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Chapter 7
Multivariable Unconstrained Optimization:
Applications

7.1 Competitive Firm Input Choices: Cobb-

Douglas Technology The profit function of a firm with
Cobb-Douglas production function in a comp%titive product
and inputs markets is given by % = XK

max m =— wL —rK

First-Order Sufficient Condition: L4 K o dwm Var ¢
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where VM P, and VM Py are the values of marginal product
of labor and capital, respectively.

Second-Order Sufficient Condition: The Hessian at the
critical point (L*, K™) is negative definite.
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Test the negative definiteness:
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eThatis,a>0,>0and a+ <1 ’ The production ﬁ(_KELF
function has to be homogeneous of degree less than 1. % TR = ?%’ F
e That means the production function is decreasing returns t
scale, and by Microeconomics, the marginal cost is
positively sloped.

Comparative Static Analysis: The optimal solution
(L*,K™) can be solved as functions of parameterse, 5, w, 1,
and p. That is, assuming a and f are unchangedZat-a-given
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particular @?@/\ the first-order sufficient conditions can
be written as an implicit functions of (L*, K*) as follows.

fHL K5 wo, 7o, Do)
f s Wo,T0, Po) =
@@ Wy, 7o Po) fZ(L*'K*;WO,TO,pO)
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The Implicit Function Theorem applies here because

V[L]f(L*,K*;WO;TOIPO) @H‘I >0~ WVQW‘
K

H

is nonsingular because the Hessian is negative definite. We
have

a) there are functions L(m;,r',p/) and K(w,r,p) such

that N
’ T =0
F(L(w, ), K(w, r,p)w,T,B) =0,

. 7/
for |lw—wy| <e,|r—ry] <e, and |p —f)ol < ¢ for
some € > 0.

b) L(wo, 7o, pg) = L" and K(wy, 79, p0) = K™~

c) The gradient
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and by Cramer’s Rule
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We can similarly find all other partial derivatives.

HW Baldani, p. 216, #8.2, 8.3, 8.4
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7.2 Competitive Firm Input Choices: General

Production Technology The same firm as in 7.1
but now with a generic production function f (L, K) will
maximize the profit function

maxnw =pf(L,K)|#= wL — rK.

First-Order Sufficient Condition:

on
ﬁ=pr(L,K)—w=o {VMPFW
a—K—pr(L,K)—r—O

Second-Order Sufficient Condition:

* ¥ _[prL Pfik
H(L K°) [pfkL prI(]

|H;| = pf1, <0
|H,| = [H| = p?>(fifxx — fi%) > 0.

By Implicit Function Theorem
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and by Cramer’s Rule
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* The demand for labor has a negative slope with respect to wage rate if the
capital exhibits diminishing returns-- fxx < 0 means the slope of the
marginal product is negative.

dL(wg,1o, dL(wg,1o,
0,70,P0) and 0 opo).

HW Determine the signs of
ar ap

HW Baldani, p. 216, #8.5.
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7.3 Multi-plant Firm A firm with n plants.
TC;(q;) = Ci(q;), q; = quantity produced at plant i.
TR = R(Q) =P(Q)Q

Q=qu'

n(@) = R(@) ~ ZC(%)—P(Q)Q Zcml
m(@) =P (@0 +P(@) -| i)/ 0 i=12,..

The last equality”is the first-order sufficient condition and it implies that the
marginal cost’of each plant is equal to the marginal revenue, i.e.,

C1(q1) = C;(qz) = -+ = Cr(qn)
=P'(Q)Q" +P(Q")
= R'(Q") 5 MR(Q")
The Hessian is given by
I.RII II RII RII
Rll R” _ C” :
H(q") = | —
l Rll e R” R” _ C‘;'l

where R" = P"{G@*)Q* + 2P'(Q*). The Hessian is negative definite if,

|H1| - R” - C:{’ < 0

[Hyl = (R — C(R” — ¢3) — R

=G —R(C G >0
(—1)iH,|)> 0,i = 3,4,..,n

For perfect competition, R” = 0 and

_C1" 0 0 '|
an_| 0 —-C :
H(q") = : 0 |

o - 0 -C

which is negative definite if C;' > 0,i = 1,2,...,n

For monopoly, this is not necessarily true if the plants have increasing return
to scale where (C;" < 0).

