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1. Introduction

1.1 Review of Some Statistical Concepts
The notation ∑ (sigma), in mathematical term, denotes the summation

n

∑
i=1

xi = x1 + x2 + · · ·+ xn (1.1)

The noteworthy properties of summation include:

1. ∑
n
i=1 k = nk

2. ∑
n
i=1 kxi = k ∑

n
i=1 xi , where k is a constant term.

3. ∑
n
i=1(a+bxi) = na+b∑

n
i=1 xi, where a and b are constants.

4. ∑
n
i=1(Xi +Yi) = ∑

n
i=1 Xi +∑

n
i=1Yi.

Multiple summation is the summation of variable that is in the form of matrix, shown as,

n

∑
i=1

m

∑
j=1

xi j =
n

∑
i=1

(xi1+xi2+...+xim)= (x11+x21+...+xn1)+(x12+x22+...+xn2)+...(x1m+x2m+...+xnm)

(1.2)

where

X =


x11 x12 . . . x1m

x21 x22 . . . x2m
...

...
. . .

...
xn1 xn2 . . . xnm


nXm
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The significant properties of multiple summations are:

1. ∑
n
i=1 ∑

m
j=1 Xi j = ∑

m
j=1 ∑

n
i=1 Xi j

2. ∑
n
i=1 ∑

m
j=1 XiYj = ∑

n
i=1 Xi×∑

m
j=1Yj

3. ∑
n
i=1 ∑

m
j=1(Xi j +Yi j) = ∑

n
i=1 ∑

m
j=1 Xi j +∑

n
i=1 ∑

m
j=1Yi j

4. (∑n
i=1 Xi)

2 = ∑
n
i=1 X2

i +2∑
n−1
i=1 ∑

n
j=i+1 XiX j

The product operator ∏ is defined as:

n

∏
i=1

xi = x1 ∗ x2 . . .∗ xn (1.3)

1.2 Experiment

Sample space is the set of all possible results of an experiment. For example, if you toss the coin twice,
all feasible outcomes are composed of head twice, head followed by tail, tail followed by head, and tail
twice. Let H and T denotes head and tail, respectively. The sample space can be written as,

SS = {HH,HT,T H,T T}

Sample Point is the member of sample space, eg. the event that head occurs twice from tossing a
coin twice. Specifically, sample point is,

SP = HH or HT or T H or T T

Events are the set of specific consequences of the experiment such as the events that head occurs
twice. Events are the subset of sample space.

A = the event that head occurs twice = {HH}

Events are mutually exclusive, if the occurrence of one event makes no other events in sample
space possible. As an illustration, for the experiment of tossing two coins once, let C be the event that
both turn head and D be the event that both turn tail. Since C and D cannot happen at the same time,
these two events are said to be mutually exclusive. Another example is the experiment of drawing one
card from the standard 52-card deck, let E be the event that the rank of card is King and F be the event
that suit of card is Clubs. As the event E and F can occur simultaneously, namely the King of Clubs,
the two events are not mutually exclusive.

Events are collectively exhaustive if they cover all possible outcomes in the sample space. With
the experiment of tossing the coin twice, let A be the event that head appears twice, B be the event that
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tail appears twice, and C be the event that head and tail each appear once. In this case, A, B and C are
collectively exhaustive since all events cover all possible results from sample space; that is, HH, HT,
TH and TT.

1.3 Probability and Random Variable

Probability is the possibility that any event will occur, given some specific sample space.

Let A be the event occurring in the given sample space and P(A) be the probability that A will
happen. Then, P(A) is defined as;

P(A) =
the number of times the event A will occur

the number of all possible outcomes in sample space
(1.4)

For instance, to draw one card from the standard 52-card deck, let A be the event that the rank of
card is 2. Times the event will occur is 4 and the amount of all possible outcomes is 52; hence, the
probability of A is 4

52 or 1
13 .

Some properties of probability are;

1. 0≤ P(A)≤ 1

2. If A, B and C are exhaustive set, then,

P(A)+P(B)+P(C) = 1

3. If A, B and C are mutually exclusive, then,

P(A+B+C) = P(A)+P(B)+P(C)

Suppose that the results of an experiment are in the form of value, the variable, whose value is
determined by one of those results, is known as Random Variable. Random variable can be either
discrete or continuous value.

For discrete random variable, the example is the sum of the values on the face of two dice, when
rolling two dice once. In other word, the obtained sum will range from 2 to 12, and it is impossible to
get 2.5 or 3.5.

For continuous random variable, the example is the height of the high-school student, constricted
to the range from 160 to 180 centimetres. It can be seen that the value of the height need not be the
integers and can take the value of 160.5 or 160.52 centimetres.

These two distinct characteristics of random variable enable us to classify them into different
probability density functions, which would be stated in section 1.4.
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1.4 Probability Density Function

As the value of random variable depends on an experiment, the probability density function would
portray the overall image of possible random results. The type of the probability density function relies
on the characteristics of the random variable. In this section, many important types are discussed.

1.4.1 Probability Density Function for Discrete Random Variable

Let X be the discrete random variable with the value x1,x2, . . . ,xn and we get,

f (x) = P(X = xi) for i = 1,2, ...,n
f (x) = 0 for x 6= xi

Example: Let X be random variable of the sum of values on the face of two dices. The value might
be 2 or 12, that is the value from both rolling round is 1 or 6, respectively. The Figure 1 summarizes all
possible results#

Figure 1: Probability Density function of the Sum of Values on the Side of the Dice, Obtained from
Rolling the Dice Twice
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1.4.2 Probability Density Function for Continuous Random Variable

Let X be the continuous random variable. The probability density function of X satisfies the three
following conditions.

1. f (x)≥ 0

2.
∫

∞

−∞
f (x)dx = 1

3.
∫ b

a f (x)dx = P(a≤ x≤ b)

Figure 2 exhibits the probability density function for the continuous random variable, where the
area under the curve represents the probability that the variable will lay on that range. Specifically,
P(a≤ X ≤ b) means the probability that X will take the value between a and b.

Figure 2: Probability Density Function for Continuous Random Variable
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1.4.3 Joint Probability Density Function

In this section, only joint probability density function for discrete variable is discussed. Let X and Y
be discrete random variables. The joint probability density function, identifying the probability that X
and Y happen simultaneously, is written as,

f (X ,Y ) = P(X = x and Y = y)

Example: The following table explains the joint probability density function.

Table 1: The table illustrating the joint probability density function of X and Y

X
-1 0 1

1 0.11 0.08 0.05
Y 2 0.09 0.05 0.03

3 0.35 0.07 0.17

According to the table 1, the probability that random variable X will be 0 and random variable Y
will be 3 is 0.07 or 7 percent. In mathematical term, it can be written as f (X = 0,Y = 3) = 0.07.
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1.4.4 Marginal Probability Density Function

The above joint probability density function f (X ,Y ) shows the joint distribution of two variables.
On the other hand, marginal probability density function with respect to joint probability function,
displays the probability density function of single variable like f (X), f (Y ), which can be derived from;

f (X) = ∑Y f (X ,Y ) called marginal PDF of X
f (Y ) = ∑X f (X ,Y ) called marginal PDF of Y

where ∑Y or ∑X means the summation of probability over all values of X and Y respectively.
Example: According to Table 2 above, marginal PDF of X is obtained from

(X =−1) =

=

=

=

f (X = 0) = ∑Y f (X = 0,Y )
= f (X = 0,Y = 1)+ f (X = 0,Y = 2)+ f (X = 0,Y = 3)
= 0.08+0.05+0.07
= 0.20

f (X = 1) = ∑Y f (X = 1,Y )
= f (X = 1,Y = 1)+ f (X = 1,Y = 2)+ f (X = 1,Y = 3)
= 0.05+0.03+0.17
= 0.25

marginal PDF of Y is obtained from

f (Y = 1) =

=

=

=

f (Y = 2) = ∑X f (X ,Y = 2)
= f (X =−1,Y = 2)+ f (X = 0,Y = 2)+ f (X = 1,Y = 2)
= 0.09+0.05+0.03
= 0.17

f (Y = 3) = ∑X f (X ,Y = 3)
= f (X =−1,Y = 3)+ f (X = 0,Y = 3)+ f (X = 1,Y = 3)
= 0.35+0.07+0.17
= 0.59
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According to the calculation above, the result can be summarized into Table 2.

Table 2 shows joint probability of random variable X and Y

X
-1 0 1

1 0.11 0.08 0.05 f (Y = 1)
=

Y 2 0.09 0.05 0.03 f (Y = 2)
=

3 0.35 0.07 0.17 f (Y = 3)
=

f (X =−1) f (X = 0) f (X = 1) f (X) =
= = = f (Y ) =

1.4.5 Conditional Probability Density Function

Conditional probability density function is the probability of one event given that some events have
already occurred. The function is written as,

f (X |Y ) = P(X = x|Y = y)

This function can be obtained from the joint probability density function through,

f (X |Y ) = f (X ,Y )
f (Y )

Example: According to Table 2, find f (X = 1|Y = 2) and f (Y = 2|X = 0)

(X = 0|Y = 1) =

=

=

=

(Y = 2|X = 0) =

=

=
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Example: Let event A be tossing the dice once and the point is odd number and B be the tossing
the dice once and the point is at least 5. Find the probability that the point coming up is odd given
that the point has to be at least 5.

Answer A and B will occur simultaneously if the point from tossing the dice is 5; so, the joint
probability of A and B is 1

6 . The probability that B occurs is 2
6 . Hence, the conditional probability

of A given B is

P(A|B) = P(A and B)
P(B) =

1
6
2
6
= 1

2 #

1.4.6 Statistical Independence

Two random variables are independent if the resulting value of one variable does not affect the resulting
value of the other; namely,

f (X ,Y ) = f (X) f (Y )

Example: Consider Mr. Ake’s expenditure for a meal and the Miss Somsri’s expenditure for a
dessert. Given that they do not know each other, the realization of Mr. Ake’s expenditure does not
imply the realization of Miss Somsri’s expenditure. We can, thus, conclude that the expenditures of
these two people are independent#

Example: Consider drawing cards sequentially from the standard 52-card deck without putting it
back into the deck. Once the first card is drawn, the probability of drawing the second card will be
influenced because the amount of cards in the deck is reduced. In this case, it can be concluded that
drawing the first and second card are not independent#

1.5 Expectation, Variance, Covariance and Correlation
1.5.1 Mean or Expected Value

Because the value of random variable hinges on the value of random results of experiment which cannot
be determined certainly, statisticians have invented the measures of central tendency of the random
variable. One of them is expected value, indicating the mean of the random variable.

For discrete random variable, the expected value is calculated by;

E(X) =
n

∑
i=i

xi f (xi) = x1 f (x1)+ x2 f (x2)+ . . .+ xn f (xn)

For continuous random variable, the expected value is calculated by,

E(X) =
∫ b

a
x f (x)dx

where;
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E(X) is the measure of central tendency of random variable, resulting from repeated trial of experiment.

∑
n
i=i xi f (xi) is the average of random variable weighted by the probability corresponding to each value.

a and b are the lowest and highest constant possible respectively.

Example: Find the expected value of rolling two dice once (Figure 1)

Example:
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Crucial properties of expected value include:

1. E(b) = b

2. E(aX +b) = aE(X)+b

3. E(XY ) = E(X)E(Y ); given that X and Y are independent

4. E(g(X)) = ∑x g(X) f (X)

where a and b are constant.

Conditional expectation value is the expectation value of random variable under some conditions
such as expected value of X conditional on Y or E(X |Y = 5)

Let f (X ,Y ) be the joint probability function of X and Y . The expectation of X conditional on some
value of Y is defined as,

For discrete random variable E(X |Y = y) = ∑X Xi f (X |Y = y)

For continuous random variable E(X |Y = y) =
∫

∞

−∞
Xi f (X |Y = y)

Example
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1.5.2 Variance

Variance is the measure of dispersion of the value of variable around the expected value. The higher
the variance, the more dispersing the random variable (Figure 3). If X is the random variable with
expected value µ , we get;

Var(X) = σ
2
X = E[X−E(X)]2 = E(X)2−µ

2 (1.5)

From,

Var(X) = σ2
X

= E[X−E(X)]2

= E[X2−2XE(X)+(E(X))2]
= E(X2)−2(E(X))2 +(E(X))2

= E(X)2−µ2

Figure 3: Distribution of Random Variables with Different Variance

Low Variance!

μ!

High Variance!
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Important properties of expected value include;
1. Var(b) = 0

2. Var(aX +b) = a2Var(X)

3. Var(X±Y ) =Var(X)+Var(Y ); given that X and Y are independent

4. Var(aX±bY ) = a2Var(X)+b2Var(Y )

where a and b are constant.

1.5.3 Conditional Variance
The conditional variance of X is given Y = y is defined as following:

var(X |Y = y) = E
{
[X−E(X |Y = y)]2|Y = y

}
= ∑

x
[X−E(X |Y = y)]2 f (x|Y = y)

=
∫

∞

−∞

[X−E(X |Y = y)]2 f (x|Y = y)dx (1.6)

Example
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Properties of conditional expectation and conditional variance
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1.5.4 Covariance
Theorem. Let X and Y be two random variables with means µx and µy, respectively. Then, we can
define the covariance between these two variables as following:

cov(X ,Y ) = E {(X−µx)(Y −µy)}= E(XY )−µxµy (1.7)

If X and Y are continuous random variables we can calculate their cov(X,Y):

cov(X ,Y ) =
∫

∞

−∞

∫
∞

−∞

(X−µx)(Y −µy) f (x,y)dxdy

=
∫

∞

−∞

∫
∞

−∞

XY f (x,y)dxdy−µxµy

(1.8)

Properties of Covariance
1. If X and Y are independent, the covariance between X and Y is zero.

Proof:

2. cov(a+bX ,c+dY ) = bd ∗ cov(X ,Y ), where a,b,c, and d are constants.

Proof:
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Example Suppose the join PDF of random variables X and Y can be represented as in the below
table. What is the covariance between X and Y?

X
1 2 3

1 0.25 0.25 0 f (Y = 1)
=

Y 2 0 0.25 0.25 f (Y = 2)
=

f (X = 1) f (X = 2) f (X = 3) f (X) =
= = = f (Y ) =
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Next, we will turn our attention to seeing how we can apply the covariance to calculate the
correlation between the random variables X and Y

1.5.5 Correlation
When we calculate the covariance of X and Y, it reflects the units of both random variables. However,
it is useful to have a dimensionless measure of dependency by calculating the correlation instead.

Definition Let X and Y be any two random variables (discrete or continuous) with standard devia-
tion σX and σY , respectively. The correlation coefficient of X and Y, denoted corr(X,Y) or ρXY ( the
greek letter "rho") is defined as:

ρXY =
cov(X ,Y )√

var(X)var(Y )
=

cov(x,y)
σX σY

=
σXY

σX σY

Example Suppose the join PDF of random variables X and Y can be represented as in the below
table. What is the correlation between X and Y?

X
1 2 3

1 0.25 0.25 0 f (Y = 1)
=0.5

Y 2 0 0.25 0.25 f (Y = 2)
=0.5

f (X = 1) f (X = 2) f (X = 3) f (X) = 1
= 0.25 = 0.5 =0.25 f (Y ) = 1
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From the definition, ρXY is measure of linear association between two random variables. The value
of ρ lies between -1 and +1, −1≤ ρXY ≤+1. We can interpret the value of correlation as:

I If ρXY = 1, then X and Y are perfectly, positively, linearly correlated.
I If ρXY =−1, then X and Y are perfectly, negatively, linearly correlated.
I If ρXY = 0, then X and Y are completely,un-linearly correlated. This means that X and Y may
correlated in some other manner i.e. a parabolic manner., but NOT in a linear manner
I If ρXY ≤ 0, then X and Y are positively, linearly correlated, but NOT perfectly.
I If ρXY = 0, then X and Y are negatively, linearly correlated, but NOT perfectly.

Theorem. If X and Y are independent random variables, then:

corr(X ,Y ) = cov(X ,Y ) = 0

Example: Let X = the outcome of a fair, black, 6-sided die.
Let Y =outcome of a fair, red, 4-sided die.
What is the covariance of X and Y? What is the correlation of X and Y?
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NOTE: The converse of the theorem is NOT NECESSARILY CORRECT!

