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Example

 A bank has sold for $300,000 a European call 
option on 100,000 shares of a nondividend 

i t kpaying stock
 S0 = 49,  K = 50,  r = 5%, = 20%,  

kT = 20 weeks, = 13%
 The Black-Scholes value of the option is 

$240 000$240,000
 How does the bank hedge its risk?
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Naked & Covered Positions

 Naked position (take no action) leaves the 
bank in a very risky position

 Covered call position involves buying Covered call position involves buying 
100,000 shares today and hold it until the 
options expires
f h k d $ (f $ ) h If the stock drops to $40 (from $49) the 

option position expires unexercised
 The bank loses $900 000 on the stock The bank loses $900,000 on the stock 

position when it received $300,000 for the 
option premiums
Both strategies leave the bank exposed to
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 Both strategies leave the bank exposed to 
significant risk



Stop-Loss Strategy

This involves:
 Buying 100,000 shares as soon as price reaches y g , p

the strike price (in this example $50)
 Selling 100,000 shares as soon as price falls 

below the strike price
 Intuition: the probability of an option ending in 

the money increases as the stock price 
increases above the strike price and vice versa
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Stop-Loss Strategy
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Stop-Loss Strategy

 This deceptively simple hedging 
strategy does not  work wellgy

1. Because, stock price follows a 
random walk one cannot predictrandom walk, one cannot predict 
whether the stock price is on the 
way up or down when it is at exactlyway up or down when it is at exactly 
at the strike price
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Stop-Loss Strategy

 Alternatively we can buy the stock when 
the stock is K+a and sell when the stock is 
K-a where a is a small number

 But what should a be? 
 If a is too large we increase the risk of 

losing money from writing an option
 If a is too small we will buy and sell 

very often and incur very large 
transaction costs
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D l f ll i i (0 1)Delta of a call option is (0 to 1)

 Delta () is the rate of change of the 
option price with respect to the underlying

Option
pricep

B
Slope = 
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D l f i i ( 1 0)Delta of a put option is (-1 to 0)

 Delta () is the rate of change of the 
option price with respect to the underlying

Option
pricep

Slope = 

B
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Delta

 Delta is the derivative of the call or put 
option with respect to the underlying asset 
price. Consider the B-S modelprice. Consider the B S model
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Delta

 The delta of a European call option on a non-
dividend paying stock N (d 1)

 The delta of a European put option on a non-
dividend paying stock N (d 1)-1

 The delta of a European call on a stock paying The delta of a European call on a stock paying 
dividends at rate q is N (d 1)e– qT

 The delta of a European put is e– qT [N (d 1) – 1]
 The delta of a European call and put on foreign 

currency are N (d 1)e– rfT ,e– rfT [N (d 1) – 1]
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Delta Hedging

 Delta hedging involves matching the delta 
of the portfolio and the hedged portfolio.

 Example: The stock price is $100 and the Example: The stock price is $100 and the 
option price is $10. 

 Consider a trader who sells 20 call options 
h f b keach for buying 100 stocks. 

 The trader position can be hedged by 
buying 0 6*2000=1200sharesbuying 0.6 2000 1200shares. 

 The gain/loss on the option position would 
tend to be offset by the loss/gain on the 
stock positions
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Delta Hedging

 If the stock price goes up by $1 producing a 
gain of 1200 on the shares

 The option price will go up by 0.6*1=0.6 
producing a loss of 6*2000=1200.

 If the stock price goes down by $1 then the  
losses of 1200 from the share price drop 

l th i i h t ll ticancels the increase in short call option 
position of 0.6*2000=1200
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Delta Hedging (example)

 A US bank has sold six-month put 
options on 1M UK pounds with a strike 
price of 1.6 and wishes to make its 
portfolio delta neutral. Suppose that 
th t h t i 1 62 ththe current exchange rate is 1.62, the 
risk-free interest rate in the UK is 13% 
per annum the risk free interest rateper annum, the risk free interest rate 
in the US is 10% per annum
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Delta Hedging (example)

 Volatility of sterling is 15%. In this case, 
S=1.62, K=1.6, r=0.1, rf=0.13, sigma=0.15, 
T=0.5. The delta of a put option on a currencyT 0.5. The delta of a put option on a currency 
is e– rfT [N (d 1) – 1]

 We can show that d1 = 0.0287 and N(d1) = 
0 5115 and the delta of the put option is0.5115, and the delta of the put option is -
0.458. 

 What is the delta of the bank’s total position? p
 How does the bank hedge?
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Delta Hedging (example)

 Volatility of sterling is 15%. In this case, 
S=1.62, K=1.6, r=0.1, rf=0.13, sigma=0.15, 
T=0.5. The delta of a put option on a currencyT 0.5. The delta of a put option on a currency 
is e– rfT [N (d 1) – 1]

 We can show that d1 = 0.0287 and N(d1) = 
0 5115 and the delta of the put option is0.5115, and the delta of the put option is -
0.458. The delta of the bank’s total position is 
+485000. To make the position neutral we 

t dd h t iti i UK d fmust add a short position in UK pound of 
485000. 

 This short position has a delta of -485000
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This short position has a delta of 485000



Delta Hedging

HEDGING strategy
LONG CALL short the underlyingLONG CALL short the underlying
SHORT CALL long the underlying asset
LONG PUT l h d l iLONG PUT long the underlying asset
SHORT PUT short the underlying asset
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Delta of other assetsDelta of other assets

 The value of the forward contract is 
 For $1 change in the underlying security, the $ g y g y,

value of the forward contract changes by 1, 
everything else equal.
Th d lt f th f d t t i 1 The delta of the forward contract is 1.