HW Show that the Hessian \
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RII _ C],_, RII RII

. R" R" — C”
H@) =] -

l R" R" R" — C‘r’{

is not necessarily negative definite if C;’ < 0/ for some i = 1,2, ...,n. (Hint:
Show for n = 2)

HW_Show that the Hessian H(q*) above is negative definitelif R/’ < 0 and
C/>0)i=12,..n

Solution: If we assume instead that R/ > 0 and C; > 0 then we can
equivalently show that

RII_I_ClII RII e RII

. RII RII + CII :

H(@)=| | N R
R" R" R"+[CH

is positive definite. We will prove by induction. If n = 2, then |H,| =
R" 4+ C{ > 0and

H,| = (R" + CY(R" + C}) — R"
= CICY +R"(CI +C)) > 0.

Note that |[H,| > 0 even when C{ > 0. We can then state the induction
hypothesis that |[H(qQ*),xn| > 0 when R > 0,({ >0 and C' >0, i=
2,3, ...,n. We need to prove

Rll + C{I RII v RII
. RII Rll + C" E
|H(q )(n+1)><(1’l+1)| = . 2 . R" > 0.
RII e RII RII + 1’{_'_1
By a property of determinant,
| cy R" R"
— 2” R" + Cé/ :
[H(@) (n+1yxneny| = | O R" =
: R" +C) R"
0 R" R"+C).q
RII + Cz” RII vee RII
" RII RII + CII 3
=G : ’ . R"
RII e Rll Rll + 7{{+1
R” RII vee RII
R” R” + C” E
+D=CH |, L |
RII vee RII RII + 7’1’+1
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which is positive by the induction hypothesis.

o [f we assume the functional forms of TR and TC explicitly with
parameters, we can perform the sensitivity analysis using the Implicit
Function Theorem.

HW Baldani, p. 217, #8.9

7.4 Multi-Market Monopoly_ A sionopoly has two,separate markets
with similar demands D;(q,) =/ al’(q,) and D,(q,) = P(q,), where q;
and q, are quantities sold in the two markets. Assume that @ > 1 so that
market 1 is more important. The total revenues earned are:

R,(q1) = aP(q1)qy
R,(q2) = P(q2)q;.

The total cost of outpu: Q = q; + q/is

TC(Q) = C(Q) + tqy,

where $7 is the extra cost per unit to sell in market 2. The profit function is
thus

n(q1,q2) = R1(q1) + R2(q2) — C(Q) — tq;
= aP(q1)q1 + P(q2)q, — C(Q) — tq,.

First-order Sufficient Condition:

m1(q1,q3) = Ri1(q1) — C'(q%1 + q%)
= aP'(q)q7 +aP(q7) —C'(q7+q%) =0
m,(q1,92) = R(q%) —C'(q71 +q%) —t
=P'(q3)q3 +P(q3) —C'(q1 +q5)—t=0
We have q%; > q%. (Why?)

Second-order Sufficient Condition: The Hessian is given by

i i RII _ C" _C"
H(qquZ) = [ 1_CH Ré’ _ CII

where

R{ = aP"(qy)qi + 2aP'(q7)
R; = P"(q3)q; + 2P'(q3).

Test of negative definiteness of the Hessian: If R{ < 0, R; < 0 and C" >
0.

|H;(q1,9:)| =R —C" <0
IH(q1,q5)1 = (R{ —C")(R; —C") — C"?
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= R{/R; — R{C" — R;C" > 0.

Comparative Static Analysis: Write the first-order condition as implicit
functions.

