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Limit of a Function

e Limit- An informal Approach

Limit Theorems

Continuity
e Trigonometric Limits

Limits that Involve Infinity

Limit- a formal approach

1 Limit: Informal Approach

The following definition is an informal definition of limit.

4 )

Definition 1.1 ( Informal/Working definition). The limit of f(x) is L as = approaches
a and write this as

lim f(z) =L (1)

T—ra

provided we can make f(x) as close to L as we want for all = sufficiently close to a, from
\both sides, without actually letting x be a. )

An alternative notation for denoting lim,_,, f(x) = L is
f(z) > L as z—a.

Example 1.1. Consider the following plots of f(x) and g(z).
What is lim, o f(z)? What about lim,_,2 g(x)

5
f(x) g(x)
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Example 1.2. Suppose f(z) is a function such that ligﬂ f(x) = L where a and L are real numbers.
xr a

Sketch a possible graph of y = f(x) for each of the following properties of f(a).
(a) f(a) = L.
(b) f(a) =k # L, where k is a real number.
(¢) f(a) is undefined.
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Example 1.3. Consider the function
2
x°—4
whose domain is D := R — {2} or the set of all real numbers except 2. Notice that we cannot evaluate
the function at x = 1 since it will be undefined with zero denominator. However, f(z) can be evaluated
at the values close to x = 2 as follows.

z flz) =21 x flz) =25
2.10000000 | 4.10000000 1.90000000 | 3.90000000
2.01000000 | 4.01000000 1.99000000 | 3.99000000
2.00100000 | 4.00099999 1.99900000 | 3.99900000
2.00010000 | 4.00010000 1.99990000 | 3.99990000
2.00001000 | 4.00001000 1.99999000 | 3.99999000

24

Table 1:  Values of function f(x) = Z—= as = approaching 2 from the right and left directions.

e Notice from above that, although we cannot evaluate f(x) at = 2, the function value is getting
close to 4 when the value of x is getting close to 2, from both directions.
- Since f(x) gets close to 4 as _x > 2 decreases to values close to 2 (i.e. 2.1, 2.01, ...,2.00001),
we say that the right-hand limit of f(x) as = approaches 2 is 4, which is denoted by

lim f(z) =4.

z—2+

-Similarly, since f(x) gets close to 4 as & < 2 increases to values close to 2 (i.e. 1.9, 1.99,
..,1.99999), we say that the left-hand limit of f(x) as x approaches 2 is 4, which is denoted
by

lim f(x) = 4.

T2~
We say that the limit of f(x) is 4 as z approaches 2. An informal definition of limit is given
next.

e Notice also that when x # 2, the function can be simplified as

(x4 2)(x—-2)
= - =x+ 2,

22 —4
r—2

which can be plotted as a straight line with no value defined at = = 2.

/,/
1a /0
+3
///
S
-|3 -I2/// -|1 1 2 3
: ) w2
Figure 1:  piot of f(z) = =2,
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1.1 One-sided limits

As the name implies, with one-sided limits we will only be looking at one side of the point in question.
Here are the definitions for the two one-sided limits.

Definition 1.2. (Right-handed limit) We say

lim f(z) = Ly (2)

T—a™t

provided that we can make f(x) as close to L; as we want for all z sufficiently close to a and
x > a without actually letting « be a.

Definition 1.3. (Left-handed limit) We say
lim f(z) = Lo (3)
Tr—a—

provided that we can make f(x) as close to Lo as we want for all = sufficiently close to a and
x < a without actually letting « be a.

J

f(x)

1.2 Two-sided limits (normal limits)

Definition 1.4. Given a function f(x), the normal limit of f(z) exists and equal to L as =
approaches a, i.e.
lim f(z) = L
if and only if
lim f(x)=1L and lim f(x) = L.
k z—at x—a~ J

Remarks

e For the right-handed limit we now have (note the “4”) which means that we know will only

look at « > a. Likewise for the left-handed limit we have (note the “-”) which means that we
will only be looking at = < a.
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e One-sided limits don’t have to exist just as normal limits are not guaranteed to exist.
e In general, the (two-sided) limit lim,_,, f(z) does not exist when

— either of one-sided limits lim,_,,— f(x) or lim,_,,+ f(z) does not exist;

— both two one-sided limits exist, but they have different values, i.e.,

lin f(z)# lm f()

Tr—a—

e Existence and Nonexistence: The existence of a limit of a function f as x approaches a (from
one side of from both sides) does not depend on whether [ defined at a but only on whether f is
defined for x near the number a.