Example: Let X and Y be two discrete random variables with the following join PDF:

X
0 1 2

0 0 0.20 0.10 f (Y = 0)
=

Y 1 0.20 0.40 0 f (Y = 1)
=

2 0.10 0 0 f (Y = 2)
=

f (X = 0) f (X = 1) f (X = 2)
= = =

What is the correlation between X and Y? And, are X and Y independent?
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1.5.6 Variances of Correlated Variables
Let X and Y be two random variables, then

var(X +Y ) = var(X)+ var(Y )+2cov(X ,Y )

= var(X)+ var(Y )+2ρσxσy

var(X−Y ) = var(X)+ var(Y )−2cov(X ,Y )

= var(X)+ var(Y )−2ρσxσy

(1.9)

The generalized result:
Let ∑

n
i=1 Xi = X1 +X2 + · · ·+Xn, then the variance of the linear combination ∑Xi is:

var

(
n

∑
i=1

Xi

)
=

n

∑
i=1

var(Xi)+2∑∑
i< j

cov(Xi,X j)

=
n

∑
i=1

var(Xi)+2∑∑
i< j

ρi jσiσ j

(1.10)

Example:
what is the var(X1 +X2 +X3)?
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1.5.7 Higher Moments of Probability Distributions
In the previous subsection, we have already discussed about mean, variance, and covariance as the
measures of the first and second moments of univariate and multivariate PDFs. Besides the first two
moments, we are occasionally interested in the higher moments such as the third and fourth moments
which are normally applied in studying the “Shape" of the distribution. In general, the rth moments
about the mean is defined as

rthmoment : E(X−µ)r

By the definition of rth moments, we can easily define the third and fourth moments as:

Third moment:
E(X−µ)3

Fourth moment:
E(X−µ)4

We can study the shape of the distribution by calculating skewness and kurtosis.

SKEWNESS is a measure of the asymmetry of the probability distribution of a real-valued random
variable about its mean.

One measure of skewness is defined as:

S =
E(X−µ)3

σ3

=
third moment about the mean
cube of the standard deviation

(1.11)
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KURTOSIS is a measure of the peakedness of the probability distribution of a real-valued random
variable

We can also measure kurtosis as:

S =
E(X−µ)4

σ4

=
fourth moment about the mean
square of the second moment

(1.12)

♣ Platykurtic (fat or short-tailed) =⇒ PDFs with Kurtosis < 3
♣ Leptokurtic (slim or long-tailed) =⇒ PDFs with Kurtosis > 3
♣Mesokurtic (which is the normal distribution) =⇒ PDFs with Kurtosis = 3

Figure 1.1: (a) Skewness; (b)Kurtosis



1.6 Some important probability distribution 25

1.6 Some important probability distribution
1.6.1 Normal Distribution

A continuous random variable X has a normal distribution with mean µ and variance σ2 if its probability
density function (pdf) is

f (x) =
1

σ
√

2π
exp
(
−1

2
(x−µ)2

σ2

)
where −∞ < x < ∞

NOTE: The normal distribution can be described by two parameters
� µ = The mean of the distribution.
� σ = The standard deviation of the distribution.

Therefore, changing the values of µ and σ alter the positions and shapes of the distributions.

If X is Normally distributed with mean µ and standard deviation σ , we can write it as:

X ∼ N(µ,σ2)
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Figure 1.2: Compare the mean and standard deviation of the normal distribution

The properties of the normal distribution.
F It is symmetrical around its mean value.
F About 68 percent of the area under the normal distribution lies between the value µ±σ

About 95 percent of the area under the normal distribution lies between the value µ±2σ

About 99.7 percent of the area under the normal distribution lies between the value µ±3σ (as shown
in figure 2)
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FWe can convert the given normally distributed variable X with mean µ and σ2 into the standard-
ized normal variable Z by calculating Z where Z can be defined as:

Z =

With the standardized normal variable Z, we can rewrite the normal pdf as:

f (Z) =

In sum, you can see that we convert the given normally distributed variable X into the standardized
normal variable by:
(i) Subtracting the mean µ

(ii)Dividing by the standard deviation σ

♥ Subtracting the mean re-centers the distribution on zero.

♥ Dividing by the standard deviation re-scales the distribution so it has standard deviation 1.

It should be remarked that it mean value is zero and its variance is unity for any standardized variable.

By convention, we can denote a normally distributed variable X with zero mean and unit variance
as

X ∼ N(0,1)
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Figure 1.3: Areas under the normal distribution
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Figure 1.4: If Z ∼ N(0,1), the probability that P(Z>0.92)
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Example If Z ∼ N(0,1) what is P(Z>0.92)?

Example If Z ∼ N(0,1) what is P(-0.64<Z<0.43)?

Example If X ∼ N(3500,5002) what is P(X<3100)?
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Let X1 ∼ N(µ1,σ
2
1 ) and X2 ∼ N(µ2,σ

2
2 ) and assume that X1 and X2 are independent. If we have

the linear combination between X1 and X2 where we can write it as:

Y = aX1 +bX2,

where a and b are the constant terms. Then

Y ∼ N
[
(aµ1 +bµ2),(a2

σ
2
1 +b2

σ
2
2 )
]

In other words, a linear combination of normally distributed variables is itself normally dis-
tributed.

Central limit theorem Let X1,X2, ....,Xn denote n independent random variables and

Xi ∼ N(µ,σ)

Let X̄=∑
Xi
n , then as n increases indefinitely (i.e, n→ ∞),

The third and fourth moments of the normal distribution:

Third moment: E(X−µ)3 = 0

Fourth moment: E(X−µ)4 = 3σ4
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1.6.2 The χ2 (Chi-Square) Distribution
Let Z1,Z2, ...,Zk be independent standardized normal variables. Then the quantity

Z =
k

∑
i=1

Z2
i

is said to possess the χ2 with k degree of freedom (df)

Properties of the χ2 distribution are as follows:

1.The χ2 distribution is a skewed distribution where the degree of the skewness depending on the
df. As the number of df increases, the distribution becomes more symmetrical. For the df excess of
100, the variable √

2χ2−
√
(2k−1)

can be converted to a standardized normal variable, where k is the df.

2. The mean of the chi-square distribution is k, and its variance is 2k, where k is the df.

3. If Z1 and Z2are two independent chi-square variables with k1 and k2 df, then the sum of Z1 +Z2
is also a chi-square with d f = k1 + k2

Figure 1.5: Density function of the χ2 variable
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1.6.3 Student’s t Distribution
If Z1 is a standardized normal variable and Z2 is the chi-square distribution with k degree of freedom
and is distributed independently of Z1, then the Student’s t distribution ( tk) with k degree of freedom
can be represented as

t =
Z1√
(Z2/k)

=
Z1
√

k√
Z2

(1.13)

Properties of the Student’s t distribution are as follows:

1. The t distribution is symmetrical, BUT it is flatter than the normal distribution. However, as the
df increase, the t distribution is converted to the normal distribution.

2. The mean of the t distribution is zero, and the variance is k
k−2

Figure 1.6: Density function of the student’s t distribution
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1.6.4 The F Distribution
If Z1 and Z2 are independently distributed chi-square variables with k1 and k2 df, respectively, the
(Fisher’s) F distribution with k1 and k2 df can be written as

F =
Z1/k1

Z2/k2

The F distribution has the following properties:

1. The F distribution is skewed to the right, but as k1 and k2 become large, the F distribution is
converted to normal distribution.

2.The mean value of ann F-distributed variable is k2
(k2−2) , and its variance is

2k2
2(k1 + k2−2)

k1(k2−2)2(k2−4)

3. The square of a t-distributed random variable with k df is equivalent to an F distribution with 1
and k df.

t2
k = F1,k

4. If the denominator df, k2, is fairly large, we can get the following relationship

k1F ∼ χ
2
k1

Figure 1.7: Density function of F distribution



2. TWO-VARIABLE REGRESSION ANALYSIS

In order to understand two-variable regression, consider the data given in Table 2.1.
The data in the below table refer to a total Population of 42 families with their weekly income (X) and
weekly consumption expenditure (Y).

Table 2.1: Weekly family Expenditure (Y), Baht and Income (X), Baht

X=Weekly family Income, Baht
500 600 700 800 900 1000
360 376 458 610 600 700
313 475 422 468 531 679
322 380 498 575 670 730

Y= Weeky 310 382 560 542 630 591
Family Expenditure 390 390 442 588 544 550

315 425 440 466 565 620
390 442 - 461 - 695
400 - - - - 635

Total 2800 2870 2820 3710 3540 5200
Conditional
means of Y, 350 410 470 530 590 650
E(Y |X)
Notes -
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Table 2.2: Conditional Probabilities p(Y |Xi) for the Weekly Family Income (X) and Expenditure (Y)

X=Weekly family Income, Baht
500 600 700 800 900 1000
1/8 1/7 1/6 1/7 1/6 1/8
1/8 1/7 1/6 1/7 1/6 1/8
1/8 1/7 1/6 1/7 1/6 1/8

Y= Weekly 1/8 1/7 1/6 1/7 1/6 1/8
Family Expenditure 1/8 1/7 1/6 1/7 1/6 1/8

1/8 1/7 1/6 1/7 1/6 1/8
1/8 1/7 - 1/7 - 1/8
1/8 - - - - 1/8

Conditional
means of Y, 350 410 470 530 590 650
E(Y |X)
Notes -

Conditional expected value of weekly consumption expenditure given the income level =X ,
E(Y |X)

Unconditional expected value ,E(Y )
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Figure 2.1: Conditional Distribution of Expenditure for Various Levels of Income
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Figure 2.2: Population Regression Line (PRL)
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2.1 The Concept of Population Regression Function (PRF)
The population regression function (PRF) can be written as the function of Xi:

2.1.1 What form does the function f(X) assume?
If we assume the PRF E(Y |Xi) is a linear function of Xi, we get

E(Y |Xi) = β1 +β2Xi
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2.1.2 What is the meaning of the term LINEAR?

LINEARITY in the variables

LINEARITY in the parameters
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2.2 Stochastic Specification of PRF
We can write the deviation of an individual Yi around it expected value as follows:
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2.2.1 The roles of the stochastic disturbance term
1. Vagueness of theory

2. Unavailability of data

3. Core variables versus peripheral variables

4. Intrinsic randomness in human behavior

5. Poor proxy variable

6. Principle of parsimony

7.Wrong functional form
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2.3 The Sample Regression Function (SRF)
As mentioned, in the real situation, we cannot find out all the population of Y values corresponding to
the fixed X’s. We only have a sample of Y values corresponding to some fixed X’s.

Therefore, our goal in this section is to estimate the population regression line (PRF) on the basis
of the SAMPLE INFORMATION.

As a result, for the fixed X’s as given in table 2.1, we only have a randomly selected sample of Y
values. For example, table 2.3 and table 2.4 show a random sample from the population of table 2.1

Table 2.3: A Random Sample From the Population

X Y
500 390
600 425
700 560
800 575
900 630

1000 679

Table 2.4: Another Random Sample From the Population

X Y
500 360
600 390
700 440
800 575
900 670

1000 730
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Figure 2.3: Regression lines based on two different samples
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The sample regression function (SRF) can be written as:

Ŷi = β̂1 + β̂2Xi

where Ŷ is read as “Y-hat"

Ŷi = estimator of E(Y |Xi)

β̂1=estimator of β1

β̂2=estimator of β2

We can express the SRF in its stochastic form as follows:

Yi = β̂1 + β̂2Xi + µ̂i



2.3 The Sample Regression Function (SRF) 47

In sum, our ultimate goal is to estimate
the PRF

on the basis of
the SRF

Figure 2.4: Sample and Population Regression Lines



3. REGRESSION:THE PROBLEM OF ESTIMATION

As mentioned in the previous chapter, our main objective is to estimate the population regression
function (PRF) based on the basis of the sample regression function (SRF) as accurately as possible.

In this chapter, we are going to discuss the method of estimation:Ordinary Least Squares (OLS)

3.1 The Method of Ordinary Least Squares (OLS)

Figure 3.1: Least-Squares Criterion
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3.1.1 The Method to Find Out the Least-Squares Estimators: β̂1 and β̂2
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From the SRF:
Yi = β̂1 + β̂2Xi + ûi

Now, we obtain the least-squares estimators:

β̂1 =
∑X2

i ∑Yi−∑Xi ∑XiYi

n∑X2
i − (∑Xi)2

= Ȳ − β̂2X̄

(3.1)

β̂2 =
n∑XiYi−∑Xi∑Yi

n∑X2
i − (∑Xi)2

(3.2)

If we define X̄ and Ȳ to be the sample means of X and Y. Then:

xi = (Xi− X̄)

yi = (Yi− Ȳ )

(3.3)

We can have the alternative expressions for β̂2:

β̂2 =
∑xiyi

∑x2
i

=
∑xiYi

∑X2
i −nX̄2

=
∑Xiyi

∑X2
i −nX̄2

(3.4)
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Show that
β̂2 =

∑xiyi

∑x2
i

EXAMPLE

Table 3.1: A Random Sample From the Population

X Y
500 390
600 425
700 560
800 575
900 630

1000 679
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Table
3.2:R

aw
D

ata
B

ased
on

the
Sam

ple
D

ata
on

Table
3.1

(1)
(2)

(3)
(4)

(5)
(6)

(7)
(8)

(9)
(10)

(11)
Y

i
X

i
Y

i X
i

X
2i

xi =
X

i −
X̄

yi =
Y

i −
Ȳ

x 2i
xi yi

Ŷ
i

û
i =

Y
i −

Ŷ
i

Ŷ
i û

i

390
500

195
,000

250,000
−

250
−

153
.17

62
,500

38
,291

.67

425
600

255
,000

360,000
−

150
−

118
.17

22
,500

17,725

560
700

392
,000

490,000
−

50
16

.83
2,500

−
841

.67

575
800

460
,000

640,000
50

31
.83

2,500
1
,591

.67

630
900

567
,000

810,000
150

86
.83

22,500
13,025

679
1
,000

679
,000

1,000
,000

250
135

.83
62,500

33
,958

.33

Sum
3,259

4,500
2,548

,000
3
,550

,000
0

0
175

,000
103,750

M
ean

543.17
750

424
,666

.67
591,666

.670
0

0
29

,166
.67

17,291
.67
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Figure 3.2: Sample Regression Line Based on the Data of Table 3.2

3.1.2 The numerical and statistical properties of OLS estimators
1. The OLS estimators β̂1 and β̂2 are expressed solely in terms of the observable (Sample size) and
quantities (i.e X and Y).

β̂1 =
∑X2

i ∑Yi−∑Xi ∑XiYi

n∑X2
i − (∑Xi)2

= Ȳ − β̂2X̄

(3.5)

β̂2 =
n∑XiYi−∑Xi∑Yi

n∑X2
i − (∑Xi)2

(3.6)

2. They are point estimators.

3. The regression line has the following properties.
3.1 The sample regression function (SRF) passes through the sample means of Y and X (Ȳ and X̄).
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Figure 3.3: The Sample regression Line Passes through the Sample Mean Values of Y and X

3.2 The mean value of the estimated Y = Ŷi is equal to the mean value of the actual Y.

3.3. The mean value of the residuals ûi is zero.
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3.4 The residuals ûi are uncorrelated with the predicted Yi.

3.5 The residuals ûi are uncorrelated with Xi.
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3.1.3 The Assumptions Underlying the Method of Least Squares

Assumption 1: Linear regression model

Yi = β1 +β2Xi +ui

Assumption 2: X values are fixed in repeated sampling

X is assumed to be nonstochastic.

Assumption 3: Zero mean value of disturbance ui

E(ui|Xi) = 0

Figure 3.4: Conditional Distribution of the Disturbances ui
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Assumption 4: Homoscedasticity or Equal Variance of ui

Figure 3.5: Homoscedasticity
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Figure 3.6: Heteroscedasticity

Assumption 5: No Autocorrelation Between the Disturbances
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Assumption 6: Zero Covariance Between ui and Xi

Figure 3.7: Patterns of Correlation Among the disturbances

Assumption 7: The number of observations n must be greater than the number of parame-
ters to be estimated.
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Assumption 8:Variability in X values.

Assumption 9: The regression model is correctly specified.

Assumption 10: There is no perfect multicollinearity.
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3.1.4 Standard Errors of Least-Squares Estimates
The standard errors of the OLS estimates can be obtained as follows:
We know that

β̂2 =
∑xiYi

∑x2
i

= ∑kiYi

where

ki =
xi

∑x2
i

The properties of the weights ki

1. The ki are nonstochastic.

2. ∑ki = 0

3. ∑k2
i =

1
∑x2

i

4. ∑kixi = ∑kiXi = 1

Since
var(β̂2) = E[β̂2−E(β̂2)]

2

First Step
Find the E(β̂2)
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Second Step
Using the definition of variance

var(β̂2) = E[β̂2−E(β̂2)]
2

The covariance between β̂1 and β̂2



3.1 The Method of Ordinary Least Squares (OLS) 63

3.1.5 The Least-Square Estimator of σ2
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In sum, the standard errors of the OLS estimators can be obtained as follow:

var(β̂2) =
σ2

∑x2
i

se(β̂2) =
σ√
∑x2

i

(3.7)

var(β̂1) =
∑X2

i

n∑x2
i

σ
2

se(β̂1) =

√
∑X2

i

n∑x2
i

σ

(3.8)

We can estimate the σ2 from the data where the formula for the estimated σ2 is following :

σ̂
2 =

∑ ûi
2

n−2

where
∑ ûi

2 = ∑y2
i − β̂2

2
∑x2

i

The alternative expression for computing ∑ ûi
2 is

∑ ûi
2 = ∑y2

i −
(∑xiyi)

2

∑x2
i

The covariance between β̂1 and β̂2 is:

cov(β̂1, β̂2) = −X̄var(β̂2)

= −X̄
(

σ2

∑x2
i

)
(3.9)
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3.1.6 Properties of Least-Squares Estimators: The Gauss-Markov Theorem
Given the assumptions of the classical linear regression model, the least-square estimators are satisfied
the optimum properties which is known as “The Gauss- Markov Theorem." To understand this
theorem, we need to know the small-sample properties of an estimator first.

