MA332 LINEAR ALGEBRA

Vector spaces and subspaces

e Vectors and Vector equations

eSubspaces of R"

*Null spaces, Column spaces
eLinear indepenence, Spanning sets

*Basis and Dimension

e Rank

e Linear transformations, change of basis

Dr. Julaluk Carmai

MA332 LINEAR ALGEBRA

Vector: A matrix with only one column.
Vectors in R" (vectors with » entries):

i

Geometric Description of R?

Vectar |: '1' :| is the point (x;,x1) in the plane.
X2

R* is the set of all points in the plane.

Parallelogram rule for addition of two vectors:
if u and v in R? are represented as points in the plane, then
u + v corresponds to the fourth vertex of the parallelogram

it
whose other vertices are 0, u and v. (Note that 0 = 0 2}

| 5
EXAMPLE: Letu = [ > i|andv = |: : J Graphs of u,v

and u + v are given below:
x2
4
3

2

. . . e
1 2 3 4

lllustration of the Parallelogram Rule
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EXAMPLE: Letu = [ ;_ ] Express u, 2u, and =*uona

graph.

Xz

19

By W

/ in R?

K=
N
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Linear Combinations

DEFINITION
Given vectors v,,v;,.... ¥, in R" and given scalars ¢.c2,....¢

the vector y defined by

Y=ciVi+ca2Va 44+ Cp¥p

s called a linear combination of v, v-.... v, using weights
1825 0an ol

Examples of linear combinations of viand v::
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7 &,
EXAMPLE: Let v, = |: “i :|and Vi = [ ; } Express

each of the following as a linear combination of v, and v::

L el el el

X2

2

L
' . ol 4 |
A x“‘“ 8

a

Dr. Julaluk Carmai

MA332 LINEAR ALGEBRA
EXAMPLE: Leta,=| 0 | a;-= 2 |,a= -{1

and b = 8

Cetermine if b is a linear combination of a,, a2, and a..

Solution: Vector b is a linear combination of a;, a:, and as if can
we find weights ¥, v2.x3 such that

X8y +xdy +x33dy = b.

Vector Equation (fill-in):

Corresponding System:

i dx 4 -'!-.ﬁ E |
22 + fxy; = 8
3 ldrs + 10x; = _5
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Corresponding Augmented Matrix:

1 4 3 _l 1 0 0 |1 X1=_
0 2 6 8 - g 1 0 22 — Ep==
14 10 5 ¢ o1 2 X3 =

Review of the last example: a,, a:, a; and b are columns of the
augmented matrix

1 4 3
2 6 B
3 14 10 5
(R R |
a a a: b
Solution to
vidy +x:a +xsas = b

is found by solving the linear system whose augmented matrix is

[aJ a: axh}
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A vector equation
vidy +x2@8:+ - +x8x=b

has the same solution set as the linear system whaose
augmented matrix is

[m a: - a, b }

In particular, b can be generated by a linear combination of
a,.a.,....a, if and only if there is a solution to the linear
system corresponding to the augmented matrix.
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The span of a set of vectors

Definition
Suppose v,.Va,....v, are in R"; then
Span/v,.v:,....v,} =set of all linear combinations of

.fln.v_'_.-.p‘l'lr_l-

Stated another way: Span{v,.v:.....¥,} is the collection of
all vectors that can be written as

X1V + X2V 4+ -+ XpV)

where x,x:.....X, are scalars.
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A Geometric description of Span {v} and Span {u,v}

The Span of a Set of Vectors

3 0
EXAMPLE: Letv=| 4 |. Labeltheorigin| 0
()

Lin

together with v, 2v and 1.5v on the graph below.

B |

v, 2v and 1.5v all lie on the same line.

Span{v} is the set of all vectors of the form cv.
Here, Span{v! = a line through the origin.

x3

Dr. Julaluk Carmai




MA332 LINEAR ALGEBRA

: : : EXAMPLE: Labelu, v, u+vand 3u +dv on the graph below.
*u and v are nonzero vector in R3 with v is

not a multiple of u
+ Span {u,v} is a plane in R3 that contains =
u,vand0

+ Span {u,v} contains
the line in R3 through u and 0
and the line in R3 through v and 0

u, v, u + vand 3u +dv all lie in the same plane. X
Span{u.v} is the set of all vectors of the form xju + vav.
Here, Span{u.v! = a plane through the origin.
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EXAMPLE: Lel v, = f and v» =

{(a) Find a vector in Span{v,,v:}.