 Because the futures contract is marked to 
market every day the delta of the futuresmarket every day, the delta of the futures 
contract is e rT for non-dividend-paying stock 
and equal e r-qT for dividend paying stock, 

h i h di id d i ld
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Using Futures for Delta HedgingUsing Futures for Delta Hedging

 The delta of a futures contract is e(r-q)T

times the delta of a spot contracttimes the delta of a spot contract
 The position required in futures for 

delta hedging is therefore e-(r-q)T timesdelta hedging is therefore e ( q) times 
the position required in the 
corresponding spot contractcorresponding spot contract
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ExampleExample

 The option in the previous example where 
hedging using the currency requires a short 

iti f 458000 dposition of 458000 pounds. 
 e(r-q)T futures = 458000

Hedging using nine month futures requires a Hedging using nine-month futures requires a 
short futures of e-(0.1-0.13)9/12 458000=468442.

 Each futures contract is for the delivery of Each futures contract is for the delivery of 
62500 pounds, we need to short 
468442/62500 contracts
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The dynamic aspects of hedgingThe dynamic aspects of hedging

 As time change, underlying asset 
change, delta changechange, delta change 

 The delta hedge position changes 
The decision to rebalance a hedged The decision to rebalance a hedged 
portfolio depends on the trading cost vs 
how much risk (incomplete hedge) wehow much risk (incomplete hedge) we 
are willing to take. 
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The dynamic aspects of hedgingThe dynamic aspects of hedging
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Delta of a portfolioDelta of a portfolio

 Delta of a portfolio with n options equals the 
weighted average of the delta of the 
components of the portfolio where the weights 
are value of each component

i

n

iw   i
i

i
1
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Delta of a portfolioDelta of a portfolio

 Suppose a financial institution in the United 
states has the following three positions in 
options on the Australian dollar: 

1. Long position in 100000 call options with strike 
price 0.55, expiration date in 3 months. The 
delta of each option is .533
Sh i i i 200000 ll i i h2. Short position in 200000 call options with 
strike price 0.56 and an expiration date in 5 
moths The delta of each option is 0 468
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moths. The delta of each option is 0.468



Delta of a portfolioDelta of a portfolio

3. A short position in 50000 put options with strike 
price of 0.56 and expiration date in two 
months. The delta of each option is -0.508

The delta of the whole portfolio is 
100K*0.533 -200K*0.468-50K*(-.508) =-14,900

26



Concept check questionConcept check question

If we want to achieve a delta neutral position 
using a six-months futures contract, how many 
would we need? The US interest rate=0.05, 
the Australian interest rate=0.08

G) 14900
Y) 15125
R) 15000
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G mmGamma

 Gamma () is the rate of change of 
delta () with respect to the price of ( ) p p
the underlying asset

 See Figure 15.9 for the variation of  
with respect to the stock price for a callwith respect to the stock price for a call 
or put option
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Gamma Addresses Delta Hedging g g
Errors Caused By Curvature

Call
priceprice

C′′
C′
C′′

S

C
Stock price

S′
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Interpretation  of Gamma
F d l l f li For a delta neutral portfolio, 

   t + ½S 2



S
SS
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Theta
 Theta () of a derivative  (or portfolio ) is the rate of 

change of the value with respect to the passage of time

 The theta of a call or put  is usually negative. This 

means that if time passes with the price of themeans that, if time passes with the price of the 

underlying asset and its volatility remaining the same, 

th l f l ti d lithe value of a long option declines

 See Figure 17.5  for the variation of  with respect to 

the stock price for a European call
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VegaVega

 Vega () is the rate of change of the value of 
a derivatives portfolio with respect to 

l tilitvolatility
 The price of an option increases as volatility 

i th f i l itiincrease, therefore vega is always positive
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VegaVega
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Rho

 Rho is the rate of change of the 
value of a derivative with respectvalue of a derivative with respect 
to the interest rate

 For currency options there are 2 
rhosrhos
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Managing  Delta, Gamma, & Vega

 Delta, , can be changed by taking a 
position in the underlying assetposition in the underlying asset

 To adjust gamma,  and vega,  it is 
necessary to take a position in an 
option or other derivative
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Hedging in PracticeHedging in Practice

 Traders usually ensure that their 
portfolios are delta-neutral at least onceportfolios are delta neutral at least once 
a day

 Whenever the opportunity arises they Whenever the opportunity arises, they  
improve gamma and vega
As portfolio becomes larger hedging As portfolio becomes larger hedging 
becomes less expensive
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Scenario AnalysisScenario Analysis

A scenario analysis involves testing the 
effect on the value of a portfolio ofeffect on the value of a portfolio of 
different assumptions concerning asset 
prices and their volatilitiesprices and their volatilities
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Hedging vs Creation of an Option 
Synthetically

 When we are hedging we take 
iti th t ff t   tpositions that offset  , , , etc.

 When we create an option 
synthetically we take positions that 
match  &  
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Portfolio Insurance

 In October of 1987 many portfolio 
managers attempted to create a putmanagers attempted to create a put 
option on a portfolio synthetically
Thi i l i iti ll lli h This involves initially selling enough 
of the portfolio (or of index futures) 
t t h th  f th t tito match the  of the put option
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Portfolio Insurance
continued

 As the value of the portfolio increases, the  of 
the put becomes less negative and some of the 
original portfolio is repurchased

 As the value of the portfolio decreases, the  of 
the put becomes more negative and more of the 
portfolio must be sold
Th did k ll O b 19 The strategy did not work well on October 19, 
1987...
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Summary

 Naked and covered positions
 Stop-loss strategy Stop loss strategy
 Delta hedging

 European options European options
 Forward & futures

 The other Greek lettersThe other Greek letters
 Reality of hedging
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