The Small-Sample Properties of An Estimator

1. Unbiasedness

An estimator θ̂ is said to be an unbiased estimator of θ if the expected value of θ̂ is equal to the
true θ

E(θ̂) = θ

Therefore, if the expected value of θ̂ is not equal to the true θ , then the estimator is said to be
biased. We can calculate the biased as:

bias(θ̂) = E(θ̂)−θ

Figure: Biased and Unbiased Estimators
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2. Minimum Variance
θ̂1 is said to be a minimum variance estimator of θ if the variance of θ̂1 is smaller that or at most equal
to the variance of θ̂2, which is any other estimator of θ

Figure: Minimum Variance

3.Best Unbiased or Efficient Estimator = property 1+ property 2

If θ̂1 and θ̂2 are two unbiased estimators of θ and the variance of θ̂1 is smaller that or at most
equal to the variance of θ̂2, then θ̂1 is a minimum-variance unbiased estimator or best unbiased
estimator.

4. Linearity

An estimator θ̂ is said to be a linear estimator of θ if it is a linear function of the sample observations.
For example:

X̄ =
1
n ∑Xi =

1
n
(X1 +X2 + ...+Xn)

Thus, X̄ is a linear estimator because it is a linear function of the X values.
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Best Linear Unbiased Estimators : BLUE

The estimator θ̂ is called as the Best Linear Unbiased Estimator BLUE if it is satisfied the proper-
ties 1,2,4 that is θ̂ is linear, is unbiased, and has the minimum variance in the class of all linear unbiased
estimators of θ .

Minimum Mean-Square-Error (MSE) Estimator

The MSE measures dispersion around the true value of the parameter. It is defined as:

MSE(θ̂) = E(θ̂ −θ)2

However, the variance of θ̂ measures the dispersion of the distribution of the distribution of θ̂

around its mean or expected value.

var(θ̂) = E(θ̂ −E(θ̂))2

The relationship between the MSE(θ̂ ) and the var(θ̂ ) is as follows:



68 Chapter 3. REGRESSION:THE PROBLEM OF ESTIMATION

An estimator β̂2 is said to be a best linear unbiased estimator (BLUE) of β2 if the following hold:

♣ It is linear. It is the linear function of a random variable.

♣ It is unbiased. That is E(β̂2) is equal to the true value, β2

♣ It has the minimum variance in the class of all such linear unbiased estimators.
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Gauss-Markov Theorem: Given the assumptions of the classical linear regression model, the
least-squares estimators, in the class of unbiased linear estimators, have minimum variance, that is
, they are BLUE.

3.1.7 A measure of goodness of fit: r2

In this section, we are going to study the goodness of fit of the fitted regression line to a set of data. Let
us consider the following example:

Suppose we were to estimate the family expenditure (Y) based on our information from a random
sample (as in Table 3.2).

What will happen if we set the estimated Y to be Ȳ ?

Table 3.3: Estimating the expenditure of the household

Family Number (i) Actual Estimate Error in Estimation Errors Squared
Yi Ŷi = Ȳ Yi− Ȳ (Yi− Ȳ )2

1 390 543 -153 23460.03
2 425 543 -118 13963.36
3 560 543 17 283.36
4 575 543 32 1013.36
5 630 543 87 7540.03
6 679 543 136 18450.69

Sum 3259 3259 0 64710.83

We can see all this graphically:
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Figure 3.8: Graphic Representation
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Question: Can we determine the total estimation error for this sample data?

Answer: Yes, we can calculate the total (combined) amount of estimation error for all observations
in the sample when using the mean as the estimate as following:

T SS = ∑(Yi− Ȳ )2

It is called the total sum of squares (TSS) which is the total variation of the actual Y values about
their sample mean.

Since our objective in estimation is to minimize error (maximize precision), we need to cut down
the amount of the estimation error (TSS).

We can achieve this by using information about other variables suspected to be strong predictors
(strongly related to) the expenditure of the families.

We now can attempt to estimate the expenditure from the information on the income level of the
family, rather than from its own mean.
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Table 3.4: Estimating the expenditure of the household with income

Family (i) Actual Income
Yi Xi X− X̄ Y − Ȳ (X− X̄)(Y − Ȳ ) (X− X̄)2

1 390 500 -250 -153.17 38291.67 62500
2 425 600 -150 -118.17 17725.00 22500
3 560 700 -50 16.83 -841.67 2500
4 575 800 50 31.83 1591.67 2500
5 630 900 150 86.83 13025.00 22500
6 679 1000 250 135.83 33958.33 62500

Sum 3259 4500 0 0 103750 175000

From the table 8, we can calculate the simple regression as following:
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Figure 3.9: Breakdown of the variation of Yi into two components
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Table 3.5: Estimating the expenditure of the household with income

Family (i) Actual Income Regression Estimate Residual Residual squared
Yi Xi Ŷ Y − Ŷ (Y − Ŷ )2

1 390 500 394.95 -4.95 24.53
2 425 600 454.24 -29.24 854.87
3 560 700 513.52 46.48 2160.04
4 575 800 572.81 2.19 4.80
5 630 900 632.10 -2.10 4.39
6 679 1000 691.38 -12.38 153.29

Sum 3259 4500 0 0 3201.90

From the table 9, we can calculate the estimation error we have committed by using the regression
line as:

RSS = ∑(Yi− Ŷi)
2 = ∑ ûi

2

where RSS stands for the residual sum of squares. which is the unexplained variation of the Y
values about the regression line.
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Total Baseline Error using the mean (SS Total) =

New or Remaining Error (SS Error or SS Residual) =

QUESTION: How much of the original estimation error have we explained away (eliminated) by
using the regression model (instead of the mean)?

ANS

QUESTION: What % of estimation error have we explained (eliminated by using the regression
model?

ANS

QUESTION: What does the remaining% represent?

ANS
Percent of variation (differences) in expenditures that can be accounted for by: (a) all other
potential predictors not included in the model, beyond income levels, and (b) unexplainable
random/chance variations.
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r2 =
ESS
TSS

=
∑(Ŷi− Ȳ )2

∑(Yi− Ȳ )2

♣ r2 is a measure of our success regarding accuracy of our estimation effort.

♣ r2 = % of estimation error that we have been able to explain away by using the regression
model, instead of using the mean.

♣ r2 indicates how much better we can predict Y from information about Xs, rather than from
using its own mean.

♣ r2 = % of differences (variations) in Y values that is explained by (attributable to) differences
in X values.



4. Classical Normal Regression Model (CNLRM)

We know that the classical theory of statistical inference consists of:
1. Estimation

We have covered this topic since we were able to estimate the parameters β1,β2, and σ2 by using
the method of OLS.

We also proved that these estimators β̂1, β̂2 and σ̂ satisfy several desirable statistical properties,
such as unbiasedness, minimum variance, and linearity (BLUE property).

However, β̂1, β̂2 and σ̂ change their values from sample to sample. The following tables show the
two different sets of β̂1, β̂2 and σ̂ depending on the two different sample data.

Table 4.1: Estimating the expenditure of the household with income

Family (i) Actual Income Regression Estimate Residual Residual squared
Yi Xi Ŷ Y − Ŷ (Y − Ŷ )2

1 390 500 394.95 -4.95 24.53
2 425 600 454.24 -29.24 854.87
3 560 700 513.52 46.48 2160.04
4 575 800 572.81 2.19 4.80
5 630 900 632.10 -2.10 4.39
6 679 1000 691.38 -12.38 153.29

Sum 3259 4500 0 0 3201.90
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If we use this sample data. We can estimate:

β̂1 = 98.524

β̂2 = 0.593

σ̂
2 =

∑ ûi
2

n−2
=

3201.90
6−2

= 800.476

Table 4.2: Estimating the expenditure of the household with income with another sample data

Family (i) Actual Income Regression Estimate Residual Residual squared
Yi Xi Ŷ Y − Ŷ (Y − Ŷ )2

1 360 500 325.71 64.29 4132.65
2 390 600 406.43 18.57 344.90
3 440 700 487.14 72.86 5308.16
4 575 800 567.86 7.14 51.02
5 670 900 648.57 -18.57 344.90
6 730 1000 729.29 -50.29 2528.65

Sum 3165 4500 0 0 12710.29

If we use this sample data. We can estimate:

β̂1 =−77.857

β̂2 = 0.807

σ̂
2 =

∑ ûi
2

n−2
=

12710.29
6−2

= 3177.571



4.1 The Normality Assumption for ui 77

From the example, you can easily see that these estimators are RANDOM VARIABLES. There-
fore, we need to learn another part of statistical inference which is called Hypothesis Testing.

2. Hypothesis Testing

The main objective is to find out how close of β̂1 and β̂2 to the true β1 and the true β2, respectively.
Also, we would like to see how close of σ̂2 compared to the true σ2.

To achieve this goal, we need to know the probability distributions of β̂1, β̂2 ,and σ̂2.
Consider the estimator of β2:

β̂2 = ∑kiYi

We can write the above equation as:

β̂2 = ∑ki(β1 +β2Xi +ui)

From this equation, the probability distribution of β̂2 will depend on the assumption made about
the probability distribution of ui

4.1 The Normality Assumption for ui

In the classical normal linear regression model (CNLRM), we assume that each ui is distributed nor-
mally :

ui ∼ N(0,σ2)

where
Mean:

E(ui) = 0

Variance:
E[ui−E(ui)]

2 = E(u2
i ) = σ

2

cov(ui,u j) = E
{
[ui−E(ui)][u j−E(u j)]

}
= E(uiU j) = 0

Therefore,
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ui ∼ N(0,σ2)

Also, ui and u j are not only uncorrelated but also independently distributed.

we can then write the above equation as:

ui ∼ NID(0,σ2)

where NID stands for normally and independently distributed.

4.2 Properties of OLS estimators under the normality assumption

1. They are unbiased.

2. They have minimum variance.

3. By 1+2 properties, they are minimum-variance unbiased, or efficient estimators.

4. β̂1 is normally distributed with:

Mean:E(β̂1) = β1

var(β̂1) = σ
2
β1
=

∑X2
i

n∑x2
i

σ
2

Therefore,

β̂1 ∼ N(β1,σ
2
β1
)

By the properties of the normal distribution, we can:
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5. β̂2 is normally distributed with

Mean:E(β̂2) = β2

var(β̂2) = σ
2
β2
=

σ2

∑x2
i

or more compactly

β̂2 ∼ N(β2,σ
2
β2
)

then we can define the standard normal distribution as

6. (n−2)(σ̂2/σ2) is distributed as the χ2 (chi-square) distribution with (n-2) df.

7. (β̂1, β̂2) are distributed independently of σ̂2

8. β̂1 and β̂2 have the minimum variance in the entire class of unbiased estimators, whether linear
or not.

9. we can find out the probability distribution of Yi as following:



5. Interval Estimation and Hypothesis Testing

Interval Estimation
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5.1 Confidence Intervals for Regression Coefficients β1 and β2
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In Sum

A 100(1−α) percent confidence interval for β2 can be defined as:

β̂2± tα/2se(β̂2)

or

Pr[β̂2− tα/2se(β̂2)≤ β2 ≤ β̂2 + tα/2se(β̂2)] = 1−α

Analogously, we can define 100(1−α) percent confidence interval for β1 as:

β̂1± tα/2se(β̂1)

or

Pr[β̂1− tα/2se(β̂1)≤ β1 ≤ β̂1 + tα/2se(β̂1)] = 1−α
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Example

Table 5.1: Estimating the expenditure of the household with income

Family (i) Actual Income
Yi Xi X− X̄ Y − Ȳ (X− X̄)(Y − Ȳ ) (X− X̄)2

1 390 500 -250 -153.17 38291.67 62500
2 425 600 -150 -118.17 17725.00 22500
3 560 700 -50 16.83 -841.67 2500
4 575 800 50 31.83 1591.67 2500
5 630 900 150 86.83 13025.00 22500
6 679 1000 250 135.83 33958.33 62500

Sum 3259 4500 0 0 103750 175000

Table 5.2: Estimating the expenditure of the household with income

Family (i) Actual Income Regression Estimate Residual Residual squared
Yi Xi Ŷ Y − Ŷ (Y − Ŷ )2

1 390 500 394.95 -4.95 24.53
2 425 600 454.24 -29.24 854.87
3 560 700 513.52 46.48 2160.04
4 575 800 572.81 2.19 4.80
5 630 900 632.10 -2.10 4.39
6 679 1000 691.38 -12.38 153.29

Sum 3259 4500 0 0 3201.90
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Confidence Interval for β2

Confidence Interval for β1
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5.2 Confidence Interval for σ2
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5.3 Hypothesis Testing: The Confidence-Interval Approach

Based on our sample data, the estimated marginal propensity to consume (MPC), β̂2 is 0.593.
Suppose we postulate that

H0 : β2 = 0.6

H1 : β2 6= 0.6
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5.4 Hypothesis Testing: The Test of Significance Approach
5.4.1 Two-Tail Test

Based on the sample data, the estimated marginal propensity to consume (MPC), β̂2 is 0.593.
Suppose we postulate that

H0 : β2 = 0.6

H1 : β2 6= 0.6
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5.4.2 One-Tail Test
Based on the sample data, the estimated marginal propensity to consume (MPC), β̂2 is 0.593.

Suppose we postulate that
H0 : β2 ≤ 0.6

H1 : β2 > 0.6
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We can summarize the decision rules for the t test as follow:

Figure 5.1 The t test of Significance: Decision rules

5.4.3 Testing the significance of σ2: The χ2 test
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Figure 5.2 The χ2 Test : Decision rules

Why do we say “we cannot reject the null hypothesis?" instead of “We accept the null
hypothesis"
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The Level of Significance: α

Type I error

Type II error
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The Exact Level of Significance: The p Value
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5.4.1 Regression Analysis and Analysis of Variance

Table 5.3: ANOVA Table for the two-variable regression model

Source of variation Sum of Square df Mean Sum of Square
SS MSS

Due to regression (ESS)

Due to residuals (RSS)

TSS
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Table 5.4: Estimating the expenditure of the household

Family Number (i) Actual Estimate Error in Estimation Errors Squared
Yi Ŷi = Ȳ Yi− Ȳ (Yi− Ȳ )2

1 390 543 -153 23460.03
2 425 543 -118 13963.36
3 560 543 17 283.36
4 575 543 32 1013.36
5 630 543 87 7540.03
6 679 543 136 18450.69

Sum 3259 3259 0 64710.83

Table 5.5: Estimating the expenditure of the household with income

Family (i) Actual Income Regression Estimate Residual Residual squared
Yi Xi Ŷ Y − Ŷ (Y − Ŷ )2

1 390 500 394.95 -4.95 24.53
2 425 600 454.24 -29.24 854.87
3 560 700 513.52 46.48 2160.04
4 575 800 572.81 2.19 4.80
5 630 900 632.10 -2.10 4.39
6 679 1000 691.38 -12.38 153.29

Sum 3259 4500 0 0 3201.90
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Table 5.6: ANOVA Table: Estimating the expenditure of the household with income

Source of variation Sum of Square df Mean Sum of Square
SS MSS

Due to regression (ESS)

Due to residuals (RSS)

TSS
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(After MID-TERM)

5.5 The problem of prediction
Based on our sample data, we have the following sample regression:

We can use the above regression to “Predict” or “Forecast” the future consumption expenditure Y
corresponding to some given level of income X

There are two kinds of predictions which are:

[1] Mean prediction We will predict the conditional mean value of Y corresponding to a chosen X
(i.e X0)

[2] Individual Prediction We will predict an individual Y value corresponding to (i.e X0)

Mean Prediction

We know that
Ŷ0 ∼ N(E(Ŷ0),var(Ŷ0))

where

E(Ŷ0) = β1 +β2X0

and

var(Ŷ0) = σ
2
[

1
n
+

(X0− X̄)2

∑x2
i

]
If we replace the unknown σ2 by the unbiased estimator σ̂2 we can get
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t =
Ŷ0− (β1 +β2X0)

se(Ŷ0)

which is the t distribution with n-2 df.
Therefore, we can derive the confidence interval for the true E(Y0|X0) as following:

Pr[β̂1 + β̂2X0− t α

2
se(Ŷ0)≤ β1 +β2X0 ≤ β̂1 + β̂2X0 + t α

2
se(Ŷ0)] = 1−α

Example
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Individual Prediction
We can prediction an individual Y value, Y0 corresponding to a given X value (X0) :

but the variance in this case is:

var(Y0− Ŷ0) = E[Y0− Ŷ0]
2 = σ

2
[

1+
1
n
+

(X0− X̄)2

∑x2
i

]
We can show that Y0 follows the normal distribution:

Y0 ∼ N(Ŷ0,var(Y0− Ŷ0))

Therefore, we can construct the confidence interval for the Y0 as well.