2 4| x
V., + XV, = Vectors in R?
Tl L Z}LJ

{b) Describe Span{v..v.} geometrically.

A line through the origin.
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Spanning Sets in R*

3

vz
Vi

/K

¥4

v: is not a multiple of v,
Span{v,,v:} =plane through the origin

v- is a multiple of v,
Span{v,.v.} =Spaniv,} =Span{v:}
(line through the origin)
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4 6
EXAMPLE: Letv,=| 2 andv; =| 3 |. Is

2 3
Spaniv,,v:} aline or a plane? 3

Aline Y:73%

1 2 g8 Corresponding augmented matrix:
EXAMPLE: Letd = 31 and b = 3 .Ishin e Lo | s Lo | s
0 5 2 L 313 0 _s5|_21 o _s|_21
the plane spanned by the columns of 47 o s 117 o 5|17 0 0l _4
Solution: ) )
1 2 8 So bis not in the plane spanned by the columns of 4
A 3 1 h = 3
0 5 17

Do v and x: exist so that

Is b a linear combination of columns of A? If it is %&,+ X8, =D  must have solution.
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Vector Spaces and Subspaces

Many concepts concerning vectors in R” can be extended to
other mathematical systems.

We can think of a vector space in general, as a collection of
objects that behave as vectors do in R”. The objects of such a
set are called vecfors.

A vector space is a nhonempty set ¥ of objects, called vectors,
on which are defined two operations, called addition and
multiplication by scalars (real numbers), subject {o the ten
axioms below. The axioms must hold for all u, v and w in 7 and
for all scalars c and 4.

The space R" consists of all column vectors with n components

A real vector space is a set of vectors together with rules for
vector addition and multiplication by real numbers.
The resulting vector must be within the space.

Dr. Julaluk Carmai

MA332 LINEAR ALGEBRA

1. u+visin V.
2. U+V=V+uU.
3. U+V)+W=U+(V+W)

4. There is a vector (called the zero vector) 0 in V' such that
u+0=u.

5. Foreach uin 7V, there is vector —u in I satisfying
u-+(—u) =0.

6. cuisin V.

7. c(U+V) =cU +cV.
8. (c+d)u = cuU+du.
9. (ed)u = ¢(du).

10. 1lu = u.
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Example
R2=>» all 2D real vectors

2rd component 1 3 O T
2| |o] 7 |e

V1

1 component Vector addition?
Scalar multiplication?

FEvery vector spaces got zero vectors in it.
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Not a vector space
Consider all vectors whose components are positive or zero.
If the original space is the x-y plane R?2

Vector addition?

Scalar Multiplication? Multiplying a vector (1,3) by —2=>

This % is not closed under scalar multiplication.

The distinction between a subset and a subspace
v'Can you add vectors? and
v'Can you multiply by scalars without leaving the space?

Vector spaces have to be closed by addition and scalar multiplication.
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Subspaces

Vector spaces may be formed from subsets of other vectors
spaces. These are called subspaces.

A subspace of a vector space I'is a subset # of I"that has
three properties:

a. The zero vector of Vis in H.

b. Foreach wandvarein 4, u+visin /. (Inthiscase
we say H is closed under vector addition.)

c. Foreach u in Hand each scalarc, cuisin H. (In this
case we say H is closed under scalar multiplication.)

[f the subset H safisfies these three properties, then H itself
Is a vector space.

A subspace 1s a subset which is closed under addition and multiplication.
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A vector space inside R? =» a subspace of R?

R A line through the origin

2nd component

>
»

15t component

Addition?

Multiplication?
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The zero dimensional space = a subspace contains only one vector,
the zero vector. (the smallest subspace)

Vector addition = 0+0=0 = within the subspace

Scalar multiplication=» ¢ 0=0=» within the subspace
The largest subspace is the whole of the original space.