71(q1, q3; @0, to)

m,(q1, q3; o, to)

_ [ @oP'(aD)ai + aoP(q1) — C'(q1 + q3)
P'(q3)q; + agP(q3) — C'(q1 + q3) — to

Vqm(q1, q3; @o, to) = [

Assuming Vam(qi, qz; @, to) = H(q3,q5; ag, to) being a
nonsingular matrix, the Implicit Function Theorem yields

V[a]q(ao, to)
_ ‘ 2 * * -1 * *
—[Vqﬂ(‘h"hi Qo, to)] V[C;] (Vqﬂ(ChrCIzi ao:to))

L _1[P'(g1)qi +P(g;) O

= —H(q1,q3; @0, to) ™ [ (‘h)‘ho (q1) _1]
- _ I:Ril -C" -C" [Rl/a 0 ]
-C" R —-C" _1

By Cramer’s Rule, if P'(q;)q; + P(q;) > 0and C" >0

Ry

—C"
a R, n n
o Lo m-crl | g@-c)
Oa IH(q}, ¢5; @, to) | IH(q;, g5 ao to)| ~
0 _C” |
L ) R S
ot |H(q3, q5; a0, to)|  [H(q1,q5; ag, to)]
Thus,
091 a9
dg; = —da +——dt
ql a + a
By - endatcrar
IH(quq;'QOJtO)l
and similarly,
daq; daq;
dg, —d —dt
~ 716”‘1“ + (R{ — C")dt
IH(QI» q;; 0(0, tO)l

We have
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R, n n
_71R2 + Rldt

Q" =dai + 4% = 15047 g5 ao )|

HW Baldani, p. 217, #8.10, 8.11
alaani, p pmpn,, ,)}{ mum,kmm
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7.5 Statistical Estimation: Linear Regression

Recall matrix differentiation,

V Ax =A ?@Eo[x

VI(TAX = 2Ax,

where A is a symmetric matrix.

Suppose there are n observations.. we' have for i =
1;2!W- WM

C yi=ﬁo+ﬁ€c§+ﬁ@+--- ‘?
where ;g, ]i =0,1,2, ...,%, are ufiknown parameters. In (? - .‘ € $ &

matrix form, . .
P 2
y=XB+¢,

where y, € € R*, B € R¥*1 | and X € R™&+D | If we

estimate B by some b € R**1, the estimate of y is thus J =
Xb, and the error of estimation of y ise =y —§. The o \}€,Ct0"l, u’ ,AO
determination of b by the Least Squares Method is the

choice of b such that the_sum of squares of the error of A2 W

maﬂ is minimized.  The 9 = X‘b

minimization problem 1s thus given by

b WW’&H_ mif/f(b) = eTe=(y -9~ 2 = y_y)..mﬂ )

)" (y — Xb) :
W’Wl} TXTXb.
y the first-order sufficient condition, the critical T
solution is the solution that | % k+)
' e
V() 245 =

and thus the briti

=(y-
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Applications T
X'x b= Xy
WG PTG

be positive definite. The square symmetric matrix XX is . @

always positive semidefinite. Why? Now, if it is also xr)‘( i’) WW"’
positive definite, the solution ‘ér

b = (XTX)"1XTy, as given by the first-order sufficient //
condition is uniquely defined because (XT X)™! exists

(Why?), is a strict local minimum point. Can we say that -‘r‘

is a strict global minimum? % x - M

peeasr

and the second-order sufficient condition requires that _ |

HW What will happen if one of the independent variable
is just a linear combination of some of the other
independent variable? For example, what if x! = 1.5x2?

Pk KR ol a0 duum<i

Dy XK v AW&%% &4
D\O J{S W ol|>0 Wwd‘eﬁi

93






2 wner vﬂg(b); 9\);(-5'( _OLW)MW L.

V(0 i gt i fromy b
fcb) " ﬂ;«ﬂbwcx:
o ity glebeal men.