From our example:
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6. Extensions of The Two-Variable Linear Regression Mode

6.1 Functional Form of regression Models
We will consider the following models:

[1] The log-linear model

[2] Semilog models

[3] Reciprocal models

[4] The logarithmic reciprocal model
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The Log-linear Model
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The Semilog Models
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The Reciprocal Models
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The Logarithmic Reciprocal Models
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6.2 Regression Through the Origin
In this section, we consider the case that the two-variable PRF assumes the following form:

Yi = β2Xi +ui

This model is called the regression through the origin where the intercept term β̂1 is absent from the
model.

Example
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Since it is the linear regression model, we can apply the Ordinary Least Square (OLS) to estimate
the formula for β̂2

Let us first write the sample regression function (SRF) as:

Yi = β̂2Xi + ûi

We would like to minimize

∑ ûi
2 = ∑(Yi− β̂2Xi)

2

therefore,

β̂2 =
∑XiYi

∑X2
i

Now we can find out the variance of β̂2
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var(β̂2) =
σ2

∑X2
i

σ̂2 =
∑ ûi

2

n−1

It should be noted that we get the condition ∑ ûiXi = 0 from the normal equation. However, with the
regression through the origin model, we cannot get the condition ∑ ûi = 0.
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For the zero-intercept model, r2 can be negative, whereas for the conventional model it cannot be
negative.

Since the conventional r2 is not appropriate for the regressions that do not contain the intercept, we
therefore compute what is known as the raw r2 instead:

raw r2 =
(∑XiYi)

2

∑X2
i ∑Y 2

i

This raw r2 has its value between 0 and 1, but we cannot directly compare its value to the
conventional r2 value. For this reason, some researchers do not report the r2 value for zero intercept
regression models.
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6.2.1 Scaling and Units of Measurements
Consider our old example given in table 18 which refer to weekly family expenditure (Y) and Income
(x), in baht.

Table 6.1: Weekly family Expenditure (Y), Baht and Income (X), (Unit:Baht)

X Y
500 360
600 390
700 440
800 575
900 670

1000 730

By using the OLS estimation, we get the following results:

Now, we are interested in changing the units of our data. For example, we would prefer to express our
sample data in the unit of 1000 baht. By using the new unit of X and Y, we can report our data in 1000
baht as in the following table.
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Table 6.2: Weekly family Expenditure (Y), Baht and Income (X), (Unit: 1000 Baht)

X Y
0.5 0.360
0.6 0.390
0.7 0.440
0.8 0.575
0.9 0.670
1 0.730

With the new unit, we would like to answer these two questions:
1. Do the units in which the regressand (Y) and regressor/s (X) are measured make any difference in
the regression results?
2. If so, what is the sensible course to follow in choosing units of measurement for regression analysis?

To answer these questions, let:

Yi = β̂1 + β̂2Xi + ûi

where Y is the weekly family expenditure and X is the income, in baht.

Now, let w1 and w2 are constants, called the Scale factors. For example, in our data, if we need to
use the unit of 1000 baht instead, we can directly multiple the original data in table 18 with the scale
factors equal to 0.001. In other words, w1 = w2 =

1
1000 = 0.001.

Define

Y ∗i = w1Yi

X∗i = w1Xi

Now consider the regression using Y ∗i and X∗i variables:

Y ∗i = β̂ ∗1 + β̂ ∗2 X∗i + ûi
∗

û∗i =?
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Our target is to find out the relationship between the following pairs:

1. β̂1 and β̂ ∗1

2. β̂2 and β̂ ∗2

3.var(β̂1) and var(β̂ ∗1 )

4.var(β̂2) and var(β̂ ∗2 )

5.σ̂2 and σ̂∗2

6. r2
xy and r2

x∗y∗

1. β̂1 and β̂ ∗1

2. β̂2 and β̂ ∗2
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3.var(β̂1) and var(β̂ ∗1 )

4.var(β̂2) and var(β̂ ∗2 )

5.σ̂2 and σ̂∗2



114 Chapter 6. Extensions of The Two-Variable Linear Regression Mode

6. r2
xy and r2

x∗y∗



7. Multiple Regression Analysis: The Problem of Analysis

Three-Variable Model: Notation and Assumptions
Let us consider the following three-variable PRF as:

Yi = β1 +β2X2i +β3X3i +ui

where

Yi is the dependent variable (regressand)

X2i and X3i are the regressors or the explanatory variables

ui is the stochastic disturbance term

Remark: the subscript i is denoted the observation i from our sample data.

In case our data are time series, the subscript t will denote the t observation.

β1 means the average value of Y when X2 and X3 are set equal to zero

β2 and β3 are called the partial regression coefficients.

We will talk about the meaning of β1 and β2 shortly after knowing the assumptions of the classical
linear regression model (CLRM)
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Under the CLRM, we assume:

1. Zero mean value of ui

2. No serial correlation

3. Homoscedasticity

4. Zero covariance between ui and each X variable, or

5. No specification bias or

The model is correctly specified.

6. No exact collinearity between the X variables or



7.1 OLS Estimation of the Partial Regression Coefficients 117

By the above assumptions, we can find out the conditional expectation of Yi:

The meaning of partial coefficients:
β2

β3

7.1 OLS Estimation of the Partial Regression Coefficients
In order to find the OLS estimators, we need to write down the sample regression function (SRF)
corresponding to the PRF:

Yi = β̂1 + β̂2X2i + β̂3X3i + ûi
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From the FOC, we then get the normal equations:

Ȳ = β̂1 + β̂2X̄2 + β̂3X̄3

∑YiX2i = β̂1 ∑X2i + β̂2 ∑X2
2i + β̂3 ∑X2iX3i

∑YiX3i = β̂1 ∑X3i + β̂2 ∑X2iX3i + β̂3 ∑X2
3i

We therefore get:

β̂1 = Ȳ − β̂2X̄2− β̂3X̄3

β̂2 =
(∑yix2i)(∑x2

3i)− (∑yix3i)(∑x2ix3i)

(∑x2
2i)(∑x2

3i)− (∑x2ix3i)2

β̂3 =
(∑yix3i)(∑x2

2i)− (∑yix2i)(∑x2ix3i)

(∑x2
2i)(∑x2

3i)− (∑x2ix3i)2

Variance and Standard Errors of OLS Estimators

var(β̂1) =

[
1
n
+

X̄2
2 ∑x2

3i + X̄3
2

∑x2
2i−2X̄2X̄3 ∑x2ix3i

∑x2
2i ∑x2

3i− (∑x2ix3i)2

]
∗σ

2

se(β̂1) = +

√
var(β̂1)

var(β̂2) =
∑x2

3i

(∑x2
2i)(∑x2

3i)− (∑x2ix3i)2 ∗σ
2

var(β̂2) =
σ2

∑x2
2i(1− r2

23)

se(β̂2) = +

√
var(β̂2)

var(β̂3) =
∑x2

2i

(∑x2
2i)(∑x2

3i)− (∑x2ix3i)2 ∗σ
2

var(β̂3) =
σ2

∑x2
3i(1− r2

23)

se(β̂3) = +

√
var(β̂2)
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cov(β̂2, β̂3) =
−r23σ2

(1− r2
23)
√

∑x2
2i

√
∑x2

3i

σ̂
2 =

∑ ûi
2

n−3

7.2 Properties of OLS Estimators
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Properties of OLS Estimators (Cont:)
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Properties of OLS Estimators (Cont:)
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The Multiple Coefficient of Determination R2 and the Multiple Coefficient of Correlation R

In this section, we will study how to measure the proportion of the variation in Y explained by the
variables X2 and X3 jointly. This is the same concept of r2 that we have learned before.

The quantity that gives this information is known as the the multiple coefficient of determination
and is denoted by R2.

To derive R2, we firstly write down the following equation:

Yi = β̂1 + β̂2X2i + β̂3X3i + ûi

= Ŷi + ûi

(7.1)

where Ŷi is the estimated value of Yi from the fitted regression line and is an estimator of true
E(Yi|X2i,X3i).

7.1 may be written as

yi = β̂2x2i + β̂3x3i + ûi

= ŷi + ûi

(7.2)

Squaring 7.2 on both sides and summing over the sample values, we obtain

∑y2
i = ∑ ŷi

2 + ûi
2 +2∑ ŷiûi

= ∑ ŷi
2 +∑ ûi

2

(7.3)
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R2 =
ESS
T SS

=
β̂2 ∑yix2i + β̂3 ∑yix3i

∑y2
i

(7.4)

The three-or-more-variable analogue of r is the coefficient of multiple correlation, denoted by R, and it
is a measure of the degree of association between Y and all the explanatory variables jointly. Although
r can be positive or negative, R is always taken to be positive.

Var(β̂ j) =
σ2

∑x2
j

(
1

1−R2
j

)
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7.2.1 R2 and the Adjusted R2

It should be noted that he R2 is a nondecreasing function of the number of explanatory variables. Thus,
when the number of regressors increases, R2 almost invariably increases and never decreases. In other
words, an additional X variable will not decrease R2!

To explain this fact, let we write down the definition of R2 again:

R2 =
ESS
T SS

= 1− RSS
T SS

= 1− ∑ ûi
2

∑y2
i

(7.5)

Therefore, in comparing two regression models with the same dependent variable but differing
number of X variables, one should be very wary of choosing the model with the highest R2.

In light of comparing two R2 terms, we have to take into account the number of X variables present
in the model. To achieve this goal , we can consider the alternative coefficient of determination, which
is as follows:

k= the number of parameters in the model including the intercept term.
n= the number of observations in the sample data.

The above equation is known as the adjusted R2, denoted by R̄2 . The term adjusted means adjusted
for the df associated with the sums of squares entering into 7.5.
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We can rewrite the the adjusted R2 as:

We can also get the equation which shows the relationship between R̄2 and R2:

Besides R2 and R̄2 as goodness of fit measures, other criteria are often used to judge the adequacy
of a regression model. Two of these are Akaike’s Information criterion and Amemiya’s Prediction
criteria, which are used to select between competing models. We will discuss these criteria in greater
detail later.



8. Multiple Regression Analysis: The Problem of Inference

In this chapter, we will extend the ideas of interval estimation and hypothesis testing developed there to
models involving three or more variables.

Yi = β1 +β2X2i +β3X3i +ui

We have already known that if our objective is to do interval estimation and hypothesis testing, we
need to assume that the ui follow the normal distribution with zero mean and constant variance σ2

With the normality assumption and the CLRM assumptions, we know that:

[1] The OLS estimations of partial regression coefficients are best linear unbiased estimators
(BLUE).

[2] The estimators β̂1, β̂2, and β̂3 are normally distributed with means equal to true β1,β2, and β3
and variances are following:

var(β̂1) =

[
1
n
+

X̄2
2 ∑x2

3i + X̄3
2

∑x2
2i−2X̄2X̄3 ∑x2ix3i

∑x2
2i ∑x2

3i− (∑x2ix3i)2

]
∗σ

2

se(β̂1) = +

√
var(β̂1)
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var(β̂2) =
∑x2

3i

(∑x2
2i)(∑x2

3i)− (∑x2ix3i)2 ∗σ
2

var(β̂2) =
σ2

∑x2
2i(1− r2

23)

se(β̂2) = +

√
var(β̂2)

var(β̂3) =
∑x2

2i

(∑x2
2i)(∑x2

3i)− (∑x2ix3i)2 ∗σ
2

var(β̂3) =
σ2

∑x2
3i(1− r2

23)

se(β̂3) = +

√
var(β̂3)

Moreover, (n−3)σ̂2

σ2 follows the χ2 distribution with n-3 df. We can also show that, if we replace the
true σ2 by its unbiased estimator σ̂2 in the computation of the standard errors, we then get

t =
β̂1−β1

se(β̂1)

t =
β̂2−β2

se(β̂2)

t =
β̂3−β3

se(β̂3)

follows the t distribution with n-3 df.

Example Consider the following regression:

log ̂(salary) = 4.32+0.280 log(sales)+0.0174 ROE+0.00024 ROS

se = (0.32) (0.035) (0.0041) (0.00054)

(8.1)

R2 = 0.283

where
salary =salary of CEO
sales=annual firm sales
ROE=return on equity in percent
ROS =return on firm’s stock
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Interpreter the partial regression coefficients

Questions What about the statistical significance of the observed results?

For the coefficient of log(sales) of 0.280, Is this coefficient statistically significant different from
zero?

For the coefficient of ROE of 0.0174, Is this coefficient statistically significant different from zero?

For the coefficient of ROS of 0.00024, Is this coefficient statistically significant different from zero?

Are these three coefficients statistically significant?
To answer these questions, we have to learn the kinds of hypothesis testing.
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8.1 Hypothesis Testing About Individual Regression Coefficients
We can use the t-test to test a hypothesis about any individual partial regression coefficient.

8.1.1 Two-tail test:
Let us postulate that
H0 : β2 = 0
H1 : β2 6= 0
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8.1.2 One-tail test:
Let us postulate that
H0 : β2 ≤ 0
H1 : β2 > 0
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8.2 Testing The Overall Significance of the Sample Regression
In the previous section, we test the significance of the estimated partial regression coefficients individu-
ally, that is under the separate hypothesis that each true population partial regression coefficient was
zero. But now we are interested in testing β2 , β3 and β4 are jointly or simultaneously equal to zero. In
other words, we would like to test the following hypothesis:

H0 β2 = β3 = β4 = 0

In order to reach this goal, we have to learn the following test.

The Analysis of Variance Approach to Testing the Overall Significance of an Observed Mul-
tiple Regression: The F-Test

The joint hypothesis can be tested by the Analysis of Variance (ANOVA) which can be demon-
strated as follows:

Table 8.1: ANOVA Table for the three-variable regression model

Source of variation Sum of Square df Mean Sum of Square
SS MSS

Due to regression (ESS)

Due to residuals (RSS)

TSS
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Decision Rule Given the k- variable regression model:

Yi = β1 +β2X2i +β3X3i + ...+βkXki +ui

To test the hypothesis
H0 : β2 = β3 = ...= βk = 0

(i.e ., all slope coefficients are simultaneously zero) versus

H1 Not all slope coefficients are simultaneously zero

If F > Fα(k−1,n− k), we reject Ho ; otherwise we cannot reject it, where Fα(k−1,n− k) is
the critical F value at the α level of significance and (k-1) numerator df and (n-k) denominator df.
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An important Relationship between R2 and F
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Table 8.2: ANOVA Table in Terms of R2

Source of variation Sum of Square df Mean Sum of Square
SS MSS

Due to regression (ESS)

Due to residuals (RSS)

TSS

Decision Rule Testing the overall significance of a regression in terms of R2

Given the k- variable regression model:

Yi = β1 +β2X2i +β3X3i + ...+βkXki +ui

To test the hypothesis
H0 : β2 = β3 = ...= βk = 0

(i.e ., all slope coefficients are simultaneously zero) versus

H1 Not all slope coefficients are simultaneously zero

Compute

F =
R2/(k−1)

(1−R2)/(n− k)

If F > Fα(k−1,n− k), we reject Ho ; otherwise we cannot reject it, where Fα(k−1,n− k) is
the critical F value at the α level of significance and (k-1) numerator df and (n-k) denominator df.
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8.3 The "Incremental" or "Marginal" Contribution of an Explanatory Variable
Let consider the following regression:

Yi = α1 +α2X2i +ui

Having run the above regression, let us suppose we decide to add the additional variable, X3i, to the
model and obtain the multiple regression as follow:

Yi = β1 +β2X2i +β3X3i +ui

Comparing between these two regressions, we might need to answer the below questions:

[1]. What are the marginal, or incremental, contribution of X3i, knowing that X2i is already in the
model and that it is significantly related to Yi.

[2]. Is the incremental contribution of X3i statistically significant?

[3]. What is the criterion for adding variables to the model?

By contribution we mean whether the additional of the variable, X3i, to the model increases ESS
(and hence R2) "significantly" in relation to the RSS. This contribution is called the incremental, or
marginal contribution of an additional variable.

To assess the incremental contribution of X3 after allowing for the contribution of X2, we form

F =
Q2/df
Q4/df

=
(ESSnew−ESSold)/number of new regressors

RSSnew/d f (=n-number of parameters in the new model)
(8.2)

Under the normality assumption of ui and CLRM assumptions, this F value follows the F distribution
with 1 and n-number of parameters in the new model.
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Table 8.3: ANOVA Table To Assess Incremental Contribution of A Variable(s)

Source of variation Sum of Square df Mean Sum of Square
SS MSS

ESS due to X2 alone Q1 = α̂2
2

∑x2
2 1 Q1

1

ESS due to the addition of X3 Q2 = Q3−Q1 1 Q2
1

ESS due to both X2,X3 Q3 = β̂2 ∑x2iyi + β̂3 ∑x3iyi 2 Q3
2

RSS Q4 = Q5−Q3 n-3 Q4
n−3

TSS Q5 = ∑y2
i n-1

As usual method, we can re write 8.2 in term of R2 only. Thus the F ratio of 8.2 is equivalent to
the following F ratio:

F =
R2

new−R2
old/df

(1−R2
new)/df

=
(R2

new−R2
old)/number of new regressors

1−R2
new/d f (=n-number of parameters in the new model)

(8.3)

This F ratio follows the F distribution with 1 and n-number of parameters in the new model.
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Example

Consider the child mortality example. We considered the behavior of child mortality (CM)
in relation to per capita GNP (PGNP). There we found that PGNP has a negative impact on CM,
as one would expect. Now let us bring in female literacy as measured by the female literacy rate
(FLR). A priori, we expect that FLR too will have a negative impact on CM. Our sample consists
of 64 countries.

