) dh(kt)}rﬂ ov (h(k,)) dh(k,)

[ f(k)—h )] | dk, dk, oh(k))  dk,
aU I:f :' ahlgtkt ) {algict) _:BV '(kt+1 )}
i aU( ,)

L (k)] ( eq.(14))

t

The above result is also valid at t+1, hence

8U t+1
V'(ktﬂ) a I:f t+1 :I (15)

c,
Hence, substitute (15) into (14), one has

—U'(ct)+,3U'(C}+1 )f'(km)
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Optimal Growth

U'(c)
U (€.)
_ U(f(k)=k)

BU (S (k) =Ko )
. Optimal policy function k,,, =h(k

t+1

From (16), f'(km):

b

) must be a non decreasing function

of k.. This is becasue

£ (k)=
A0 ) [0 )] A e 1 (kHl)—”;(k"fﬂ))Lo
[ﬂU' (Ct+1 ):|2

<0, then the RHS of the above equation will be

oh (k...

t+1

= S'up pose that

greater than zero, which is contradicted to f"(k,,)<0. Hence, it must be

that M > 0.
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Appendix

Ay =R(4+y,-c) (4)

Ar+2 Rr+1 (Ar+1 +y t+ t+1) (b)

Ar+3 - Rr+2 (Ar+2 +y +2 z+2) (C)

Put (a) into (b)

Ar+2 Rr+1(Rt [Ar +yt C]+yt+1 t+1) (d)

Put (d)into (c)

AT+3 :Rr+2 (Rf+l(Rt [Ar +yt _Ct]+yt+l t+1)+yt+2 t+2)

AT+3 :Rr+2Rf+1Rt [Ar +), _Ct] +Rr+2Rt+1 [yt+1 o t+l] +Rt+2 [yt+2 _Ct+2]
Ar+3 - HRHk [Ar +Y, _Ct] + HRr+k [yt+1 t+1] +Rt+2 [yt+2 t+2]

| k=1
- _
Ar+j - HRHk [At +Y, _Ct] + HRr+k Vi — t+1 |:HRr+ki|[y +2 t+2]
| k=0 ] | k=1 k=2
-
+“"+|: H R/+k:||:yt+j2 _Ct+j—2:|+Rr+j—1 |:yt+j—1 _Ct+j—1] (e)
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KLet J — ®, lim4,, . =0, and eq.(e) becomes \

]—)OO
- |:HRt+k:|[At + yt o Ct] + |:HRt+k:|[yt+l o Ct+1]
k=0 k=1
+ '+|:HRt+k:||:yt+j—2 Cryj- 2]+Rl‘+] 1|:yz+j-1 _Ct+j—1]’ ------- (f)
k=2
Or,
|:ﬁRt+ki|c + |:f Rt+k:|ct+1 + |:ﬁRt+ki|Ct+2 T +|: f[ Rt+k:|ct+]—1 +
k=0 k=1 k=2 k=j-1
:{ —[RHk}yt {HRH,{}/M ..... J{HRﬁk}ytﬂl+ +{HRH,€}A, ....... (g)
k=j-1 k=0
- -1
Then, multiplying both sides of eq. ( ) by {HR k} ,
k=0
Cz + (Rt )_1 t+1 (Rt Rz+1) t+2 Tt (Rt Rt+1 Rz+j—l )_1 ct+j + ..
_ 1
:yt+(Rt) yt+1 (Rt Rt+1) yt+2+ """" (Rt Rt+1 Rt+] 1) yt+j+ """ +At’
Hence,
o 1
c, +Z[HRt+k}t+] =y, +Z(H jy (1.10) Q.E.D.
1\ k=0 k=0
: Arayah Preechametta 2/16/2021

o