Example 1.4. Consider the function
flz)=2% -2z +1
Find lim f(z), lim f(x), and lim f(z).
r—0t x—0

r—0~
Solution:

-1

+-2

Figure 2: Plot of f(z) = 2% — 22 + 1.

x (x—07)

f(x)=2%-22+1

z (x—0T)

f(x)=2%-22+1

-0.100000000000000
-0.010000000000000
-0.001000000000000
-0.000100000000000
-0.000010000000000
-0.000000000100000

Left-hand limit

1.199000000000000
1.019999000000000
1.001999999000000
1.000199999999000
1.000019999999999
1.000000000200000

lim f(z) =1

z—0~

0.100000000000000
0.010000000000000
0.001000000000000
0.000100000000000
0.000010000000000
0.000000000100000

Right-hand limit

0.801000000000000
0.980001000000000
0.998000001000000
0.999800000001000
0.999980000000001
0.999999999800000

lim f(zx) =1

z—0t

Table 2: Values of function f(x) = 23 — 2z + 1 as x approaching 0 from the left and right directions.

From the table (and the plot), That is, lim f(z) =1, lim f(z) =1, and lin% f(z)=1. [
z—

z—0~ z—07F
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rz+2, for z<1
Example 1.5. Let f(z) = r+1, for 1<x<3.
(x—3)%, for >3

Plot the function f and find the following limits, or state that it does not exist.
li li , i

(a) lim f(z), lim f(z), lim f(z)

b) li li , i

(b) lim f(z),  lim f(z), lim f(z)

Solution:

Example 1.6. Consider the following plot of a function f(z). Find the following limits, or state that
it does not exist.

(a) lim f(z)= im f(e) =

[im f(a) = '
(b) Jim f (z)= Jim_f (z) =

lim f(z) =

(c) lim f(z)= Jim f(z) =

lim f () =
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Example 1.7 (Right-hand limit). Consider f(z) = /z. Find lim f(z),

state that it does not exist.

z—0~

2
1
1 2 3 4 x

L

lim_f(x),

z—0t

lim f(z) or
z—0

Solution: From the plot, we have that lim+ f(x) = 0. Since the domain of z is the set of all pos-
z—0

itive number, f(z) =

vz is undefined for x < 0 and lim f(z) does not exist.

z—0~

also does not exist because the left-hand limit does not exist.

lir% f(x) or state that it does not exist.
T—

That

Example 1.8 (Limit that does not exist). Consider f(x) = % Find lim f(z) ,

z—0~

is, lim f(x)
z—0
|

li ,
A5 /)

Solution:

x(r—07) flx)=1/z x (r —07) flz)=1/z
-0.100000000000000 | -10 0.100000000000000 | 10
-0.010000000000000 | -100 0.010000000000000 | 100
-0.001000000000000 | -1,000 0.001000000000000 | 1,000
-0.000100000000000 | -10,000 0.000100000000000 | 10,000
-0.000010000000000 | -100,000 = —10° 0.000010000000000 | 100,000 = 10°

-0.000000000100000

Left-hand limit

does not exist

-10,000,000,000= —10'0

'lim flx) =

x—0~

0.000000000100000

Right-hand limit

does not exist

10,000,000,000= 10'°

.lim flz) =

z—07F

Table 3: Values of function f(z) = 1

Tz

as z approaching 0 from the left and right directions.

Notice from the table that the values of f(x) is unbounded and it not approaching any real number as

x — 07 nor x — 0T. That is, both left-hand and the right-hand limits do not exist as = approaches

0. Hence, lim f(z) does not exist.
‘ z—0

i |

-1 , <0

Example 1.9 (Exercise). Let f(x) = f;—| for  # 0. Show that we can also write f(z) =
1 , >0

Plot f(z) and find lim f(x), lim f(x), lim f(x),

r——1— r——17+ z——1

li li li

Jlim f(z), Jim f(z), lim f(z) ,

lim f(z), lim f(z), lim f(z).

z—0~ z—0t z—0
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Example 1.10 (Important Trigonometric limits). Show that

lim sin(x)

z—0

=1,
xT

lim

z—0

1—
cos(x) _o
x

Solution: This can be shown by plotting and computing the function values at x that are close to 0

as shown below.