In model 1, we regressed child mortality (CM) on per capita GNP (PGNP) and female literacy
rate (FLR).

Model 1:

ĈMi = 263.6416−0.0056PGNPi−2.2316FLRi

se = (11.5932) (0.0019) (0.2099) R2 = 0.7077

(8.4)

Now we extend this model to model 2 by including total fertility rate (TFR):

Model 2:

ĈMi = 168.3067−0.00555GNPi−1.7680FLRi +12.8686T FRi

se = (32.8916) (0.0018) (0.2480) (?) R2 = 0.7474

(8.5)

Questions

1.How would you choose between models 1 and 2? Which statistical test would you use to
answer this question? Show the necessary calculations.
2. We have not given the standard error of the coefficient of TFR. Can you find it out? (Hint:
Recall the relationship between the t and F distributions.
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8.4 Testing the Equality of Two Regression Coefficients
Suppose we have the following model:

Yi = β1 +β2X2i +β3X3i +β4X4i + ...+βkXki +ui

We would like to test the hypotheses:

H0 : β3 = β4 or (β3−β4) = 0

H1 : β3 6= β4 or (β3−β4) 6= 0

Under the classical assumptions, it can be shown that:

t =
(β̂3− β̂4)− (β3−β4)

se(β̂3− β̂4)

where the t follows the t distribution with (n-k) df because the above equation is a k-variable model,
where k is the total number of parameters estimated, including the constant term.

The se(β̂3− β̂4) is calculated from the following formula:

se(β̂3− β̂4) =

√
var(β̂3)+ varβ̂4−2cov(β̂3, β̂4)
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Example

among other things, you were asked to consider the following demand function for chicken:

l̂nYt = 2.0328+0.4515lnX2t −0.3772lnX3t

se = (0.1162) (0.0247) (0.0635) R2 = 0.9801

(8.6)

where Y = per capita consumption of chicken, lb, X2 = real disposable per capita income, $, X3 =
real retail price of chicken per lb.

Question

For the above demand function, how would you test the hypothesis that the income elasticity
is equal in value but opposite in sign to the price elasticity of demand? Show the necessary
calculations. [Note: cov(β̂2, β̂3) =−0.00142. and the sample data = 23 observations]
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8.5 Restricted Least Squares: Testing Linear Equality Restriction
In economic theories, the coefficients in a regression model need to satisfy some linear equality restric-
tions, For example, in microeconomics, consider the Cobb-Douglas production function:

Yi = β1Xβ2
2i Xβ3

3i eui

where Y=output, X2 = labor input, and X3=capital input. We can transform the above equation to
be the log form as:

lnYi = β0 +β2 lnX2i +β3 lnX3i +ui

where β0 = lnβ1

Now, if there are the constant returns to scale, economic theory would suggest that

β2 +β3 = 1

which is an example of a linear equality restriction.
In order to test the above linear equality restriction, we can follow two approaches which are:

[1]. The t-test approach

[2]. The F-test approach: Restricted Least Squares.

First Approach: The t-Test
A test of the hypothesis or restriction can be conducted by the t-test:

t =
(β̂2 + β̂3)− (β2 +β3)

se(β̂2 + β̂3)

where the t follows the t distribution with (n-k) df for a k-variable model, where k is the total number
of parameters estimated, including the constant term. In this case, df=n-3.

The se(β̂2 + β̂3) is calculated from the following formula:

se(β̂2 + β̂3) =

√
var(β̂2)+ varβ̂3 +2cov(β̂2, β̂3)



8.5 Restricted Least Squares: Testing Linear Equality Restriction 143

Example
Consider the Cobb-Douglas production function to the Mexican economy (1955-1974: n=20):

̂lnGDPt = −1.6524+0.3397lnLabort +0.8460lnCapitalt
t = (−2.7259) (1.8295) (9.0625) R2 = 0.9951 RSSUR = 0.0136

(8.7)

where GDP = Real GDP, Millions of 1960 pesos, Labor = Employment, Thousands of People,
Capital = Fixed Capital, Millions of 1960 pesos.

Question
As you can see, the output/labor elasticity is about 0.34 and the output/capital elasticity is about
0.85. If we add these coefficients, we obtain 1.19, suggesting that perhaps the Mexican economy
during the stated time period was experiencing increasing returns to scale. However, we do not
know if 1.19 is statistically different from 1.

Therefore, we have to test this linear equality restriction.
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8.6 The F-Test Approach: Restricted Least Squares
From the Cobb-Douglas production function:

lnYi = β0 +β2 lnX2i +β3 lnX3i +ui

(8.8)

if there are the constant returns to scale, economic theory would suggest that

β2 +β3 = 1

We can rewrite it as:

β2 = 1−β3

or

β3 = 1−β2

Using either of these equalities, we can eliminate one of the β coefficients. Therefore, we can
rewrite the Cobb-Douglas production function as:

ln(Yi/X2i) = β0 +β3 ln(X3i/X2i)+ui

(8.9)

where Yi
X2i

=output/labor ratio
X3i
X2i

= capital labor ratio.

It should be noted that:
8.8 is known as unrestricted Least Squares (URLS)
8.9 is known as restricted Least Squares (RLS)
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We can compare the unrestricted and restricted least-squares regressions by applying the F-test as
follows:

∑Û2
UR=RSS of the unrestricted regression 8.8

∑Û2
R = RSS of the restricted regression 8.9

m=number of linear restrictions ( in this example, we have 1 restriction )

k= number of parameters in the unrestricted regression

n= number of observations

Then, we have

F =
(RSSR−RSSUR)/m

RSSUR/(n− k)

=
(∑Û2

R−∑Û2
UR)/m

∑Û2
UR/(n− k)

(8.10)

follows the F-distribution with m, (n-k) df.

We can also rewrite the F-test in terms of R2 as follows:

F =
R2

UR−R2
R/m

(1−R2
UR)/n-k

(8.11)
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Example
Consider the Cobb-Douglas production function to the Mexican economy(1955-1974: n=20):

̂lnGDPt = −1.6524+0.3397lnLabort +0.8460lnCapitalt
t = (−2.7259) (1.8295) (9.0625) R2 = 0.9951 RSSUR = 0.0136

(8.12)

where GDP = Real GDP, Millions of 1960 pesos, Labor = Employment, Thousands of People,
Capital = Fixed Capital, Millions of 1960 pesos.

The restriction of constant return to scale, which gives the following regression:

̂ln(GDP/Labor)t = −0.4947+1.0153ln(Capital/Labor)t

t = (−4.0612) (28.1056) R2
R = 0.9777 RSSR = 0.0166

(8.13)
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8.7 Testing for Structural or Parameter Stability of Regression Models: The Chow
Test
Sometime when we estimate the regression model, it may happen that there is a Structural Change
in the relationship between the regressand Y and the regressors X’s, especially the model involving
time series data. The structural change may be due to the external forces (i.e the financial crisis of
2007-2008) or due to policy changes ( such as the switch from a fixed exchange rate system to a flexible
exchange rate system in 1997).

The question is "How do we figure out that there is a structural change in our sample data?"

To answer this question, consider the following example.
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Based on the sample data, we found out that in 1982 the United State suffers its worst peacetime
regression. This event might disturb the relationship between savings and DPI.

To see this effect, we can divide our sample data into two time periods: 1970-1981 (Pre-1982 crisis)
and 1982-1995 (Post-1982 crisis).

Therefore we have three possible regressions:

Time period 1970-1981: Yt = β1 +β2Xt +u1t where n1 = 12

Time period 1982-1995: Yt = γ1 + γ2Xt +u2t where n2 = 14

Time period 1970-1995: Yt = α1 +α2Xt +ut where n = n1 +n2 = 26

For our sample data, we can get the following results:

Time period 1970-1981:

Ŷt = 1.0161+0.0803Xt

t = (0.00873) (9.6015)

(8.14)

R2 = 0.9021 RSS1 = 1785.032 d f = 10

Time period 1982-1995:

Ŷt = 153.4947+0.0148Xt

t = (4.6922) (1.7707)

(8.15)

R2 = 0.2971 RSS2 = 10,005.22 d f = 12

Time period 1970-1995:

Ŷt = 62.4226+0.0376Xt

t = (4.8917) (8.8937)

(8.16)

R2 = 0.7672 RSS3 = 23,248.30 d f = 24
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We can apply the Chow test to investigate the structural changes that may be caused by differences
in the intercept or the slope coefficient or both.

The chow test assumes that:

[1] u1t ∼ N(0,σ2) and u2t ∼ N(0,σ2)

[2] The two error terms u1t and u2t are independently distributed.

Chow Test

H0 : There is no structural change in the model

H1 : There is structural change in the model

Then, we need to construct the F-ratio:

F =
(RSSR−RSSUR)/k

RSSUR/(n1 +n2−2k)
(8.17)

where the F ratio follows the F distribution with k and (n1 + n2− 2k) df in the numerator and
denominator, respectively.

We do not reject the null hypothesis of parameter stability (i.e no structural change) if the
computed F value does not exceed the critical value F value obtained from the F table.
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9. Dummy Variable Regression Models

In the previous chapter, the dependent and independent variables in our multiple regression models
have had quantitative meaning. For example, the salary of CEO,annual firm sales,return on equity
in percent, and return on firm’s stock. In each case the magnitude of the variable conveys useful
information.

However, in the empirical work, we must also incorporate qualitative factors into regression
models. The gender or race of an individual, the industry of a firm ( manufacturing, retail, and so on),
and the region in Thailand where a city is located ( north, south, west, and so on) are all considered as
the qualitative factors.

9.1 Describing Qualitative Information

Normally, qualitative factors often come in the form of binary information:

Example:

[1] A person is female or male or female.

[2] A firm offers a certain kind of employee pension plan or it does not.

[3] A farm is located nearby the dam or not.

All of these examples, the relevant information can be captured by defining a binary variable
or a zero-one variable.

In econometrics, binary variables are most commonly called dummy variables, although this
name is not especially descriptive.
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In defining a dummy variable, we must decide which event is assigned the value one and which is
assigned the value zero.

Question: Why do we use the the values zero and one to describe qualitative information?

Answer: These values are arbitrary: any two different values would do. The real benefit of
capturing qualitative information using zero-one variable is that it leads to regression models where the
parameters have very natural interpretations.
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9.1.1 A Single Dummy Independent Variable
Suppose we would like to estimate the following simple model of hourly wage determination:

wagei = β0 +δ0female+β1edu+ui
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Figure 9.1: Graph of Wage
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Now, we added more variables into the wage model. Taking males as the base group, a model that
controls for experience and tenure in addition to education is

wagei = β0 +δ0female+β1edu+β2exper+β3tenure+ui

If edu, expert, and tenure are all relevant productivity characteristics, the null hypothesis of no
difference between men and women (No wage discrimination) is:

In table 9.1, it represents the partial listing of the sample data of wage model. We see that Person 1 is
female, Person 2 is female , Person 3 is male, and so on.

Table 9.1: A Partial Listing of the Wage Data.
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Table 9.2: The command function to estimate the wage model in STATA program
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Table 9.3: wagei = β0 +δ0female+β1edu+β2exper+β3tenure+ui

Example: the Hourly Wage Equation:

ŵage = −1.5679−1.8109 female+0.5715 edu+0.025 exper+0.141 tenure

= (0.7246) (0.2648) (0.0493) (0.0116) (0.0212)

(9.1)

R2 = 0.3635 n = 526

Interpret the model:

The intercept:
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Table 9.4:wagei = β0 +δ0female+ui

The coefficient on female

It is informative to compare the coefficient on female in the above equation to the estimate we
get when all other explanatory variables are dropped from the equation:

ŵage = 7.0995−2.5118 female

se = (0.2100) (0.3034)

(9.2)

R2 = 0.1157 n = 526
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9.2 Interpreting Coefficients on Dummy Explanatory Variables When the Depen-
dent Variable is log(y)
In this section, we will study a model that has the dependent variable appearing in logarithmic form,
with one or more dummy variables approving as independent variables.
Question: How do we interpret the dummy variable coefficients in this case?

Answer: Not surprisingly, the coefficients have a percentage interpretation.

Let us reestimate the wage equation , using log (wage) as the dependent variable and adding
quadratics in expert and tenure:

log(wagei) = β0 +δ0 f emale+β1edu+β2exper+β3exper2 +β4tenure+β5tenure2 +ui

The Stata result is shown in table 9.5.

Table 9.5:
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Example: Log Hourly Wage Equation:

̂log(wage) = 0.4167−0.2965 female+0.0802 edu+0.0294 exper−0.0006 exper2

(0.0989) (0.0358) (0.0068) (0.0050) (0.0001)

+0.0317 tenure−0.0006 tenure2

(0.0068) (0.0002)

(9.3)

R2 = 0.4408 n = 526

Interpret the model:

The coefficient on female



162 Chapter 9. Dummy Variable Regression Models

9.3 Using Dummy Variables for Multiple Categories
We can use several dummy independent variables in the same equation. For example, we could add the
dummy variable married to the wage model.

The previous model:

log(wagei) = β0 +δ0 f emale+β1edu+β2exper+β3exper2 +β4tenure+β5tenure2 +ui

Now, Let us estimate a model that allows for wage differences among four groups:

[1.] Married Men

[2] Married Women
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[3] Single Men

[4] Single Women
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To do this, we must select a base group:

Now, we need to define dummy variables for each of the remaining groups.

Therefore, our model is:

log(wagei) = β0 +δ0marrmale+δ1marr f em++δ2sing f em+

β1edu+β2exper+β3exper2 +β4tenure+β5tenure2 +ui

We of course drop the dummy variable (female). (Why?)
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Table 9.5:

̂log(wage) = 0.3214+0.2127 marrmale−0.1983 marrfem−0.1104 sing f em

(0.1000) (0.0554) (0.0578) (0.0557)

+0.0789 edu+0.0268 exper−0.0005 exper2 +0.0291 tenure−0.0005 tenure2

(0.0067) (0.0268) (0.0001) (0.0068)+ (0.0002)

(9.4)

R2 = 0.4609 n = 526



166 Chapter 9. Dummy Variable Regression Models

Interpret the model:
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9.3.1 Interactions Involving Dummy Variables
8.5.1 The Interactions Among Dummy Variables:

We can recast the model by adding an interaction term between female and married to the model
where female and married appear separately. This allows the marriage premium to depend on gender.
The estimated model with the female-married interaction term is :

̂log(wage) = 0.321−0.110 female+0.213 married

(0.100) (0.056) (0.055)

+0.301 f emale ·married + ...,

(0.072)

(9.5)
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8.5.2 The interaction between Dummy Variable/s and Explanatory Variable/s: the Allowing
for the Different Slopes

There are also occasions for interacting dummy variables with explanatory variables that are not
dummy variables to allow for a difference in slope.

To see the interaction between female and edu, we can rewrite the model as follow:

wagei = β0 +δ0female+β1edu+δ1 f emale · edu+ui

Men Group we plug female =0

Therefore:

Women Group we plug female =1

Therefore:
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Figure 9.2: Graph of the Wage Model with an Interaction between female and education
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Example

Table 9.5:

̂log(wage) = 0.3889−0.2268 female+0.082 edu−0.0056 f emale · edu

(0.1187) (0.1675) (0.0085) (0.0131)

+0.0293 exper−0.0006 exper2 +0.0319 tenure−0.00059 tenure2

(0.0050) (0.0001) (0.0069)+ (0.0002)

(9.6)

R2 = 0.4410 n = 526
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10. Multicollinearity

10.1 Nature of Multicollinearity

One of the required assumptions of the classical linear regression model (CLRM) in Chapter 7 is that
there is no perfect multicollinearity. In this chapter, we take a critical look at this assumption. To clarify,
we firstly begin with the multiple regression model as in Equation 10.1, in general, where X1 = 1 for all
observations to enable the intercept term to enter the model.

Yi = β1X1 +β2X2i +β3X3i + · · ·+βkXki +ui (10.1)

If the independent variables above can be algebraically formed as Equation 10.2:

λ1X1i +λ2X2i +λ3X3i + · · ·+λkXki = 0 (10.2)

where λ1,λ2, . . . ,λk are constant such that not all of them are equal to zero simultaneously.

They are said to have exact linear relationship or perfect multicollinearity. That is, we can acquire
the value of any independent variable in the model through the linear combination of other independent
variables. For instance, if we want to find the value of X2, we can apply the addition, subtraction,
multiplication and division among other independent variables.

On the other hand, if the formation of independent variables follows Equation 10.3 , rather than
Equation 10.2, they are said to have imperfect multicollinearity. Specifically, we cannot obtain any
independent variable in the model from the linear combination of other independent variables.

