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Seemingly Unrelated Regression Seemingly Unrelated Regression 
(SUR) Models(SUR) Models
The models:The models:
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Seemingly Unrelated Regression Seemingly Unrelated Regression 
(SUR) Models(SUR) Models
E l  S  f  i

y x x uβ β β= + + +

Example: System of two equations:
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2 20 22 2 23 3 2
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= + + +

= + + +

If there exists relationship of the error terms 
 ti  i  E( ) ≠ 0

0 3 3t t t t

across equations, i.e. E(u1i, u2i) ≠ 0.
Ignorance of this problem by using single g p y g g

equation estimation method (or separate 
OLS) will lead to less efficient estimators  OLS) will lead to less efficient estimators. 
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Estimation of SUR ModelsEstimation of SUR Models
Two-step system estimation or FGLS

ˆ1. Estimate Var-Cov matrix   .
2. Estimate all parameters βj using FGLS. 

V

( ) 11 1ˆ ˆ ˆ ˆ
SUR FGLS X V X X V yβ β

−
− −′ ′= =

2. Estimate all parameters βj using FGLS. 

( )SUR FGLS X V X X V yβ β

Then, system equation estimation method will y q
provide a more asymptotically efficient 
estimators  estimators. 

However, if there exists specification error 
bl  i   i  h  bl  ill problem in any equations, the problem will 

spread through out the whole system.
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Simultaneous Equations ModelSimultaneous Equations Modelqq
More than one equation.
J i l  d d   d  i blJointly dependent or endogenous variables.
General Structural Form model can be stated 

β β
as:

11 1 21 2 1 11 1 1 1

12 1 22 2 2 12 1 2 2

t t m tm t k tk t

t t m tm t k tk t

y y y x x
y y y x x

γ γ γ β β ε
γ γ γ β β ε

+ + + + + + =

+ + + + + + =

L L

L L12 1 22 2 2 12 1 2 2t t m tm t k tk ty y yγ γ γ β β

β β
M

1 1 2 2 1 1m t m t mm tm m t km tk tmy y y x xγ γ γ β β ε+ + + + + + =L L

By Tatre Jantarakolica 5



Simultaneous Equations ModelSimultaneous Equations Modelqq
Structural Form model:
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Simultaneous Equations ModelSimultaneous Equations Modelqq
Two endogenous variables models:
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ExampleExample
Keynesian Income Determination Model
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System Equations ModelSystem Equations Modely qy q
Simultaneous Bias occurs when  Cov(Yt,ut) ≠ 0
OLS  ll b  b d   OLS estimators will be biased, inconsistent, 

and inefficient.and inefficient.

ββ ≠)ˆ(E Biased

ββ ≠)ˆlim(p Inconsistent
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System Equations ModelSystem Equations Model
Structural Form Model
h  l 

Reduced Form Model
h  l i hi  l  

y qy q

shows structural 
relationship between 

shows relationship only 
between endogenous 

endogenous variables 
and exogenous variables 

variables and exogenous 
variables.g

& lagged endogenous 
variables
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Single Equation Estimation MethodsSingle Equation Estimation Methodsg qg q
Indirect Least Squares (ILS)

- Estimate Reduced form model using OLS
S l  f  ti t d β- Solve for estimated β

Structural Form Model:
Y X EΓ + Β =

Structural Form Model:

Reduced Form Model:
Y=X +VΠ

( )-1ˆ X X X Y′ ′Π =ILS: 1  Estimate Reduced Form ( )X X X YΠ =ILS: 1. Estimate Reduced Form
2. Solve for B ˆ ˆBILS = −ΠΓ
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Single Equation Estimation MethodsSingle Equation Estimation Methodsg qg q
Two-Stage Least Squares (2SLS)
1. Estimate Reduced form model using OLS

P di t d  i bl ˆ(Y)Predict endogenous variable
2. Use    as Instrumental Variables (IV) for 

(Y)
Ŷ ( )

lagged endogenous variables instead of 
i  t l Y  th  bt i  t i       th  

Y

ˆusing actual Y, then, obtain matrix     , then 
estimate model using IV technique

Z
g q

( )-1ˆ ˆ ˆ ˆB Z Z Z Y′ ′= ( )
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System Equations Estimation System Equations Estimation 
MethodsMethods
Three Stage Least Squares (3SLS)Three-Stage Least Squares (3SLS)
If there exists relationship of the error terms If there exists relationship of the error terms 

across equations, system equation 
ti ti  ill l d t   t ti ll  estimation will lead to more asymptotically 

efficient estimators.
2SLS + construct estimated V matrix
3-stage perform FGLS using estimated S 

matrix ( ) ( )1
1 1ˆ ˆ ˆ ˆ ˆ ˆ−

⎡ ⎤matrix ( ) ( )1 1ˆ ˆ ˆ ˆ ˆ ˆB Z Z ZV I V I y− −⎡ ⎤′ ′= ⊗ ⊗⎣ ⎦
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OLS, ILS, OLS, ILS, 22SLS, SLS, 33SLSSLS, ,, , ,,
Single Equation Estimation Methods
OLS: biased & inefficient
ILS bi d & A t ti ll  ffi i tILS: biased & Asymptotically efficient
2SLS: biased & Asymptotically efficienty p y
System Equation Estimation Methods
3SLS: biased & More Asymptotically efficient

but if there exists specification error in one but if there exists specification error in one 
or any equation(s), the specification error 
problem will spread through all equations in 
the systemthe system.
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