1s T2
/1_,.~——01—ﬁ1_‘ +1
x_/ L\“k-._‘___ e T
i I e il B B O s s B e s P s S S A O
_,\_J,. T T T T T T Ik_l__ T T T T 1 g T T T T
Rﬂ“‘*-l ff(_‘/-
-1 Tt
Figure 3: Left: Plot of f(z) = ). Right: Plot of f(z) = =)
- _ sin(z) _ sin(x)
z (x> 0°) f(z) = T z (z = 0%) f(z) = T2

-0.100000000000000
-0.010000000000000
-0.001000000000000
-0.000100000000000
-0.000010000000000

Left-hand limit

0.998334166468282
0.999983333416666
0.999999833333342
0.999999998333333
0.999999999983333

lim f(z)=1

z—0~

0.100000000000000
0.010000000000000
0.001000000000000
0.000100000000000
0.000010000000000

Right-hand limit

0.998334166468282
0.999983333416666
0.999999833333342
0.999999998333333
0.999999999983333

lim f(x)=1

z—0t

Table 4: Values of function f(z) = szﬂ as x approaching 0 from the left and right directions.

z (x—07)

f($) _ 1—cos(z)

T

z (z—0t)

f(il?) _ 1—cos(x)

T

-0.100000000000000
-0.010000000000000
-0.001000000000000
-0.000100000000000
-0.000010000000000

Left-hand limit

-0.049958347219743
-0.004999958333474
-0.000499999958326
-0.000049999999696
-0.000005000000414

lim f(z)=0

z—0—

0.100000000000000
0.010000000000000
0.001000000000000
0.000100000000000
0.000010000000000

Right-hand limit

0.049958347219743
0.004999958333474
0.000499999958326
0.000049999999696
0.000005000000414

lim f(z)=0

z—0t

Table 5: Values of function f(z) = =22 a5 z approaching 0 from the left and right directions.
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2 Theorems for Computing Limit

This section will present important properties of limit, which are useful for computing limit of a
function in practice.

(" )

Theorem 2.1. Assume that lim f(x) and lim g(x) exist. Let ¢ be any constant. Then,
Tr—a r—a

1. lim ¢ f(x) = ¢ lim f(z),

T—ra Tr—a

2. lim [ f(z) + g(2)] = lim f(z) + lim g(),

T—a r—a

3. lim [(x)g(x)] = [1im f(2)] [1im g()],

T—ra T—ra Tr—a

. Jim f(x) . .
4. il_l)l}l [%] = T @ provided that il_r}rég(x) #0,

5. lim [f(x)]" = [lim f(x)]n, where n is a positive integer.
T—a r—a

6. lim [{L/f(m)} = T\L/ili}}z f(z), provided that L > 0 when n is even.

T—a
7. limc=c¢,
T—a
In other words, the limit of a constant is just the constant. This can be seen by drawing
the graph of f(z) = c.
8. lim z = a,
T—a

As with the previous one, this can be seen by drawing the graph of f(z) = x.

9. lim z" = a”,
Tr—a

k This is really just a special case of property 5. using f(z) = .

\_

Theorem 2.2. If ligl f(z) exists, it is unique.
T—a

Example 2.1. Find the following limits.

1. lim =
r——8

2. lim 100 =

z——10

r——1 r——1 r——1

2
3. lim (xg—l):(lim x> — lim 1=(-1)2-1=0.
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Example 2.2. Evaluate liml(Qm +1)8.
z—

Solution:

|
i L3t .
Example 2.3. Evaluate ili)r(l) =L [Ans: 2]
Solution: Since lim 22, lim z, lim 2, lim 2, lim 1 exist and lim = 4+ 1 # 0, then
z—0 z—0 z—0 z—0 z—0 z—0
|

10
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Limit of a polynomial function
Let f(z) be a polynomial function of degree n, i.e. f(x) is in the form

f(z) = cpa™ + Cn12" ez + co,

where ¢, c1,...c, are constant. Then, for any constant real number a,

lim f(z) = f(a) lim f(z) = f(a)  lim f(z) = f(a)

T—a~ z—a™t T—a

Example 2.4. Evaluate lim (x5 — 23 4+ 322 — 1).

z—>
Solution:

Example 2.5. Evaluate zl—i>n—11 ‘iit#fl"
Solution:
Since lim (22 —2x+1) #0,

rz——1

11
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Besides polynomial, we can use liin f(x) = f(a) for other functions as shown below.
X a

Remark: When can we use lim f(z) = f(a)?
r—a

We can use

lim f(z) = f(a) lim f(z) = f(a)  lim f(z) = f(a) ()

T—a~ z—a™t T—a

for any real value a, if f(z) is one of the following functions:
f(z) is polynomial. E.g. f(z) =a2* + 223+ +4, f(z) =22 — 1.