λ1X1i +λ2X2i +λ3X3i + · · ·+λkXki +νi = 0 (10.3)

where ν1 is the stochastic disturbance term.
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To see the difference between perfect and less than perfect multicollinearity, we can rewrite
Equation 10.2 and Equation 10.3 as:

According to Equation 10.2 and 10.3, consider Table 10.1 which illustrates the collection of 5
observations for each independent variable (X2 and X3). It is obvious that we can multiply X2 by the
constant term to transform it into X3. In this case, we can establish the relationship, as in Equation 10.2,
between these two independent variables by letting λ1 =−3 and λ2 = 1.

−3X2i +X3i = 0

Table 10.1: Perfect multicollinearity in explanatory variables

Observation X2i X3i 3X2i νi =−3X2i +X3i

1 6 18 18 0
2 12 36 36 0
3 7 21 21 0
4 -5 -15 -15 0
5 2 6 6 0

For the case of imperfect multicollinearity, consider Table 10-2. It can be found that we cannot
form the relationship as Equation 10.2 due to the difference between independent variables (X2 and X3).
Even we multiply X2 by -3, the random disturbance term (νi) still exists. In Table 10-2, after the forth
observation of X2 is multiplied by 3, it is still different from -12 by 3. Hence, the relationship between
these two independent variables can be written as

−3X2i +X3i +νi = 0

Table 10-2: Imperfect multicollinearity in explanatory variables

Observation X2i X3i 3X2i νi =−3X2i +X3i

1 6 16 18 -2
2 12 45 36 9
3 7 18 21 -3
4 -5 -12 -15 3
5 2 7 6 1
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The relationship discussed in this chapter involves only the linear one. Although the independent
variable is squared or cubed, as in Equation 10.4, it does not always mean that the model constructed
from these variables will suffer the perfect or imperfect multicollinearity. The important factor to
consider is whether Xi and X3

i can be written in the form of Equation 10.3 or 10.4.

Yi = β1 +β2Xi +β3X3
i +ui (10.4)

In the following sections of this chapter, the consequence of the perfect or imperfect linear relation-
ship of independent variables will be discussed. However, to completely understand the characteristics
of multicollinearity, it is essential to know the sources of the problem. In principle, multicollinearity is
originated from:

1. Method of data collection used in the regression model: sometimes researchers collect the data
in the limited amount, causing the sample to concentrate in some group of population rather than to
represent the population as a whole.

2. Restriction imposed in the model: in the study of relationship between a single dependent variable
and multiple independent variables, possibly the linear relationship exists among those independent
variables. To illustrate, suppose we study the dependence of the sale of goods Y on the prices of goods
X and Y, where X is used to produce Y. With this relationship, when the price of goods X increases, it
almost certainly raises the price of goods Y. Hence, there seems to be highly linear relationship between
these two variables.

3. Application of polynomial to the model: such as Equation 10.4, the X3
i is included as another

variable. If the data used in the study is restricted within the narrow range, the value of two vari-
able, namely Xi and X3

i , might not be notably different, resulting in the linear relationship between them.

4. Over-determination of the model: some models have higher amount of parameters than the
amount of observation collected. The evident example of these models is in the medical or human
behavior field in which the amount of patients or volunteers is less than the independent variables.
Usually, researchers have to discard some variables to make the study possible.

5. Common trend of independent variables: the time series data of revenue, expenditure and
population seems to move together because, as the time passes, they tend to increase collectively. Thus,
the linear relationship among them might occur.
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10.2 Estimation in the Presence of Perfect Multicollinearity

According to Chapter 7, if we have the regression model as shown in Equation 10.1 , we can employ
the ordinary least square to estimate β2 and β3. By the method of calculus, minimizing the sum of
disturbance term squared, we obtain the estimators (β̂2 and β̂3) as follow:

Yi = β̂1 + β̂2X2i + β̂3X3i + ûi (10.5)

β̂2 =
(∑yix2i)(∑x2

3i)− (∑yix3i)(∑x2ix3i)

(∑x2
2i)(∑x2

3i)− (∑x2ix3i)2 (10.6)

β̂3 =
(∑yix3i)(∑x2

2i)− (∑yix2i)(∑x2ix3i)

(∑x2
2i)(∑x2

3i)− (∑x2ix3i)2 (10.7)

where
yi = Yi− Ȳ ,
x2i = X2i− X̄2i,
x3i = X3i− X̄3i

Nonetheless, if the explanatory variables, X2 and X3, suffer perfect multicollinearity, namely
X3i = λX2i where λ is the constant greater than zero, from the relationship stated, we can substitute
x3i = λx2i in equation 10.6 and 10.7 and get

We can get the same result for β̂3

β̂3 =
λ 2[(∑yix2i)(∑x2

3i)− (∑yix2i)(∑x3ix3i)]

λ 2[(∑x2
2i)(∑x2

2i)− (∑x2i)2]
=

0
0

(10.8)
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On the other hand, consider the case where there is imperfect multicollinearity among regressors.
For the model with two regressors, let X3i = λX2i +νi and substitute x3i = λx2i +νi into equation 10.6,
the estimator of β2 can be obtained by equation 10.9 which is different from the case with perfect
multicollinearity problem. The same is true for both estimators of β1 and β3.

β̂2 =
(∑yix2i)(λ

2
∑x2

2i +∑ν2
i )− (λ ∑yix2i +∑yiνi)(λ ∑x2

2i)

(∑x2
2i)(λ

2 ∑x2
2i +∑ν2

i )− (λ ∑x2
2i)

2 6= 0
0

(10.9)
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where
X3i = λX2i +νi

X̄3i = λ X̄2i

X3i− X̄3i = λ (X2i− X̄2i)+νi

x3i = λx2i +νi

where λ 6= 0 and ∑xiνi = 0

10.3 Practical Consequences of Multicollinearity
In case of near or high multicollinearity, we might encounter the following consequences:

1. Although BLUE, the OLS estimators have large variances and covariances, making precise
estimation difficult.

2. Because of consequence 1, the confidence intervals tend to be much wider, leading to the
acceptance of the zero null hypothesis (i.e., the true population coefficient is zero) more readily.

3. Also because of consequence 1, the t ratio of one or more coefficients tends to be statistically
insignificant.

4. Although the t ratio of one or more coefficients is statistically insignificant, R2 , the overall
measure of goodness of fit, can be very high.

5. The OLS estimators and their standard errors can be sensitive to small changes in the data.

The preceding consequences can be demonstrated as follows.

Large Variance and Covariances of OLS Estimateors

Var(β̂2) =
σ2

∑x2
2i(1− r2

23)
(10.10)

Var(β̂3) =
σ2

∑x2
3i(1− r2

23)
(10.11)

cov(β̂2, β̂3) =
−r23σ2

(1− r2
23)
√

∑x2
2ix

2
3i

(10.12)

where r23 is the correlation coefficient between regressors X2 and X3 and can be computed by
equation 10.13 and the value ranges from -1 to 1.

r23 =
(∑x2ix3i)

2

∑x2
2i ∑x2

3i
(10.13)
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According to equation 10.10 and 10.11, it can be seen that the higher the correlation coefficient, the
higher the variance of estimators. To ease the analysis, redefine equation 10.10 and 48 by Variance
Inflation Factor (VIF) by letting,

VIF =
1

1− r2
23

(10.14)

We get

Var(β̂2) =
σ2

∑x2
2i

VIF (10.15)

Var(β̂3) =
σ2

∑x2
3i

VIF (10.16)

As r23 → 1, or the correlation approaches one, VIF → ∞ and the variance will be higher and
approaches infinity.
On the contrary, as r23→ 0, or the correlation coefficient approaches zero (namely, no linear relation-
ship), VIF→ 1 and the variance will be lower. Consider Table 10.3 and Figure 10.1, it can be seen that
the higher the correlation , the higher the VIF and the higher the variance of estimators.
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Table 10.3: The consequence of an increase in the correlation coefficient on the variance of estimators

r23 VIF Var(β̂2) Var(β̂3)

Let
0.00 1 σ2

∑x2
2i

VIF = B σ2

∑x2
2i

VIF = C

0.50 1.33 1.33B 1.33C
0.70 1.96 1.96B 1.96C
0.80 2.78 2.78B 2.78C
0.90 5.76 5.76B 5.76C
0.97 16.92 16.92B 16.92C
0.99 50.25 50.25B 50.25C

Figure 10.1: The consequence of an increase in the correlation coefficient on the variance estimators

Var (β2) !

r23!

⌃!

When the variance rises due to the level of multicollinearity among independent variables, the
standard deviation will certainly rise and at least two negative effects will result. First, the interval
estimation will be impaired because the confidence interval will be widen and Table 11.4 (for 95 percent
confidence interval and large number of observations). The other negative effect is on hypothesis test
since the t-statistic, as in equation 10.17, will be lower and might result in misleading conclusion from
hypothesis test.
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Table 10.4: The consequence of an increase in the correlation coefficient on 95 percent confidence
interval

r23 95% Confidence interval of β2

0.00 β̂2±1.96
√

σ2

∑x2
2i

0.50 β̂2±1.96
√

σ2

∑x2
2i

1.33

0.70 β̂2±1.96
√

σ2

∑x2
2i

1.96

0.80 β̂2±1.96
√

σ2

∑x2
2i

2.78

0.90 β̂2±1.96
√

σ2

∑x2
2i

5.76

0.97 β̂2±1.96
√

σ2

∑x2
2i

16.92

0.99 β̂2±1.96
√

σ2

∑x2
2i

50.25

t̂ =
(

β̂2−β2

se(β̂2) ↑

)
↓ (10.17)

In any models, we might have the high value of coefficient of determination (R2) and statistically
overall significant of the model from F-test. The implication is that the model possesses the explanatory
power over the dependent variable. However, it is possible that we might not get the statistically
significant result from the test of individual coefficients. That is, some coefficient is not significantly
different from zero which means the variable associated with that coefficient lacks explanatory variable
because the t-statistic is lower due to multicollinearity problem. This situation is called conflicting
test, namely the result from t-test contradicts with the one from F-test.

To conclude, if there is perfect multicollinearity among independent variables, we are unable
to estimate the parameters in the model. Also, the variance of estimators will approach infinity.
Furthermore, if there is imperfect multicollinearity, OLS is still applicable to estimate the parameters.
Yet, it has to be aware that the variance of estimators might be so high that some aspects of regression
analysis, such as interval estimation and hypothesis test, are negatively influenced.
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10.4 Detection of Multicollinearity

We have already discussed the consequence of both perfect and imperfect multicollinearity among
regressors. For the regression analysis, the harmful problem is the situation when there is perfect multi-
collinearity which will invalidate the estimation of the model in order to explain the true relationship in
the population. The case of perfect multicollinearity, thus, can be easily detected.

For the imperfect multicollinearity, if the degree of multicollinearity is not immense, the estimators
are still BLUE. Yet, if the degree is huge, the problem will become damaging. Statistically, the extent
of multicollinearity can be tested through various approaches. Some of them are discussed here.

1. There is conflicting test between t- and F-test: if we find that the conclusion derived from the
two tests are inconsistent, specifically R2 is high and F-test results in statistical overall significance;
whereas, at least, one null hypothesis of some t-tests cannot be rejected, it is reasonable to suspect the
multicollinearity problem.

2. Correlation of regressors is greater than 0.8: the higher the correlation, the higher the variance
of estimators.

3. Variance inflation factor is greater than 10: when the regressors face the multicollinearity
problem, the value of VIF might be so high that the resulting high variance of estimators adversely
affects the regression analysis.

4. Scatter plot of two regressors is relatively linear: when we plot the value of on regressor against
another and we find that both of them tend to change in the same way, this fact might suggest the
existence of multicollinearity. Figure 11.2 depicts the case where income and wealth, which is usually
perceived to explain consumption expenditure, are prone to move together.
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Figure 10.2: Scatter plot between two regressors, namely income and wealth, showing the linear
relationship between both of them

Income (Y) !

Wealth (W) !
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10.5 Remedial Measure for Multicollinearity
In principle, the problem of multicollinearity among explanatory variables is not actually serious as
we still have BLUE estimators. Notwithstanding, the problem become more severe as the degree of
multicollinearity rises and can be alleviated through:

1. Do nothing: if the degree of multicollinearity is low, the model is still valid as the BLUE property
of estimators is attained.

2. Apply prior relationship among explanatory variables: consider the model

Yi = β1 +β2X2i +β3X3i +ui

If we know before that the linear relationship between explanatory variables X2 and X3 can be
written as β3 = 0.7β2, we can use this fact to eliminate the problem by

Yi = β1 +β2X2i +0.7β2X3i +ui

= β1 +β2(X2i +0.7X3i)+ui

= β1 +β2X∗i +ui

where X∗i = X2i +0.7X3i

3. Discard some explanatory variables: the removal of the variables could mitigate the problem;
but, another problem, namely specification bias problem, might occur instead. For example, suppose
we want to construct the model where the production is the explained variables; and labor and capital
are the explanatory ones. If there is linear relationship between labor and capital, the elimination of
one variable might assuage the multicollinearity problem, but might be contrary to economic reasoning.
Hence, the decision of which variables will be disposed of should be based on economic theory.

4. Collect more observation: this practice will increase ∑x2
i which is the component of the variances

1. Accordingly, the variances will be lower despite high correlation among explanatory variables.

Var(β̂2) =
σ2

∑x2
2i(1− r2

23)

5. Transform the variables: although there is linear relationship among explanatory variables, it is
not necessary that the first difference or ratio transformation of the variables will have that relationship.

1As the data set gets larger, the sample statistic will approach the population parameter. Consequently, we can reasonably
state that mean of X is almost stable under the larger data set. In this case, the increase in the size of data set is likely to
increase the sum of the square of deviation from the mean
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For the first difference of variables, consider the model in period t and t-1

Yt = β1 +β2X2t +β3X3t +ut

Yt−1 = β1 +β2X2,t−1 +β3X3,t−1 +ut−1

Yt −Yt−1 = β2(X2t −X2,t−1)+β3(X3t −X3,t−1)+νt

∆Yt = β2∆X2 +β3∆X3 +νt

where
νt = ut −ut−1

∆Yt = Yt −Yt−1
∆X2 = X2t −X2,t−1
∆X3 = X3t −X3,t−1

This transformation perhaps results in no linear relationship among new regressors. Unfortunately,
another serious econometric problem might take place which is the autocorrelation problem which
will be discussed in Chapter 12.

For the ratio transformation of variables, consider the model

Yt = β1 +β2X2t +β3X3t +ut

Yt
X3t

= β1
1

X3t
+β2

X2t
X3t

+β3
X3t
X3t

+ ut
X3t

Yt
X3t

= β1
1

X3t
+β3 +β2

X2t
X3t

+ ut
X3t

Y ∗t = β ∗1 +β2X∗2t +u∗t
where

Y ∗t = Yt
X3t

β ∗1 = β1
1

X3t
+β3

X∗2t = X2t
X3t

u∗t = ut
X3t

With this remedial measure, we can reduce the degree of multicollinearity since there is one explanatory
variable left in the model. However, when we consider the random disturbance term in this new model,
it is possible that the variance of the disturbance term might not be constant, namely heteroscedasticity,
which will be discussed in the next chapter.



11. Heteroskedasticity

One of the assumptions of the classical linear regression model (Assumption 3 on p. 116) is that the
disturbances ui appearing in the population regression function are homoscedastic. In other words, they
all have the same variance. In this chapter, students will examine the validity of this assumption and
figure out the consequences if this assumption is not fulfilled.

11.0.1 Nature of Heteroscedasticity

As mentioned in CHAPTER 7: Multiple Regression Analysis: The Problem of Analysis. We assume
that the variance of each disturbance term ui, conditional on the chosen values of the explanatory
variables, is constant. We called this as homoscedasticity or equal (homo) spread (scedasticity), that is
equal variance.:

E(u2
i ) = σ2 i = 1,2, ...,n (11.1)

Depicted by Figure 11.1, the variances of disturbance terms given any independent variable are
constant and equal. Specifically, conditional on X1, the variance is equal to σ2 which is the same as the
variance of disturbance term conditional on X2 and on the other values of independent variable.

On the other hand, if this assumption is violated, the problem occurring is called heteroscedasticity.
That is, conditional on X1, the variance of disturbance term is σ2

1 ; whereas, conditional on X2, the
variance of disturbance term is σ2

2 . In brief, the conditional variance of disturbance term would
vary across the values of independent variable, as illustrated, mathematically, by Equation 11.2 and,
graphically, by Figure 11.2.

E(u2
i ) = σ

2
i (11.2)
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Figure 11.1: Homoscedasticity

Figure 11.2: Heteroscedasticity
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Generally, there is a variety of causes for the existence heteroscedasticity problem in the regression
model studied by most economists. Yet, only 6 main sources are discussed here.

1. Normally, error learning is the nature of human. At the initial stage of their work, people
probably commit a large number of mistakes. As they carry on working and become more specialized,
the amount of errors would be reduced. In this case, it seems that the variance at the initial stage will
be high but would decrease as people learn from their errors.

