7. Multiple Regression Analysis: The Problem of Analysis

Three-Variable Model: Notation and Assumptions
Let us consider the following three-variable PRF as:

Y = Bi + BaXoi + B3Xsi + u;

where

Y; is the dependent variable (regressand)

Xo; and X3; are the regressors or the explanatory variables

u; is the stochastic disturbance term

Remark: the subscript i is denoted the observation i from our sample data.
In case our data are time series, the subscript t will denote the t observation.
B means the average value of Y when X> and X3 are set equal to zero

B2 and f33 are called the partial regression coefficients.

We will talk about the meaning of ) and 3 shortly after knowing the assumptions of the classical
linear regression model (CLRM)
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116 Chapter 7. Multiple Regression Analysis: The Problem of Analysis

Under the CLRM, we assume:

1. Zero mean value of u;

2. No serial correlation

3. Homoscedasticity

4. Zero covariance between u; and each X variable, or

5. No specification bias or
The model is correctly specified.

6. No exact collinearity between the X variables or
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7.1 OLS Estimation of the Partial Regression Coefficients 117

By the above assumptions, we can find out the conditional expectation of ¥;:

The meaning of partial coefficients:

B

Bs

OLS Estimation of the Partial Regression Coefficients

In order to find the OLS estimators, we need to write down the sample regression function (SRF)
corresponding to the PRF:

Y: = P + BaXoi + BaXai + i

Ch7new Page 6



Page 4

Tuesday, April 10,2018 7:52 AM

Ch7new Page 7



118 Chapter 7. Multiple Regression Analysis: The Problem of Analysis

From the FOC, we then get the normal equations:

Y =B+ BXa+ B Xz
E YiXoi = 6] EXZ;‘ + 62 ZX;‘] + Bﬁ ZXZiX3f
Y Xy = B Y X+ b Y XoiXsi+ Bs Y X

We therefore get:

B =¥ — X2 — BsX;
(Eyixai) (E23,) — (Lixsi) (X x2ix3;)
(E3)(Xa%) — (Exaixsi)?

(yixsi) (£x3;) — (Lyixai) (L x2ix3:)
(X3)(La3;) — (L xoixsi)?

&:

>

I

3

Variance and Standard Errors of OLS Estimators

X7 2 s> 2 _2X-X- T
par(Bl) =] l + X2 ZX:;;- +X3 gr'xlf 2X2X3 E'r2:x3l « 0_2
i Y3 X3 — (Eoaixsi)?

se(B1) = +1\/var(By)

N L xo?
(P2) (E3)(Xx3) — (Exaixsi)? i
: o’
var(ﬁg)—m
se(f) = +var(Fe)
- Ll Ex%, * 2
var(ps) (£32)(E2) — (Lxaixs)? 1l
2
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ZJ‘%E“ o ’"53)

se(ﬁ}) =41/ var(ﬁg)
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NN jN 2
cov(Ba.fs) = tid
(1=135)y/ 203/ £,
-2 Zﬁiz
THTI o3

Properties of OLS Estimators
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120 Chapter 7. Multiple Regression Analysis: The Problem of Analysis

Properties of OLS Estimators (Cont:)
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7.2 Properties of OLS Estimators 121

Properties of OLS Estimators (Cont:)
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122 Chapter 7. Multiple Regression Analysis: The Problem of Analysis

The Multiple Coefficient of Determination R> and the Multiple Coefficient of Correlation R

In this section, we will study how to measure the proportion of the variation in Y explained by the
variables X» and X3 jointly. This is the same concept of 72 that we have learned before.

The quantity that gives this information is known as the the multiple coefficient of determination
and is denoted by R°.

To derive R?, we firstly write down the following equation:

Yi = Bi+BXoi+PsXsi+ii;
- ?j+{?,‘
(7.1)

where ¥; is the estimated value of ¥; from the fitted regression line and is an estimator of true
E(Yi| X2, X3).

7.1 may be written as

Yi = Poxait Pixai+iii
= ‘:, -+ 1?;'
(7.2)
Squaring 7.2 on both sides and summing over the sample values, we obtain
E}-‘,-z = E)?;-z +42+ 223?;1?,-
= E.}?:'z + 2 1?1'2
(7.3)

Ch7new Page 16



Page 9

Tuesday, April 10, 2018 7:52 AM

7.2 Properties of OLS Estimators 123

74)

2

voy (];;) E

2% (l—»&ﬂ- )
) 2%
‘.S\__\ :‘orrcl«}‘

g < & coefpitimt
sl (1-4) befucssn X, omact X,

"o

v L
/OWW( o’) leu — 1’123 * TVQV(ﬁ,_) ~

’a
The three-or-more-variable analogue of ris the coefficient of multiple correlation, denoted by R, and it r ar (I"}) Ve
is a measure of the degree of association between Y and all the explanatory variables jointly. Although

rcan be positive or negative, R is always taken to be positive.
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124 Chapter 7. Multiple Regression Analysis: The Problem of Analysis

7.2.1 R’ and the Adjusted Rr*
It should be noted that he R? is a nondecreasing function of the number of explanatory variables. Thus,
when the number of regressors increases, R almost invariably increases and never decreases. in aifior
words, an additicnnl X vaciable will not decrease B

To explain this fact, let we write down the definition of R? again:

e £4'
TSS
i RSS/
i
i Y i
- 2
(7.5)

Therefore, in comparing two regression models with the same dependent variable but differing
number of X variables, one should be very wary of choosing the model with the highest R2.

In light of comparing two R? terms, we have to take into account the number of X variables present
in the model. To achieve this goal , we can consider the alternative coefficient of determination, which
is as follows:

— 2(2? (n-3
RZ = | — / ) (iof %~ varigble Aegm'f'M

Zy:/(n-n moolel) (£ =)

k= the number of parameters in the model including the intercept term.
n= the number of observations in the sample data.

The above equation is known as the adjusted R?, denoted by R? . The term adjusted means adjusted
for the df associated with the sums of squares entering into 7.5.

émevml —FOYW) «FIN Y = f’» + PZYZ( t PL Xgp to-o 1 /g/é in

Thn R |- s /(n-p)
£y /(v

u
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We can rewrite the the adiusied 47 as: WY“AV\CQ ?,L ms{dml +€VM
R = 1-¢
— YR .
6‘ _-::ﬁw i -S(t(
S = g M
- ¢- )
5¢ = ZYi mple
e Vaylomee
We can also get the equation which shows the relationship between B> and R*: of Y )
Recal|l that RLr. _E__s’s’ - | — _Ris_’ _) - = u‘:',z /@
TSS T3¢ <ot
2 Al
R* = | = 2uW. /(n-A) ®
. syt /01
Sibstitutivg D into @ gives »
RE = 1= (1 =gY)-b-1) | 4 verigy
a n-R this @ howe

Besides R afid R” as goodness of fit measures, other criteria are often used to judge the adequacy
of a regression njodel. Two of these are Akaike’s Information criterion and Amemiya’s Prediction
criteria, which aye used to select between competing models. We will discuss these criteria in greater

detail later. @ FoY /k?l , R—7’ < Ra

’

@ It ﬁf7 RY will always  increase
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