(z)
f(z) = sin(z), f(z) = cos(x).
(z) = e
(z) =

f(x) =e*, f(x) = c® for any constant c.

4. f(x) = {/x when n is an odd number.

Or, if f(z) is one of the following functions with the value of a in the domain D:

= sec(z), f(x) =tan(z) for a € D := {z|x # @ﬂ,n =0,£1,42,43,...}

= csc(x), f(x) = cot(z) for a € D := {z|x # 2nm,n =0,£1,+2,43,... }

r__ 7
Example 2.6. Evaluate the following limit hm (ﬁTr\l([) —|—sin(x)). [Ans: 1]
Solution: Since the functions e®, J/x, tan(z ), and sin(z) are well-defined at = 0, we can use above

remark to obtain:

12
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[Theorem 2.3 (Limit that does not exist). Let liin f(z) =L #0 and liin g(x) = 0. Then \

/()

ma g(x)

does not exist. In general, this li(n)lit is unbounded (ar)ld will approach infinity in positive
f(z f(z

kor negative direction ,i.e. xl_lgl_ ) = +o0, or xllgl+ O +oo. j
Example 2.7. Evaluate (a) lim =—. (b) lim 3z
23 3= z—3— T
Solution:
|
Remark: | Computing lim,_,, %

Let f and g be functions and suppose lim,_, f(x) and lim,_,, g(z) exist with

lim f() = L1, limg(z) = Lo.

T—ra

f(z)

We consider 3 cases of lim,_,, )

«Q

(I) If Ly # 0, gn%:%.

1
a 2
(IT) If Ly # 0 and Lg = 0, lim % does not exist.
r—a

In this case, lim % is either co or —oo. = “Infinity Limits ”
Tr—a

(IIT) If Ly = 0 and Ly = 0, => | “ Indeterminate Form 3”

To find lim @, we have to rearrange M, e.g.
a—a 9(@) 9(z)

— factor f(x), g(z) and eliminate the common terms before taking limit

— use rationalization: multiply the same term to both f(z), g(x) to use
p-a)p+a)=p" -

Note: There are many more kinds of indeterminate forms we will be discussing later.

Useful formulas: |p*+ ¢ = (p+q)p* —pe+¢*) [P - =p—)®* +pg+ %)}
and (p+q)?=p*+2p%¢+2p¢* + |, |(p—q)® =p>—20%q+ 2pg® — ¢*|.

13
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Example 2.8. Evaluate

3 2 _
z° +2z° +x (b) lim r—3

I _ -3
(a) Jim r——3+ 22 —62+9

r——1 1'2—41’—5.

[Ans: 0, DNE] Note(a): 22 —4z —5 = (z + 1)(x — 5)
Solution:

14
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Example 2.9. Evaluate
. 2 4+4—-2
lim —————
z—0 T
[Ans: 1/4]

Solution:

E le 2.10. Evaluate lim =220
Xampe . . va. uaex_l)rill 1+I‘ .

Solution:

15
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243z+2
L gfﬂ’ , < —1
Example 2.11. Let f(z) = . Evaluate
2—2? |, z>-1
T T ’ )i '
() tm f(2) (i) tim_f(x) (i) T f(2)

16
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2.1 Exercise

1. Evaluate (a) lim 3 , (b) lim
xz—0 T z—0
xQ;ilf’_Q , T 7& -1
2. Let f(z) =
3 , r=-—1
(1) lim f(z),
z——1"
922_—11 , x<l1
3. Let f(z) =
2, x>1
(i) lim f(z),
z—1-
4. Find lim Y=5i=2,
z—0~
* T : a? 422
5. (*) Find J:LH—DH e -y and
Compute the following limits.
. 5—/T ]
L (a) lim, o5 (b) Jig, o=
. 22 .
2. (a) lIm oo (B) lim
3. lim zsin(z/2)
z—0 z|

2(z—3)%2-18

. Plot f(z) and find

(i) lim f(z),

r——11

. Plot f(z) and find

(i) lim_f(z),

z—1t

. 23422
mgnjl |z2—4z—5]"
|z -2

rs—2 Vx2—2x—/8

. 242
~ (c) limg— 1 ( po

_ 3z
—1—x :

(i) lim f(z).

(¢20) lim f ().

17
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3 Trigonometric Limits

This section considers the limits of trigonometric functions, such as sin(z), cos(z), tan(x),.