2. Considering the relationship between independent variable X and dependent variable Y , there
seems to be possible that as the value of independent variable increase, the variance of the value of
dependent one will increases. The feasible reason is the characteristics of those variables such as
the relationship between the profit of the company (independent variable) and dividend (dependent
variable). As the profit rises, the board of director may have a variety of dividend policies. Some
companies may pay a small amount of dividend in order to keep the profit for further development.
Some may pay a large amount of dividend to satisfy the shareholders. On the contrary, if the profit is
low, the dividend policy will not diverge across the companies since the companies seem to be at the
growth stage and decide to keep their profit as retained earnings.

3. The collection of data is another source. As the collection technique employed by the researcher
is improved, the collection error would be lower. Contrarily, with the poor collection technique, the
data obtained to construct the regression model would probably incur more and more errors, causing
the condition variance of disturbance term to vary.

4. The existence of outliers in the independent and dependent variables may make the conditional
variance of disturbance term on independent variables volatile. Mostly, if the researchers collect too
small amount of data, that set of data tends to include the outliers and undermine the regression analysis.
As the amount of data increases, those outliers may become normal relative to other observations.

5. The misspecification of the model could result in the heteroscedasticity problem as well. In
some cases, econometricians drop some important and necessary independent variable from the regres-
sion model. The disturbance term, then, will incorporate the characteristics of the missing variables,
resulting in heteroscedasticity problem. For example, suppose the researchers want to establish the
model to explain the relationship of price and quantity of good X , as suggested by the theory of
demand. However, if it turns out that good Y is the substitute for good X . This mistake of failing to
include price of good Y , which has the explanatory power over the demand for good X , will result in
misspecification error. The disturbance term will have the characteristics of good Y , which, in turn,
leads to heteroscedasticity.
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6. Heteroscedasticity problem usually happens in the model that applies the cross-sectional data
which tends to be highly diverse because the data is collected in the same time period. To illustrate, the
census acquired from numerous provincial areas may cover the wide range of value and results in the
stated problem. On the other hand, for the time series data, it is prone to be the collection of the same
sample for different period of time. With the same sample, the range of the value covered seems to be
narrow. Hence, the stated problem, generally, does not occur with this kind of data.

11.0.2 OLS Estimation in the presence of Heteroscedasticity

For the estimation of regression model through OLS methods, given the assumption of heteroscedasticity
by letting E(u2

i ) = σ2
i , the model can be written as

Yi = β1 +β2Xi +ui

The estimator β2 can be calculated by

β̂2 =
∑(Xi− X̄)(Yi− Ȳ )

∑(Xi− X̄)2 =
∑xiyi

∑x2
i

In general, the variance of the estimator β2 is computed by

Var(β̂2) =
∑x2

i σ2
i

(∑x2
i )

2 (11.3)

This is totally different from the usual variance formula obtained under the assumption of homoscedas-
ticity:
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Var(β̂2) =
σ2

∑x2
i

The β̂2 is no longer BEST and the minimum variance. It is not BLUE.

What is BLUE in the presence of Heteroscedasticity? The answer is we have to apply the method of
generalized least squares (GLS) instead.
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11.0.3 The Method of Generalized Least Squares (GLS)



192 Chapter 11. Heteroskedasticity

(Cont.) The Method of Generalized Least Squares (GLS)
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11.0.4 Detection of Heteroscedaticity

The problem of heteroscedasticity is fairly severe since it causes the estimators, which identify the
relationship of regressor and regressand, to lose the minimum variance or best property despite its
unbiased property. Accordingly, the statistical inference studied in the previous chapters, such as
confidence interval and hypothesis test, is not applicable. It is, thus, essential to detect the problem of
heteroscedasticity. Again, there are a large number of methods for detection suggested by econometri-
cians; yet, 4 approaches are discussed here.

1. Finding the relationship of regressor and random disturbance term by graph: the nature of the
problem is that the conditional variance of disturbance term is not constant. Hence, we can detect the
problem by plotting the diagram to show the relationship between ûi

2 and the estimated Yi from the
regression line, Ŷi. Also, we may plot ûi

2 against one of the explanatory variables (Xi) to detect this
problem.

Figure 11.3: The relationship between u2
i andŶi of the model suffering heteroscedasticity problem
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Figure 11.4: The relationship between u2
i and regressor X of the model suffering heteroscedasticity

problem

2. Park Test1: the rationales is that, if we can construct the regression model that enables the
regressor X to explains the volatility of the variance of disturbance term, that means the variance of
disturbance term is not constant and depends on the regressor. The model could be constructed as
Equation 11.4 and we can transform the model into the linear one as Equation 11.5

σ
2
i = σ

2
u Xβ

i eνi (11.4)

lnσ
2
i = lnσ

2
u +β lnXi +νi (11.5)

Practically, we would never know the true variance of the disturbance term in the model; so, we use
û2

i as the estimator and form the model similar to Equation 11.5, which is shown in Equation 11.6

ln û2
i = lnσ

2
u +β lnXi +νi = α +β lnXi +νi (11.6)

1Park, Rolla. E. (1966). “Estimation with Heteroscedasticity Error Terms," Econometrica, Vol.34, No.4.
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After the establishment of the model in Equation 11.6, we, then, can perform the hypothesis test
to examine whether the regressor X could explain the change in the regressand ln û2

i . In this case, we
test for the statistical significance of the coefficient associated with β by finding the t-statistic. If the
regressor X is statistically significantly able to describe the regressand lnu2

i , we can conclude that the
model faces the problem of heteroscedasticity. In short, the procedure for Park test is as follows.

Step 1: set up the model of interest to find the relationship of regressor X and regressand Y

Step 2: calculate û2
i = (Yi−Ŷi)

2 from the regression model in Step 1 to be the estimator of variance
in Equation 11.6

Step 3: establish the model as in Equation 11.6 and perform the hypothesis test for the relationship
between the regressor and the variance of disturbance term. The hypothesis can be set as

Ho : β = 0
Ha : β 6= 0

If the null hypothesis is rejected, we can conclude that, the regressor X possess the explanatory
power over the variance of disturbance term. In other word, the model suffers the heteroscedasticity
prolem. Contrarily, if the null hypothesis cannot be rejected, it implies no heteroscedasticity problem
in the model

3. Breusch-Pagan Test2 or LM Test: consider the multiple regression model in Equation 11.7
and suppose that the variance of disturbance term has the linear relationship with the regressor as in
Equation 11.8. To satisfy the homoscedasticity assumption such that the estimator is BLUE, all partial
regression coefficients in Equation 11.8 must be zero.

Yi = β1 +β2X2i +β3X3i + · · ·+βkXki +ui (11.7)

Var(u|X2, . . . ,Xk) = E(u2|X2, . . . ,Xk) = α1 +α2X2i +α3X3i + · · ·+αkXki (11.8)

The procedure of Breusch-Pagan test for heteroscedasticity is as follows.

Step 1: estimate the model as in Equation 11.7 by the method of OLS and calculate the value of û2
i

Step 2: establish the regression model as in Equation 11.8 to find the coefficient of determination
R2

û2
i

û2
i = α1 +α2X2i +α3X3i + · · ·+αkXki +ui (11.9)

Step 3: compute the F-statistic by Equation 11.10 and perform hypothesis test to find out whether
all the regressors X’s can jointly explain the variance of the disturbance term. If they have the explana-
tory power, we can conclude that the model in Equation 11.7 would suffer heteroscedasticity problem.

2Breusch, Trevor. and Pagan, Adrian. (1979). “A Simple Test for Heteroscedasticity and Random Coefficient Variation,"
Econometrica, Vol.47, No.5, pp.1287-94
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Ho : α1 = α2 = α3 = ...= αk = 0
Ha : otherwise

F̂ =
R2

û2
i
/(k−1)

(1−R2
û2

i
)/(n− k)

(11.10)

Furthermore, LM-statistic (Lagrange Multiplier) can be used to determine whether there is
heteroscedasticity problem in the model and can be calculated by Equation 11.11

LM = nR2
û2

i
(11.11)

The LM-statistic has the chi-square distribution with the degree of freedom k−1 or χ2
d f . We can

use LM-statistic to test the following hypothesis.

Ho : Homoscedasticity
Ha : otherwise

If the LM-statistic obtained is greater than the critical value found the chi-square table, we can
conclude that the model in Equation 11.7 faces the heteroscedasticity problem. Nevertheless, if the
LM-statistic is less than the critical value, we can conclude that no heteroscedasticity problem exists.

4. White Test3: Consider the multiple regression model as in Equation 11.12.

Yi = β1 +β2X2i +β3X3i +ui (11.12)

White test has the different procedure from the third test only in the aspect of how the hypothesis is
set. While Breusch-Pagan test states that the variance of disturbance term has the relationship with
regressors, White test will cover the wider relationship between the variance of disturbance term and
higher amount of regressors as in Equation 11.13 with the procedure as follows.

Var(ui|X2,X3) = E(u2
i |X2,X3) = α1 +α2X2i +α3X3i +α4X2

2i +α5X2
3i +α6X2iX3i +νi (11.13)

Step 1: set up the model as in Equation 66 to obtain û2
i

Step 2: establish the regression model as Equation 11.13

û2
i = α1 +α2X2i +α3X3i +α4X2

2i +α5X2
5i +α6X2iX3i +νi (11.14)

Step 3: similar to Step-3 of Breusch-Pagan test, calculate F- or LM-statistic and set the null and
alternative hypotheses. Then, compare the F- or LM-statistic with the critical value from the statistical
table to test for heteroscedasticity.

3White, Halbert. (1980). “A Heteroscedasticity Consistent Covariance Matrix Estimator and a Direct Test of Heteroscedas-
ticity," Econometrica, Vol.48, No.4, pp.817-38
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Through the four methods stated above, the econometricians can test whether the model that is
estimated by OLS method suffers the heteroscedasticity problem. The graphical test is nothing but
an initial method without any statistical test at any level of significance. The other tests involve the
formulation of hypothesis and statistical test at the chosen level of significance. Hence, either Park,
Breusch-Pagan or White test concerns the level of significance at 0.01, 0.05 or 0.1, depending on the
situations.

11.1 Remedial Measure for Heteroscedasticity

Even though the heteroscedasticity does not make the estimators biased, the variance of the estimators
obtained from the regression model will not be minimum. The loss of the best property will impair the
statistical inference in which the econometricians may be interested such as the confidence interval
and hypothesis test of whether there is statistically significant relationship between explanatory and
explained variables.

The remedial measure for heteroscedasticity will enable the researcher to better analyze and apply
the statistical tools for the study of relationship between explanatory and explained variables in the
model. There are two approaches to remediation which are:

First Case where the variance of each disturbance term (σ2
i ) is known and

Second Case where the variance of each disturbance term (σ2
i ) is unknown.

First Case: When σ2
i is Known: The method of Weighted Least Squares

If σ2
i is known, the most straightforward method of correcting heteroscedasticity is to apply the

generalized least squares (GLS) as we learn in section 10.3. The estimators we obtained are BLUE.

β̂ ∗2 =
(∑wi)(∑wiXiYi)− (∑wiXi)(∑wiYi)

(∑wi)(∑wiX2
i )− (∑wiXi)2 (11.15)

The variance of above estimator can be computed by :

Var(β̂ ∗2 ) =
∑wi

(∑wi)(∑wiX2
i )− (∑wiXi)2 (11.16)

where wi =
1

σ2
i
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The difference between OLS and GLS is that, for GLS, the estimators obtained will minimize
the weighted sum of residual squared or ∑wiû2

i . On the other hand, for OLS, the ones obtained will
minimize the sum of residual squared ∑ û2

i .

For OLS

∑ û2
i = ∑(Yi− β̂1− β̂2Xi)

2

For GLS

∑wiû2
i = ∑wi(Yi− β̂

∗
1 − β̂

∗
2 Xi)

2

Another difference is that GLS will assign different weights to each observation of disturbance
term (û2

i ) according to its importance.

To be specific, if the error associated with the observation is large (that is, the variance is high),
the value of the estimator in the model will greatly deviate from the value of true parameter. That
observation should not be much of interest. Due to GLS method, the weight assigned will be inversely
proportional to the variance of observation. Thus, that observation will be assigned a small weight of
( 1

σ2
i

). For those from a population with smaller σi will get proportionately larger weight in minimizing

the ∑wiû2
i .

In brief, the larger weight will be assigned to the observations that concentrate in their mean
(namely, lower variance); whereas, smaller weight will be assigned to the observations that deviate
from their mean (namely, higher variance).

Generally, for estimation4 it is desirable to establish the population regression model that describes
the true relationship between explanatory and explained variables. Paying more attention to the
observation clustering around its (population) mean is preferable to the observation diffusing from its
mean. The practice of weight assignment of GLS is a special case of least square which is also known
as weighted least squares: WLS. Contrarily, OLS assigns the same weight for all observations.

4In principle, the variance of each random disturbance term is known when we have an access to the whole population
data. In that case, to reflect the true relationship on average, the establishment of the population regression model should
focus more on the observation close to its mean than the one far from its mean.
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11.1.1 Second Case: When σ2
i is not known

As noted earlier, if true σ2
i are known, we can use the WLS method to obtain BLUE estimators.

However the true σ2
i are rarely known.

In this situation, we can apply the following methods to obtain the consistent (in the statistical
sense) estimates of the variances and covariances of OLS estimators.

Consistency

θ is said to be a consistent estimator if it approaches the true value θ as the sample size gets larger
and larger. Figure 11.5 illustrates this property. In this figure we have the distribution of θ based on
sample sizes of 25, 50, 80, and 100. As the figure shows, θ based on n = 25 is biased since its sampling
distribution is not centered on the true θ . But as n increases, the distribution of θ̂ not only tends to
be more closely centered on θ (i.e., θ̂ becomes less biased) but its variance also becomes smaller.
If in the limit (i.e., when n increases indefinitely) the distribution of θ̂ collapses to the single point
θ , that is, if the distribution of θ̂ has zero spread, or variance, we say that θ̂ is a consistent estimator of θ .

Figure 11.5 : The Distribution of θ̂ as sample size increase
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There are two methods to obtain consistent (in the statistical sense) estimates of the variances and
covariances of OLS estimators:

1. White’s heteroscedasticity-consistent standard errors: by the method of White to estimate
unknown standard deviation, in principle, if the sample size is large enough, this estimator can be used
to represent the true standard deviation. Moreover, econometricians can apply this estimator to further
statistical test as if there is no heteroscedasticity problem. Nevertheless, if the sample size is not large
enough, the estimators through White method will not have t-distribution and result in false statistical
conclusion.

After all, it should be aware that if the model dose not suffer heteroscedasticity problem but econo-
metricians still use White’s estimator, the conclusion from the statistical analysis will be erroneous.
Accordingly, the formal test for heteroscedasticity in the model should be conducted such that the
existence of heteroscedasticity is verified.

2. Some assumptions for the distribution of random disturbance term: consider simple regression
model

Yi = β1 +β2Xi +ui

We can set some assumptions for the distribution of random disturbance term as follows.
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Assumption 1: let the variance of random disturbance term be proportional to X2
i

E(u2
i ) = σ

2X2
i

With this assumption, it can be found that the variance of disturbance term of the regression model
will be constant and can be shown by

Figure 11.6 : Error variance proportional to X2
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Assumption 2: let the variance of random disturbance term be proportional to Xi

E(u2
i ) = σ

2Xi

With this assumption, considering the variance of disturbance term of the regression model, it can
be found that the variance will be constant.

Figure 11.7: Error variance proportional to X
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Assumption 3: let the variance of random disturbance term be proportional to the mean of
explanatory variable squared or [E(Yi)]

2.

E(u2
i ) = σ

2[E(Yi)]
2

Before the assumption about disturbance term is made, we need to identify whether the disturbance
term has the relationship with other variables as in the assumption going to be made. To illustrate, the
diagram depicting the relationship between the disturbance term and explanatory variable squared may
be constructed to examine the validity of Assumption 1. After we explore that relationship, we, then,
set the corresponding assumption to solve heteroscedasticity problem.



12. Autocorrelation

12.1 Nature of Autocorrelation

In Chapter 11 , we study the problem of heteroscedasticity. In sum, the problem of heteroscedasticity
ruins the minimum variance property of estimators. In this Chapter, another problem of random distur-
bance term is considered. That problem is autocorrelation among disturbance term which violates
one of the assumptions for classical linear regression model (CLRM)

The nature of autocorrelation is when there is correlation among disturbance terms or

cov(ui,u j|Xi,X j) = E(ui,u j) 6= 0 where i 6= j (12.1)

For time series data, when the random disturbance terms are autocorrelated when the data in each
period is correlated. For instance, the protest in a country that reduces the amount of export of goods
and services in one month may also reduce the export of the following months. Hence, in this case, the
random disturbance terms in these periods will be negative to reflect the fact that the amount of export
tends to be below the mean.

For cross-sectional data, the problem of autocorrelation may occur. For example, the consumption
expenditure of one family may reduce due to the great flood. Also, the flood influences other families in
the same way. The consumption expenditure of these families tends to be positively correlated; hence,
the random disturbance term from this set of data may also be positively correlated.
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Figure 12-1 illustrates the pattern of random disturbance term when the random disturbance term
faces autocorrelation problem with the increasing trend. Contrarily, Figure 12-2 depicts the case where
the random disturbance term has no obvious systematic pattern, namely no autocorrelation.

