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Vector spaces and subspaces

•Vectors and Vector equations•Vectors and Vector equations

•Subspaces of Rn

•Null spaces, Column spaces

•Linear indepenence, Spanning sets 

•Basis and Dimension 

•Rank
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•Rank

•Linear transformations, change of basis
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The span of a set of vectorsThe span of a set of vectorsThe span of a set of vectorsThe span of a set of vectors
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A Geometric description of Span {v} and Span {A Geometric description of Span {v} and Span {A Geometric description of Span {v} and Span {A Geometric description of Span {v} and Span {A Geometric description of Span {v} and Span {A Geometric description of Span {v} and Span {A Geometric description of Span {v} and Span {A Geometric description of Span {v} and Span {u,vu,vu,vu,vu,vu,vu,vu,v}}}}}}}}
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•uuuu and and and and vvvv are nonzero vector in Rare nonzero vector in Rare nonzero vector in Rare nonzero vector in R3 3 3 3 with with with with vvvv is   is   is   is   
not a multiple of not a multiple of not a multiple of not a multiple of uuuu

• Span {Span {Span {Span {uuuu,,,,vvvv} is a plane in R} is a plane in R} is a plane in R} is a plane in R3333 that contains that contains that contains that contains 
uuuu ,,,,vvvv and and and and 0000

• Span {Span {Span {Span {u,vu,vu,vu,v} contains } contains } contains } contains 
the line in Rthe line in Rthe line in Rthe line in R3333 through through through through uuuu and and and and 0000
and the line in Rand the line in Rand the line in Rand the line in R3333 through through through through vvvv and and and and 0000

Dr.  Julaluk Carmai

MA332    LINEAR    ALGEBRA

















=+ 1

2211 21

42

x

x
vxvx Vectors in RVectors in RVectors in RVectors in R2222












=+
2

2211 21 x
vxvx

A line through the origin.A line through the origin.A line through the origin.A line through the origin.
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A lineA lineA lineA line 12 2

3
vv =A lineA lineA lineA line 12 2
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Is b a linear combination of columns of A? If it is                              must have solution. Is b a linear combination of columns of A? If it is                              must have solution. Is b a linear combination of columns of A? If it is                              must have solution. Is b a linear combination of columns of A? If it is                              must have solution. baxax =+ 2211
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Vector Spaces and Subspaces
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The space Rn consists of all column vectors with n components

A real vector space is a set of vectors together with rules for 
vector addition and multiplication by real numbers. 
The resulting vector must be within the space.
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ExampleExampleExampleExample

RRRR2222���� all all all all 2222D real vectorsD real vectorsD real vectorsD real vectors
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Vector addition?Vector addition?Vector addition?Vector addition?
Scalar multiplication?Scalar multiplication?Scalar multiplication?Scalar multiplication?

1111stststst componentcomponentcomponentcomponent

vvvv1111
vvvv3333
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Every vector spaces got zero vectors in it.Every vector spaces got zero vectors in it.Every vector spaces got zero vectors in it.Every vector spaces got zero vectors in it.
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Consider all vectors whose components are positive or zero. Consider all vectors whose components are positive or zero. Consider all vectors whose components are positive or zero. Consider all vectors whose components are positive or zero. 
If the original space is the xIf the original space is the xIf the original space is the xIf the original space is the x----y plane Ry plane Ry plane Ry plane R2222

Vector addition? Vector addition? Vector addition? Vector addition? 

Not a vector spaceNot a vector spaceNot a vector spaceNot a vector space

Scalar Scalar Scalar Scalar Multiplication?  Multiplying a vector (Multiplication?  Multiplying a vector (Multiplication?  Multiplying a vector (Multiplication?  Multiplying a vector (1111,,,,3333) by ) by ) by ) by –2222����

The distinction between a subset and a subspaceThe distinction between a subset and a subspaceThe distinction between a subset and a subspaceThe distinction between a subset and a subspace

This This This This ¼ is not closed under scalar multiplication.is not closed under scalar multiplication.is not closed under scalar multiplication.is not closed under scalar multiplication.
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The distinction between a subset and a subspaceThe distinction between a subset and a subspaceThe distinction between a subset and a subspaceThe distinction between a subset and a subspace
�Can you add vectors? and Can you add vectors? and Can you add vectors? and Can you add vectors? and 
�Can you multiply by scalars without leaving the space?Can you multiply by scalars without leaving the space?Can you multiply by scalars without leaving the space?Can you multiply by scalars without leaving the space?

Vector spaces have to be closed by addition and scalar multiplicationVector spaces have to be closed by addition and scalar multiplicationVector spaces have to be closed by addition and scalar multiplicationVector spaces have to be closed by addition and scalar multiplication....
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A subspace is a subset which is closed under addition and multiplication.A subspace is a subset which is closed under addition and multiplication.A subspace is a subset which is closed under addition and multiplication.A subspace is a subset which is closed under addition and multiplication.
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A line through the originA line through the originA line through the originA line through the origin
2222ndndndnd componentcomponentcomponentcomponent

A vector space inside RA vector space inside RA vector space inside RA vector space inside R2 2 2 2 ���� a subspace of a subspace of a subspace of a subspace of RRRR2222

Addition? Addition? Addition? Addition? 