Example 3.1. Show that the limit lir% sin (1) does not exist.
T—

T
Solution: Notice that

sin N _ [ -1, for 1/z=F +nn ifnis odd
z) |1 for 1/x =% 4 nm, if n is even

and therefore f oscillates between —1 and 1 as x — 0. E.g. if n is odd (e.g. n = 501 or x ~ 0.00063),
sin (%) = —1 and if n is even (e.g. n = 500 or = ~ 0.00064), sin (%) = 1. Note that when n is large,
the magnitude of x is small and close to zero. That is, it is impossible for sin (%) to converge to any
real number as x approaches 0. |

1

Although the limit lim sin (l) does not exist, lim 2 sin (—) exist and can be found by the Squeeze
z—0 z z—0 z

Theorem. This theorem is also known by other names such as Sandwiching theorem and Pinching
theorem.

3.1 Squeeze Theorem

Theorem 3.1. Let f and g be functions with f(z) < g(z) for all  on an open interval that
contains a number ¢ (except possibly at z = ¢ itself) then,

lim f(z) < lim g(x). (6)

Tr—cC Tr—cC

(Theorem 3.2 (Squeeze Theorem ). Let f, g, and h be functions with \

(i) f(z) < h(x) < g(x) for all  on an open interval that contains a number ¢ (except
possibly at x = ¢ itself) and

(i) lim f(z) = lim g(2) = L.
Then,

\_ lim h(z) = L. ™ )

18



MA216: Limit & Continuity Asst.Prof. Dr.Saifon Chaturantabut

8,818 8,624

Figure 4: Tllustration for Squeeze Theorem

Example 3.2. Suppose —z2 — 2z + 2 < g(x) < (z + 1)? + 3 for all real numbers z.
Determine limlg(m).
T——

Solution:

Example 3.3. Find lim 22 sin (l) if it exists.
. .3:—>0 2 .. 1 N . VAT . 1 . . . 1 .
Solution: Note that ili%l’ sin (1) # (ilgbx )(31:% sin (1)) since gljli% sin (1) does not exist.

The Squeeze theorem can be used as follows. For x # 0, since lin% 22 =0 and lin% —z? = 0 with
T—r r—r
-1< sin(%) <
—p? < a2 sin(%) < 22,

then lir% x? sin(%) = 0. This example is also illustrated through the figure below.
T—

FO=(x"2)=sin{1/x)
g{x)=x"

Figure 5: Plots of functions —z*, 2”sin (1), and z*. [}
Example 3.4. (Exercise) Find lim z sin (2) if it exists.
z—0 x

19
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Example 3.5. Find lim |z|cos (5 ) if it exists.
z—0

Solution:

20
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3.2 Finding Trigonometry Limits by using Substitution and Identities

Recall the following important trigonometric limits

lim sin(x)

z—0 xT

=1

We can use this to find other trigonometric limits by using substitution together with some identities.

Example 3.6. Find the limit
. sin(2z)
lim .
z—0 5%

Solution:

Example 3.7. Find the limit
tan(3x) + 2% — 4z
im .
z—0 X

Solution:

21
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Example 3.8. Find the limit
sin(x — 2)

$%2$2—3JI+2'

Solution:

Example 3.9. (Exercise) Find the limit

sin(z — 2)
=3 T —2

Solution:

Example 3.10. (Exercise) Evaluate

(a) Tim 2—05®) (b) lim

20 T =0 wsin(z)

Solution: Use rationalization.

1 — cos(x)

22
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4 Limits that involve infinity
We will consider the following 2 cases of limits that involve infinity.

= —oo or lim f(z) = oo.
r—a

lim f(x).

e Limits at infinity: li_>m f(z) or
Tr—00 T——00

e Infinity Limits: lim f(x)
r—a

= —oo or lim f(x) = oo

4.1 Infinity Limits: lim f(x) =
Tr—a r—a
Definition 4.1. We say
lim f(z) = o0 (8)

r—a

if we can make f(x) arbitrarily large for all = sufficiently close to a, from both sides, without

actually letting x = a.

We say
(9)

lim f(z) = —o0

if we can make f(x) arbitrarily large and negative for all z sufficiently close to a, from both

\sides, without actually letting x = a.

J

The following figure illustrate the definition of infinity limits given above.

—oo; Right: lim f(z) = co where a = 1.

Figure 6: Left: lim f(z) =

r—a

Remark: These definitions can be appropriately modified for the one-sided limits as well. In particular,
any of the following limits is called an infinite limit as shown in Figures [6] and [7] Note that none

of these limits exists.

lim f(z) = —o0 lim f(z) = -0 il_r)réf(x) = —00
“lim f(z) =00 wlir?1+ f(z) =00 %1_1)1% f(z) = 0.