Figure 12-1: Autocorrelation among disturbance term with increasing pattern

Figure 12-2: No autocorrelation among disturbance term
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Figure 12-3: Patterns of autocorrelation and nonautocorrelation
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among random disturbance terms stems from many factors. The main causes are when the model
or data used in the model have the following properties.

1. The autocorrelation problem is more frequently found in the model where time series data is
used than where cross-sectional one is used. The reason is that cross-sectional data involves a greater
variety of observations, which tend to be independent from one another. The consumption expenditure
of people in an entire country, for instance, is diverse. Any factors liable to cause an error may be
negligible when the data of the entire country is employed. On the other hand, for time series data, the
same sample is studied across time. Mostly, this fact results in the relationship among observations. To
illustrate, macroeconomic data may indicate a positive sign in the recovery period and this trend may
be prolonged until any external shock coming in.

2. Model misspecification, where the important regressors are omitted, could bring about the
autocorrelation problem. For instance, consider the model explaining the demand for chicken with
essential regressors including its price and the price of pork, as the substitute product.

Yt = β1 +β2X2t +β3X3t +ut

where

Yt = demand for chicken
X2t = price of chicken
X3t = price of pork

Unfortunately, suppose we wrongly specify the model such that the regressor X3t is dropped and
the model becomes

Yt = β1 +β2X2t +νt

where νt = β3X3t +ut . It can be seen that the random disturbance term in this misspecified model (νt)
incorporates the relationship of demand for chicken and the price of pork. This characteristic could
result in significant pattern in disturbance term, leading to autocorrelation problem. The autocorrelation
in this case is called false autocorrelation since the problem is not originated from the disturbance
term itself but model misspecification instead.

3. Model misspecification, where the functional form is incorrect, could give rise to the autocorre-
lation problem as well. Consider the model of marginal cost which depends on the amount of goods
produced.

MCi = β1 +β2Out puti +β3Out put2
i +ui

However, suppose the model is mistakenly specified as

MCi = α1 +α2Out puti +νi
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In this case, the random disturbance term is νi = β3Out put2
i +ui. The result occurring is be similar

to the case where the crucial regressors are neglected from the model. That is, a systematic pattern
can be observed in the random disturbance term. The resulting autocorrelation is also called false
autocorrelation.

Figure 12-4: Specification Bias:Incorrect Functional Form

4. Cobweb phenomenon might be another cause. For instance, some economists believe that
supply of agricultural product displays the cobweb pattern. That is, the supplier of agricultural product
makes a decision based on the last-year price as the production process takes time to deploy. The
farmers have to decide first which types of plant will be produced and then production process will be
carried out. Hence, they tend to base their decision on the price in the period when the type of plants is
chosen rather than the price when the product is marketed.

If the price of one plant in the last period is high, there will be a great incentive for farmers to
produce that plant. The product will, then, flood the market, forcing its price to go down. Contrarily, if
the price of that plant in the last period is low, that plant will become unprofitable to produce in the view
of farmers. This probably results in deficiency of the product, raising the price of the plant. Accordingly,
the current amount of agricultural product will rely on the price last year. With the predictable pattern
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of regressor and regressand, the random disturbance term may display that systematic pattern, leading
to the autocorrelation problem.

5. The transformation of data into first-difference form may inflict the autocorrelation problem
on the model. Consider simple regression model. It is obvious that, when the model is established
through first-difference transformation, autocorrelation in random disturbance term will result.
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In sum, there are a variety of reasons why the error term in a regression model may be autocorre-
lated.
It should be noted also that autocorrelation can be positive as well as negative, although most economic
time series generally exhibit positive autocorrelation because most of them ether move upward or
downward over extended time periods and do not exhibit a constant up-and-down movement

Figure 12-5: (a) Positive autocorrelation and (b) negative autocorrelation
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12.2 Consequence of Autocorrelation

Since the autocorrelation in random disturbance term violates classical linear regression model assump-
tions, the following result can be shown in this section. Consider the simple linear regression model
with X as explanatory variable, Y as explained variable, and the random disturbance term at time t: ut

has the relationship with the one-period-lagged disturbance term ut−1.

Yt = β1 +β2Xt +ut (12.2)

ut = ρut−1 + εt , −1 < ρ < 1 (12.3)

where ρ is the coefficient of autocovariance which specifies the degree of relationship between the
disturbance term at one period and the term at lagged period. Let the value of ρ ranges between -1 and
1. According to Equation 12.3, this kind of relationship is called first-order autoregressive: AR(1),
namely the lag period is one. Also, if the maximum lag period is two, we call it AR(2). Generally, with
the lag period of p, we can write the autoregressive model as Equation 12.4.

ut = ρ1ut−1 +ρ2ut−2 + ...+ρput−p + εt (12.4)

ε is the white noise error term in the autoregressive model with the following properties.

E(εt) = 0
var(εt) = σ2

ε

cov(εt ,εt+s) = 0 where s 6= 0
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It can be seen that, if the coefficient of autocovariance ρ is equal to 1 or -1, the variance of the error
term will be undefined. We have to specify the value of ρ between this range to make the disturbance
term stationary. Otherwise, the disturbance term may deviate from what it should be, namely in
non-stationary disturbance term, so that the regression analysis is inapplicable.

Consider simple regression model without first-order autoregressive disturbance term.

Yt = β1 +β2Xt +ut

Through OLS method, the estimator has the following close form solution.

β̂2 =
∑(Xt − X̄)(Yt − Ȳ )

∑(Xt − X̄)2 =
∑xtyt

∑x2
t

The variance of the estimator can be calculated by the following formula.

Var(β̂2) =
σ2

∑(Xt − X̄)2 =
σ2

∑x2
t

Nevertheless, under AR(1) scheme, the variance of the estimator can be computed as:

The difference between the two above situation is that the variance under AR(1) scheme will be
higher. In Equation 12.3, as ρ is equal to zero, or there is no autocorrelation in disturbance term,
Equation 12.3 will converge to the usual formula of the variance of the estimator. Hence, due to
autocorrelation problem, the OLS estimators will not possess best property, namely the estimator will
not have minimum variance !!. But,the OLS estimators are still unbiased.
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12.2.1 Detection of Autocorrelation

When the autocorrelation problem leads to some undesirable properties of the estimators, the con-
clusion drawn from hypothesis testing may be misleading. Therefore, to prevent this mistake, we
should examine whether the model suffers this problem. There are many approaches used to detect this
problem and some of them are discussed in this section.

1. Finding the relationship among disturbance terms by graph: as depicted in Figure 12-3, if there
is autocorrelation, the pattern of disturbance term across time will have systematic form.

2. t-test for autocorrelation: we can examine AR(1) model or ut = ρut−1 + εt and the independent
variables in the model have to be strictly exogenous. That is,

E(ut |X2t ,X3t , ...,Xkt) = 0

or

cov(ut ,X jt) = 0 where j = 2,3, ...,k

When the independent variables are strictly exogenous, we can set the following hypothesis as

Ho : ρ = 0 and Ha : ρ 6= 0

with the following test procedure.

Step 1: estimate the model of interest through OLS method to obtain ût

Step 2: construct AR(1) model with dependent variable ut and independent variable ut−1 and, then,
estimate the regression model to obtain the estimated value of ρ .

ût = ρ̂ ût−1 + ε̂t

Step 3: calculate t-statistic of the estimator ρ̂ and test for statistical significance. If we can reject the
null hypothesis, that means there is the first order autocorrelation among disturbance terms.

This approach can be applied to the test for higher order of autoregressive model like ut = ρut−3+εt

which includes setting hypothesis, computing t-statistic, comparing it with the critical value in statistical
table, and drawing the conclusion of whether the null hypothesis should be rejected.
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3.Durbin-Watson test1: DW-statistic test is one of the popular methods used to detect first order
autocorrelation problem. Six assumptions are required for DW-test.

Assumption 1: the model has to include the intercept

Assumption 2: explained variable X is non stochastic

Assumption 3: the relationship of the disturbance term has to be generated by AR(1) process.

Assumption 4: the disturbance term ut is normally distributed.

Assumption 5: the model under examination does not include lagged regressand Yt−1 as the
explanatory variable. That is, if the model follows equation below, we cannot apply DW-statistic to the
test for autocorrelation.

Yt = β1 +β2X2t +αYt−1 +ut

Assumption 6: There is no missing data.

When all the assumptions are satisfied, DW-statistic can be computed by Equation 75.

DW =
∑

n
t=2(ût − ût−1)

2

∑
t=n
t=1 û2

t
≈ 2(1− ρ̂) (12.5)

ρ̂ =
∑ ût ût−1

∑ û2 (12.6)

where ρ̂ ranges from -1 to 1, causing DW-statistic to range from 0 to 4. Consider the following possible
cases. If ρ̂ approaches 0, DW will approach 2, that is no first-order autocorrelation among disturbance
terms. If ρ̂ approach 1, DW will approach 0, that is positive first-order autocorrelation among distur-
bance terms. If ρ̂ approach -1, DW will approach 4, that is negative first-order autocorrelation among
disturbance terms.

After DW-statistic is obtained, we can use it to test the following hypothesis.

Ho : ρ = 0 and Ha : ρ 6= 0

1Durbin, James. and Watson, Geoffrey. (1951). “Testing for Serial Correlation in Least-Squares Regression," Biometrika,
Vol.38 pp.159-171
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The DW-statistic has to be compared with DW-statistical table invent in 1950 in order to draw the
conclusion about the test. The critical value will include dL and du which are the upper and lower bound
respectively. The degree of freedom k−1 (which is the amount of explanatory variables excluding
intercept term) and level of significance (α) of 0.05 and 0.01 will vary according to the circumstance.
The comparison of DW-statistic to the critical value provides two beneficial insights.

If it turns out that the estimate of the coefficient of autocovariance is greater than 0, or equivalently
DW-statistic is lower than 2, it can be the suspected that the random disturbance terms may have
positive autocorrelation. Hence, the null and alternative hypothesis can be set as

Ho : ρ ≤ 0 and Ha : ρ > 0

We cannot reject the null hypothesis when calculated DW-statistic is greater than dU . We reject the
null hypothesis when calculated DW-statistic is lower than dL. That is, disturbance term has no positive
serial correlation at the level of significance α . Nevertheless, if DW-statistic lies between dL and dU

(dL ≤ DW ≤ dU ), we cannot conclude whether the disturbance term has positive serial correlation.

If, on the other hand, it appears that the estimate of the coefficient of autocovariance is less than 0,
or equivalently DW-statistic is greater than 2, it can be suspected that the random disturbance terms
may have negative autocorrelation. Hence, the null and alternative hypotheses can be set as

Ho : ρ ≥ 0 and Ha : ρ < 0

We cannot reject the null hypothesis when calculated DW-statistic is greater than 4−dU . We reject
the null hypothesis when calculated DW-statistic is greater than 4−dL. That is, disturbance term has
no positive serial correlation at the level of significance α . Nevertheless, if DW-statistic lies between
4−dL and 4−dU (4−dU ≤DW ≤ 4−dL), we cannot conclude whether the disturbance term has nega-
tive serial correlation. Figure 12.6 illustrates the criterion whether reject or not reject the null hypothesis.

In short, the procedure to test for first order autocorrelation among disturbance terms with DW-
statistic involves the following steps.

Step 1: estimate the model of interest to find ût

Step 2: calculate DW-statistic by the formula in Equation 12.5

Step 3: compare DW-statistic with the critical d from the table with the criterion shown in Figure
12.6 to achieve the conclusion about the relationship among disturbance terms.
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Figure 12.6: Criterion for rejecting or not rejecting the null hypothesis with DW-statistic

d=2!dU!dL!d=0! d=4!4-dL!4-dU!

H'o: ρ≥0!

Ho: ρ≤0!

Reject Null Hypothesis:!

Conclude that ρ>0 !

Indecision!

Indecision!
Not Reject Null Hypothesis:!

Conclude that ρ≤0 !

Reject Null Hypothesis:!

Conclude that ρ<0 !

Not Reject Null Hypothesis:!

Conclude that ρ≥0 !

4. Breusch-Godfrey test2: this method can be used to test for any order, from 1 or AR(1) to p or
AR(p) of autocorrelation as illustrated in Equation 12.4 from the simple regression model

ut = ρ1ut−1 +ρ2ut−2 + ...+ρput−p + εt (12.4)

We can form the hypothesis about the relationship among these disturbance terms as
Ho : ρ1 = ρ2 = ...= ρp = 0
Ha : otherwise

with the following procedure.

Step 1: establish the regression model of interest. The example shown is the simple one.

Step 2: establish another model to obtain the relationship among disturbance terms with ût as the
explained variable and X2t and ût−1, ût−2 until ût−p as the explanatory variables.

ût = α1 +α2X2t + ρ̂1ût−1 + ρ̂2ut−2 + ...+ ρ̂put−p + εt (12.7)

Step 3: if the sample size is large, LM-statistic can be computed by

LM = (n− p)R2 ∼ χ
2
p (12.8)

Step 4: compare LM-statistic with the critical value of chi-square table to conclude whether the null
hypothesis should be rejected. Specifically, we reject the null hypothesis if (n− p)R2 is greater than the
critical chi-square at the chosen level of significance and conclude that there exists the autocorrelation
problem.

2Breusch, Trevor .S. (1978) “Testing for Autocorrelation in Dynamic Linear Models", Australian Economic Papers,
Vol.17, Issue.31, pp.334-355. Godfrey, Leslie G. (1978). “Testing Against General Autoregressive and Moving Average Error
Models When the Regressor Includes Lagged Dependent Variables," Econometrica, Vol.46, No.6, pp.1293-1301.
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12.2.2 Remedial Measure for Autocorrelation

After the problem is detected, to prevent the problem from making the variance of estimators so unreli-
able that the conclusion drawn from hypothesis test is misleading, the remedial measure is necessary.
In this section, only the remedial measures for the first order autocorrelation are discussed.

Case when the ρ is known
1. Generalized least squares (GLS): consider the simple regression model with the first order

autocorrelation problem AR(1)

Yt = β1 +β2Xt +ut

ut = ρut−1 + εt

We can separate the procedure into the case where the coefficient of autocovariance (ρ) is known
and unknown. For the case when the ρ is known, we can solve the problem by

Yt−1 = β1 +β2Xt−1 +ut−1
ρYt−1 = ρβ1 +ρβ2Xt−1 +ρut−1

(Yt −ρYt−1) = β1(1−ρ)+β2(Xt −ρXt−1)+(ut −ρut−1)
(Yt −ρYt−1) = β1(1−ρ)+β2(Xt −ρXt−1)+ εt

Y ∗t = β
∗
1 +β

∗
2 X∗t + εt

where
εt = ut −ρut−1

Y ∗t = Yt −ρYt−1
X∗t = Xt −ρXt−1
β ∗1 = β1(1−ρ)

According to the above property of εt , we find that the classical linear regression model assumption
is satisfied. Hence, it can be concluded that, the estimators in the new model generated from the above
procedure are best linear unbiased estimators (BLUE).

Notwithstanding, due to the above procedure, the regressor and regressand of the new model is in
the difference form which means that one observation is lost. Thus, to mitigate the problem, the first
observation on X and Y may be transformed to X∗1 = X1

√
1−ρ2 and Y ∗1 = Y1

√
1−ρ2. We call this

transformation process Prais-Winsten transformation.



218 Chapter 12. Autocorrelation

Case when the ρ is unknown
In the case when the ρ is unknown, two solutions to the problem are available. The first one is

first difference method. This approach is usually used when DW-statistic for the model of interest is
less than R2. The first-difference model is constructed as:

Yt −Yt−1 = β1−β1 +β2(Xt −Xt−1)+(ut −ut−1)
∆Y = β2∆Xt + εt

When the above regressor and regressand are obtained, we can apply the OLS method for non-
intercept model to estimate this new model which solves the first order autocorrelation problem.

The other method is to use estimator ρ̂ obtained from the calculation of DW-statistic. From
Equation 75 and 76, when the sample size is large enough, we can compute the value of ρ̂ through
equation 79.

ρ̂ = 1− d
2

(12.9)

After we obtain the estimate, we can apply it to the remedial measure stated above when the value
of ρ is known.

2. Heteroscedasticity and autocorrelation-consistent standard error: when the sample size is large
enough, Newey and West suggest the formula for the variance of estimators when the autocorrelation
and heteroscedasticity problem occur. With this formula, the standard deviation required in statistical
analysis, such as hypothesis test, confidence interval and so forth, will be applicable.

At the present time, most econometric computer packages provide this estimation of variance in the
set of statistical results. Although this method does not lessen the degree of autocorrelation problem,
the obtained standard error is fixed and applicable for further statistical analysis.

It is noteworthy that the difference between the method of White and Newey-West is recognized.
The approach suggested by White can solve the specific problem of heteroscedasticity; whereas the
one suggested by Newey-West is designed to tackle the problems of both heteroscedasticity and
autocorrelation.
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