Tutorial 3
Matrix Algebra

1. Find all solution to the following system of equations

(a)

X+4y+z=1
2x+3y =0
4x+3y-2=-2
(Ans: x=-3/7,y=2/7,2=8/7)
X+2y—2=2
(b) 2X+5y+2z=-1
7X+17y+5z2=-1
Ans:
x=12+9z )
( parametric form)
y=-5-4z
X 12 9
y|=[-5|+C|-4]; CeR (vectors form)
z 0 1
Xx+10z =5
c) 3x+y—-4z=-1
4x+y+6z=1
(ans: No solution)
11 -1 4
2. Compute therankof A={2 1 3 0
01 -528

(ans: 2)

3. Find a condition on the number ag,b,c such that the following system of
equations is consistent. When that condition is satisfied, find all solutions (in
term of a,b, c)

X+3y+z=a
—-X—-2y+z=Db
3X+7y-z=cC
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Ans: Consistent if c=a-2b

x=5z—(2a+3b)
y=(a+b)-2z (Pararametric form)
Z =free variables

X —(2a+3b) 5
y|= a+b +C|-2| CeR (vectors form)
z 0 1

4. Suppose a square matrix A satisfies A=2A". Show that necessarily A=0.

Ans:

A=202AT)" =2(2(AT)" =4A
3A=0

A=0

5. In each case find the matrix A

(a) [SAT+2_1 OD ={8 0} Ans:A:{2 0}
0 2 31 1 -1

r T 2 7
(b (ZAT_s ! OD :4A_9[1 1} Ans:Alg ]
-1 2 -1 0 > =5

6. Find the inverse of the matrix

2 7 1 [3 -3
A=|1 4 -1 Ans:At=211 1 -3
13 0 1 -1 -1
L2 1 2 1
7.Find Aif (AT —21)" = Ans: A=
-1 0 -1 4

8. Suppose Ais3by5,Bis5by3,Cis5by1,andDis 3 by 1. Which of these matrix
operations are allowed, and what are the shape of the results?

BA, A(B+C), ABD, AC+BD, ABABD

(Ans: BA (a5 x5 matrix) ABD (a 3x1 matrix) and ABABD (a 3x1 matrix))
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0 3
2 0 -3
9. Compute AB where A={ } and B=|-4 7 |.Show how you obtain

-1 6 5
2 -5
the result using all three methods you study in the class.
-6 21
Ans:
-14 14

10. Find all solutions to the following system of linear equations:

X+y-32=3
—-2x-y=-4
4X+2y+3z=7

Ans: x=2,y=0,z =-1/3

11. Determine the value(s) of h such that the matrix is the augmented matrix of a
consistent linear system

2 3|h 1 -3 2
a) [4 6 7} (Ans: h=7/2) b) L " _7} (Ans: h = -15)

12. For matrix
01 40
A=
0 280
determine the echelon form U, the basic variables, the free variables and the general
solution to Ax=0. Then apply, elimination to Ax=b , with b; and b, on the right side;

find the conditions for Ax=Db to be consistent and find the general solution. What is
the rank of A?

1 0 0
0 - 0
Ans: For Ax=0 =» x=C,| [+C +C,| _|whereC,,C,,C, eR
1 0 3 1 4 0 1 3 4
0 1
0 1 0 0
b 0 -4 0
For Ax=b ¥ x=| ~|+C,| _|+C, +C,| _|whereC,,C,,C, eR
0 0 1 0
0 0 1
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13. a) Find all solutions to

Xl
1 2 3 4 . 0
Ux=[0 0 1 2 X2 =0
000 Of° |0
X4
-2 2
1 0
Ans: x=C, +C, whereC, ,C, eR
0 -2
0 1
0 a
b) If the right side is changed from [0 | to| b | , what are the solutions?
0 0
a-3b -2 2
1 1 0
Ans: x = b +C, 0 +C, ) whereC, ,C, eR
0 0 1
14. Use row operation to find
6X, +X,+X;, =6
SX +X, +2X%, =4
A%, + X, — Xy =—2
3
Ans: | -13
1
15. Suppose
oR
Ax=|2 has no solution
_3_
but
3T
Ax =| 2| has infinitely many solutions.
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a) Find all possible information about r, mand n. (ris the rank and A is of the size
mxn)

b) Find an example of such a matrix A with r, m and n all as small as possible.

Ans:

a) m=3. 0<r<m and r<n

('S ]

b) =1. m=3. n=2: A=|2
1

o o <o

16. a) By elimination put A into its upper triangular form U. Which are the pivot
columns and free columns?

>

Il
RN
U1 o W
w g N
RN

(Ans: pivot columns 1,2 and free columns 3,4)
b) Describe specifically the vectors which are solutions to Ax=0

3
c) Does Ax=b have a solution for the right side b =| 8 |? If it does, find one particular

5
solution and then complete solution to this system Ax=b.

Ans:
0] (-3 [T
0 1 1 0
U] 0] 1

-1 1 0 1
17. a) Show that A= has inverse C =
1 0 11
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ShowthatA=[': 1]hasinmcé [‘l' :]

»

R L
e B 0 Y

2
b) Show that A= [0 } has no inverse.

16 C=[* %] isany marris, then A= [2 ][« 1] = 23 23, Since he
c '
~(2, 2)-entry of AC is not I, AC can never equal I for any choice of the matrix C.

-1
1 | using Gauss-Jordan method.
0

18. a) Find the inverse of the matrix A=

RN R
w N A~

-§ -4 4 -3 -3 11
At=11 1 3l=31 1=
4 44 laoa

Bk [o=n

1 3 -2
b) Show that the matrix A={1 2 0 |isnotinvertible.

2 8 -8
1000 1
21 10 1

19. Let A= and b=| |.

3210 1
4 3 2 1 1

(a) Use Gauss-Jordan elimination to compute the inverse of the matrix A.

Ans:
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(b) Use the answer in part (a) to solve the system Ax=b.

Ans: 1

20. Compute the determinant of

1 2 3 4
5 6 0 O
A= .
0 78 0
0 0 9 10

(Ans: -530)

21. Suppose the 4 by 4 matrix M has four equal rows all containing a,b,c,d. Find
determinant of this matrix

l+a b c d
a 1+b ¢ d
a b 1+c d

b c 1+d

(Ans: 1+a+b+c+d)
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