Tr—a—

We can next define a vertical asymptote in terms of infinity limit as follows.

23
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=2 -1 1 2

+—=1.6

Figure 7: The illustration of the functions with (i) lim f(z) = —oo, (ii) lim f(z) = oo and (iii) lim f(z) = —co

T—a~ z—at T—a~

lim f(z) = oo, for a = 1.
z—at

4 )

Definition 4.2. The function f(z) will have a vertical asymptote at * = a if any of the
following limits at x = a is true.

lim f(z) = —o0 lim+ (z) = —o0 ilg}l flx) = -0
lim f(z) =00 lim f(z) =00 lim f(x) = oo. (10)

\ T—a~ z—a™t T—a )

Example 4.1. Let a be a constant real number and n be a positive integer.

(a)

1

lim — = oo, where n is even.
z—a (x — a)"

(b) X X
lim — = oo, lim — = —o0, where n is odd.
z—at (l’ — CL)" T—a~ (l’ — CL)"

Note that both (a) and (b) implies that = = a is the vertical asymptote of ﬁ [

Consider a general rational function, which is in the form

where p and ¢ have no common factors. Then, if ¢ contains a factor of the form (x — a)™ where n
is a positive integer, then = = a is a vertical asymptote, since at least one of the following limits

in is true. Note that, in this case, p(a) # 0.
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Example 4.2. Determine the vertical asymptotes of the rational function

r—1

S

Solution

Theorem 4.1. Given functions f(z) and g(z) with, | lim f(z) =oco| and |limg(z)=1L

r—a r—a

for some (finite) real numbers a and L. Then,

1. lim [f(x) £ g(x)] = cc.

r—a
2. For L > 0, lim [f(z)g(z)] = cc. For L <0, lim [f(z)g(x)] = —oo.
z—a T—a
3. lim ¢ g(z) 0.

x af(x)_
. J

Note: The above set of facts also holds for one-sided limits. They will also hold if , with a change of
sign on the infinities in the first three parts.

4.1.1 Exercise

1. Find (i) Il_i)r(r)l_ Fik (ii) ml_i,r(l)1+ L (iii) hin Tk
. . . __4 .. . __4 o __
2. Find (i) m_ligi 19 (ii) z_lgr_r;r R (iii) $1_1>m2 13-
3. Find (i) im CoLE (ii) im oL (iid) xlggzﬁ.
4. Find (i) lim tan(z), (ii) lim tan(z), (iii) lim tan(zx).
$—>%+ =5 =7

5. Find lim In(z).

z—0t

25



MA216: Limit & Continuity Asst.Prof. Dr.Saifon Chaturantabut

4.2 Limits at Infinity: lim f(z), lim f(x)
T—r 00

T—r—00

( Definition 4.3. If a function f approaches a constant value L; as the independent variable\
z increases without bound, i.e. x — 0o, then we write

lim f(z) = L.

T—00

Similarly, if a function f approaches a constant value Lo as the independent variable z
decreases without bound, i.e. £ — —oo, then we write

lim f(x)= Ls.
T——00
\In any of these cases, we say that f has a limit at infinity. j

Remarks: The followings are the possibilities for limits li_}nl f(x) and Em f(x).
T—>00 T—>—00
(i) One limit exists but the other does not.
(ii) Both lim f(z) and lim f(x) exist, and equal the same number.
T—r0o0 T—r—00

(iii) Both lim f(z) and lim f(x) exist, but they have different values.

T—r00 T——00

(iv) Neither li_)rn f(z) nor li)r_n f(z) exists.

If any of these cases (i)-(iii) happens, then the graph of f has a horizontal asymptote, which will
be defined formally next.

Definition 4.4. A line y = L is said to be a horizontal asymptote for the graph of a
function f if
lim f(x)=L  or lim f(x)=L.

T—00 T—r—00

AP=f@) y=r@ AT

Theorem 4.2. [Limits at Infinity] If r is a positive rational number and a is any real number
then,

lim — =0 and Iim — =0.
z—oo (x —a)" v—==00 (. —a)"
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Example 4.3. From above theorem, we have lim ﬁ =0 and lim ﬁ = 0, which implies that

T—00 Tr——00
x = 0 is a horizontal asymptote as shown in the figure below.