1111stststst componentcomponentcomponentcomponent
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Multiplication?Multiplication?Multiplication?Multiplication?



MA332    LINEAR    ALGEBRA

The zero dimensional space The zero dimensional space The zero dimensional space The zero dimensional space ���� a subspace contains only one vector, a subspace contains only one vector, a subspace contains only one vector, a subspace contains only one vector, 
the zero vector. (the smallest subspace)the zero vector. (the smallest subspace)the zero vector. (the smallest subspace)the zero vector. (the smallest subspace)

Vector addition Vector addition Vector addition Vector addition ���� 0000++++0000====0  0  0  0  ���� within the subspacewithin the subspacewithin the subspacewithin the subspace

Scalar multiplicationScalar multiplicationScalar multiplicationScalar multiplication���� c c c c 0000====0000���� within the subspacewithin the subspacewithin the subspacewithin the subspace

The largest subspace is the whole of the original space.  The largest subspace is the whole of the original space.  The largest subspace is the whole of the original space.  The largest subspace is the whole of the original space.  

Subspaces of RSubspaces of RSubspaces of RSubspaces of R2222

•RRRR2222 itselfitselfitselfitself

Subspaces of RSubspaces of RSubspaces of RSubspaces of R3333

•RRRR3333 itselfitselfitselfitself
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•RRRR2222 itselfitselfitselfitself
•Any lines through the Any lines through the Any lines through the Any lines through the 

zero vector (the origin)zero vector (the origin)zero vector (the origin)zero vector (the origin)
•The zero vector The zero vector The zero vector The zero vector 

•RRRR itselfitselfitselfitself
•Any plane through theAny plane through theAny plane through theAny plane through the

zero vector (the origin)zero vector (the origin)zero vector (the origin)zero vector (the origin)
•Any line through the Any line through the Any line through the Any line through the 

zero vector zero vector zero vector zero vector 
•The zero vector The zero vector The zero vector The zero vector 
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1111

3333

notnotnotnot

•A line in R2 not through the origin 

is not a subspace of R2

•A plane in R3 not through the origin 

is not a subspace of R3 

notnotnotnot
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Columns are in_______Columns are in_______Columns are in_______Columns are in_______

 514
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Column space of Column space of Column space of Column space of AAAA is a subspace of ____________is a subspace of ____________is a subspace of ____________is a subspace of ____________
What are in this subspace?What are in this subspace?What are in this subspace?What are in this subspace?
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Connection with linear system Connection with linear system Connection with linear system Connection with linear system AxAxAxAx====bbbb

•Does Does Does Does Ax=bAx=bAx=bAx=b have solution for every have solution for every have solution for every have solution for every bbbb????

Subspaces are tied directly to matrix A and they give information Subspaces are tied directly to matrix A and they give information Subspaces are tied directly to matrix A and they give information Subspaces are tied directly to matrix A and they give information 
about about about about the system the system the system the system AxAxAxAx====bbbb

•Does Does Does Does Ax=bAx=bAx=bAx=b have solution for every have solution for every have solution for every have solution for every bbbb????

•Which RHS allow this system to be solved? Which RHS allow this system to be solved? Which RHS allow this system to be solved? Which RHS allow this system to be solved? 
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Find numbers u,v,w that multiply col1, col2, col3 to produce the vector b.

The system is solvable exactly when such coefficient exist. 
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The subset of attainable RHS b is the set of all combinations The subset of attainable RHS b is the set of all combinations The subset of attainable RHS b is the set of all combinations The subset of attainable RHS b is the set of all combinations 
of the columns of A.of the columns of A.of the columns of A.of the columns of A.

The equations Ax=b can be solved if and only if b lies The equations Ax=b can be solved if and only if b lies The equations Ax=b can be solved if and only if b lies The equations Ax=b can be solved if and only if b lies The equations Ax=b can be solved if and only if b lies The equations Ax=b can be solved if and only if b lies The equations Ax=b can be solved if and only if b lies The equations Ax=b can be solved if and only if b lies 
in in in in the column space of Athe column space of Athe column space of Athe column space of A
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We can also describe the result geometrically. Ax=b can be solved if andWe can also describe the result geometrically. Ax=b can be solved if andWe can also describe the result geometrically. Ax=b can be solved if andWe can also describe the result geometrically. Ax=b can be solved if and
Only if b lines in the plane that is spanned by Only if b lines in the plane that is spanned by Only if b lines in the plane that is spanned by Only if b lines in the plane that is spanned by 2 2 2 2 calcium vectorscalcium vectorscalcium vectorscalcium vectors
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Null space is in __________Null space is in __________Null space is in __________Null space is in __________
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