Figure 8: Plot of f(z) = -15.

r—

Example 4.4. Determine all vertical and horizontal lines of the function

3+ Vz
Vr—5
Explain your answer by using limits of f(z). |

Solution:
Notice that the domain of f(z) iS .cccevovvernrnns

flz) =
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4.2.1 Limits at infinity of rational functions

We will consider the limit of a function that can be written as a fraction of 2 functions p(z) and g(z).
The following is what we have so far.

Remark Let L be any constant real number. For b = a, —0c0, 00 (a is a constant real number),

x—b
lim ¢(x) = +o00

z—b

— lim 2% has Intermediate form: £ = rearrange in a new form.
z—b (z) +oo

lim p(z) = L p(a)
. Tr— . i —
Lt lim ¢(z) = 00 — }:lg}) q(z) 0
z—b
5 if alslg})p(x) =00 lim 2@ -0, L<O0
U limg(e) =L #0 T i@ T oo, L>0
T—r
" }jﬁ},p(x) - lim 2) oo, L<0
! lim g(x) = L # 0 :xiriq(w)_{—oo, L>0
T—>

lim p(z) = o0 }

The last case often occur when % is a rational function. Recall that rational functions are in the

form

where p(z) and ¢(x) # 0 are polynomials. We can compute limit at infinity by looking at the end
behavior of f(z) as |z| gets large, which will reflect in the highest degree of each polynomial.

4 )

Theorem 4.3. Let p(v) = a,2" +a,_12" 1 +- - +ar? +a12+ag be a polynomial of degree

n >0 (ie. ap #0), and let ¢(x) = bpa™ + bp—12™ L + - + box? + bz + by be a polynomial
_ p(x)

of degree m > 0 (i.e. by, # 0). Then, for the rational function f(z) = eD)

lim @ = lim an® — (& lim ™™™
Z—00 q(x) z—00 \ b, x™ by, ) 00

J

That is, when we want to take a limit at infinity for a polynomial then all we need to really do is look
at the term with the largest power and ask what that term is doing in the limit since the polynomial
will have the same behavior.
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Example 4.5. Evaluate

Solution:

Alternative approach:

Example 4.6. Evaluate

Solution:

Example 4.7. Evaluate

Solution:

Example 4.8. Evaluate

Solution:

1+ 222 — 323
z—oo 213 + 3x

lim
T——00 445 —
. 5_gx2-4
lim

z——oco xl —2

P — 323 -7
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Example 4.9 (Exercise). Determine horizontal asymptotes (if any) of the following functions.

(8) fle) = =2

(b) f(z) = e

Remark 2: Indeterminate form “oco — 00” = Use “Rationalization”.

Example 4.10. Find the limit li_>m (Va2 + 5z — x)
x o

Va2 +5x +
(72 _ —  lim (/22 ).
J:lgrolo( x? 4+ br — ) xlggo( x? 4+ br — x) ( PO

5 (m +5r—=x )
= 11m _—_—
z—oo \ /a2 4+ bx + x

= lim
T—500 (\/xQ + 5x —|—£L‘)
= lim = lim o
= lim ( lx‘
5 5

\/1+ +1 2

where we have used the facts that va? = |z| andz — co =z > 0 = |z| = z.

Example 4.11. Evaluate

lim (2% — Va4 + 722 + 1).

Tr—r00
[Ans: -7/2]
Solution:
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4.2.2 Exercise

1. Find lim 2z% — 22 — 8z.
Tr—r00

2. Find lim f2" — 2% 4+ 2% 4 3.

Tr——00

. . 4_2_ . a__ 2
3. Find lim W and lim W.
T—00 T—r—00

2

4. Find lim ¥2=8 and lim Y£=% (note: Va2 = |z]).

142 142z

T—00 T—r—00

2
5. Find lim 2=8 and lim 2%,
=00 1722 zyoo T2—8

4.2.3 Exercise (for non-rational functions)

1. Find lim €*, lim e™®, lim €%, lim e~ *.
T—r00 T—r00 T—>—00 Tr—r—00

. . 9 5.2
2. Find lim el—32z—527
Tr—r00

3. Find lim e'/% and lim e!/%.
r—00 z—0t

: : 5z —2z . 5z —2x
4. Find lim % and lim %
T—00 - T—r—00 -

5. Find lim 1n( 1 )

2
T——00 et

6. Find lim arctan(z) and lim arctan (1) .
T—>00 z—0~
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5 Continuous Functions

4 )

Definition 5.1. (Continuity)

e A function f(z) is said to be continuous at z = a if

(1) f(a) is well-defined,
(2) lim f(z) exists, and

T—a

(3) lim f(2) = f(a).

e A function f(x) is said to be continuous on an open interval (a,b) if it is continuous
at each point in the interval.

e A function f(z) is said to be continuous on a closed interval [a, ] if it is continuous
at each point in the interval (a,b) and

lim f(z) = f(a) lim f(z) = f(b).

\ z—a™t T—b— j

Example 5.1. Let

3 , v=—1
€T) =
f(z) x2 , —1l<ax<?2
T , x> 2
Determine whether the piecewise function above is continuous at z = —1 and = = 2.
Solution: To determine the continuity at x = —1, we will consider f(—1) and the following limits.
i) lim x), it) lim x), i7) lim f(x).
() tim f(2) (i) lim  f(2) (i) lim f(2)
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Remark If f(x) is continuous at a , then

lim f(z) = f(a) lim f(z) = f(a) lim f(z) = f(a).

T—a~ z—at T—a

Example 5.2. Let

%;_2212 +2k , x>2
flz) = h , r=2
2x + k , <2
where h and k are constant real numbers. Find h and k that make f continuous at x = 2.

Solution:

Example 5.3. (Exercise) For each of the following functions, determine the largest interval on which

the function is continuous.
1

(i) f(z) =z -1 (i) f(z) = /1 —a? (ii) f(z) = —

[ANS: [1,00], [-1,1], (=1,1) ]

Theorem 5.1. If the function f and g are continuous at a number a, then
- the sum f + g,

- the product fg and

- the quotient f/g, for g(a) # 0,

are continuous at x = a.
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Definition 5.2. Let f(z) be a function.

(1) f(x) has an infinite discontinuity at a if x = a is a vertical asymptote for the graph y = f(z).

(2) f(x) has a finite discontinuity (or jump discontinuity ) at a if

lim f(z) =1L and lim f(x) = Lo but L1 # Lo.

T—a~ x—a™t

(3) f(x) has removable discontinuity at a if lim f(z) exists but, either
r—a

— f is not defined at x = a, or
— f(a) is well-defined, but f(a) # liin f(x).
r—a

fffff

Figure 9: Examples of (1) infinite discontinuity; (2)jump discontinuity; (3)removable discontinuity.

( Theorem 5.2 (Composite Functions). : \
o (Limit)
If ligl g(z) = b and f(x) is continuous at b then, the composite function (f o g)(z) =

f(g(x)) is continuous at a and

lim f(g(x)) = f(lim g(z)).

T—a T—a

e (Continuity) If g is continuous at a number a and f is continuous at g(a), then the

\ composite function (f o g)(z) = f(g(x)) is continuous at a. )

. ‘ < 1 >
lim sin — | .
T—r00 x

Solution: Let f(z) = sin(z) and g(z) = 1. Since

Example 5.4. Determine the limit

Im — = ..,
r—00 U

and sin(z) is continuous at every real number x. Then

lim sin (1) — lim F(g(2)) = FOHM G(E)) = eromrrerrrreronrrerre

T—00 T T—00 T—00
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Example 5.5. (Exercise) Let f(z) = /7 and g(x) = 2% + 1. Determine the largest interval on which
the composite function (f o g)(x) is continuous.
[ANS: (—o00, 00)]

Solution:

4 )

Theorem 5.3. (Intermediate Value Theorem)
Suppose that f(z) is continuous on [a, b] and let M be any number between f(a) and f(b).
Then there exists a number ¢ € [a, b] such that,

\_ f(e) = M. y

Example 5.6. Show that p(z) = 223 — 522 — 10z + 5 has a root somewhere in the interval [—1,2].
Solution: [Note that p(—1) = 8,p(2) = —19]
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5.1 Exercises

1. Find lim e~ s(@),
z—0

. . 2 . .
2. Determine where the function f(x) = 9”;%1“ is not continuous.

2

3. Use the intermediate value theorem to show that p(z) = x* — x — 5 has a root somewhere in the

interval [—1,4].
6 Formal Definition of Limit and Continuity

Definition 6.1. ¢-§ (“epsilon-delta”) definition of limit:
Let f(z) be a function defined on an interval that contains = = a, except possibly at z = a. Then

lim f(x) =L

Tr—a

if for every number ¢ there is some number ¢ such that
|f(x) — L] <e whenever |x —a| < 0.

Definition 6.2. e-0 (“epsilon-delta”) definition of continuity:
Let f(z) be a function defined on an interval that contains z = a. Then f(x) is continuous at a if for
every number ¢ there is some number § such that

|f(z) = fla)| <e whenever |x —a| <.
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