Subspaces of R3
/Subspaces of R2 N f 313. \
‘R2 itself *R3 itself
* Any lines through the *Any plane throug}} t.he
zer0 vector (the origin) zero vector (the origin)
- The zero vector * Any line through the
\_ - zero vector

K’ The zero vector /
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o

EXAMPLE: Let// = (0 |: aandbarereal ». Show

h
that // is a subspace of R3. T
Solution: Verify properties a, b and ¢ of the definition of a "/ *

subspace. . d
a. The zero vector of R*isin H (leta = __ and /<'-.

h=_ ).
/

b. Adding two vectors in /f always produces another vector /
whose second entry is ____ and therefore the sum of two
vectors in /1 is also in /. (H is closed under addition)

c. Multiplying a vector in // by a scalar produces another vector
in /7 ([ is closed under scalar multiplication).

Since properties a. b, and ¢ hold, ¥ is a subspace of R*.

Note: Vectors (a.0.8) in H look and act like the points (a.h) In
R-.
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EXAMPLE: Is i/ = {[ ! ] j| A E real} a subspace of
X+

?

l.e., does H satisfy properties a, b and c?

. . . . - %,
-0.5 0.5 1 1.5 2

Graphical Depiction of H

All three properties must hold in order for H to be a subspace of

Property (a) is not true because

__Therefore H is not a subspace of R”.
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Another way to show that /7 is not a subspace of R*:

Let
0 ]
u[l jlandvliﬁ],thenu+v{ :|

1
andsou+ v - [ | which 8%t in 1. So property (b)

fails and so H is not a subspace of R”.

X5 *A line in R not through the origin
3 ® is not a subspace of R?2

2.5 A plane in R3 not through the origin
2 is not a subspace of R3

1.5

0.5

‘ ‘ . . —
-0.5 0.5 1 1.5 2

Property (b) fails
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1
2 Columns are in
3

N N

a b W N

4

The column space of an m x n matrix 4 (Col 4) is the set of all
linear combinations of the columns of 4.

If 4 =[ai... an], then

Col 4 =Span{a,. .... a,}

e T et st _fWm
FITE COIUTTIN Space O dil 7 = 4 1niduiAs A4 15 d subspace ol i,

Column space of A4 is a subspace of _ R™
What are in this subspace?
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Subspaces are tied directly to matrix A and they give information
about the system Ax=b

Connection with linear system Ax=b

*Does Ax=b have solution for every b?

* Which RHS allow this system to be solved?

(1 1 2] b, | (1] [1] [2] [hb]
2 1 3 % b, 2 1 3| |b
X, |= u _(+Vv|_ [+W =
314 b, 3 1 41 |hb,
4 1 5] % b, 4] 1] |5] |b,]

Find numbers u,v,w that multiply coll, col2, col3 to produce the vector b.
The system is solvable exactly when such coefficient exist.
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The subset of attainable RHS b 1s the set of all combinations
of the columns of A.

The equations Ax=b can be solved if and only if b lies
In the column space of A

Recall that if 4x = b, then b is a linear combination of the
columns of 4. Therefore

Col 4 = {b - b =4x for some x in R”}

We can also describe the result geometrically. Ax=b can be solved if and
Only if b lines in the plane that is spanned by 2 calcium vectors

Dr. Julaluk Carmai

MA332 LINEAR ALGEBRA

EXAMPLE: Find a matrix 4 such that " = Cal 4 where

!
x—=2v

W= 3y rxyvinR .
X+
-
Solution:

Therefore 4 =

The column space of an m x n matrix 4 is all of R" if and only

if the equation 4x = b has a solution for each b in R™.
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The null space of an m x n matrix 4, written as Nul A4, is the set
of all solutions to the homogeneous equation A4x = 0.

Nul4 = {x : xisinR"and 4x = 0}  (set notation)

X

Null space is in

I T
X
Il

O O O O

B W DN
a b~ WD
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The null space of an m x n matrix 4 is a subspace of R".
Equivalently, the set of all solutions to a system 4Ax = 0 of m

homogeneous linear equations in # unknowns Is a subspace
of R".

Proof: Nul 4 is a subset of R" since 4 has n columns. Must
verify properties a, b and ¢ of the definition of a subspace.

Property (a) Show that 0 is in Nul 4. Since ,0isin

Therefore

AU +v) = + = + =

Property (b) If u and v are in Nul 4, show that u + v is in Nul 4.
Since u and v are in Nul 4,

and
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Property (c) Ifuisin Nul 4 and ¢ is a scalar, show that cu in
Nul 4:

A(cu) = ___A(u) = ¢0 = 0.

Since properties a, b and ¢ hold, 4 is a subspace of R".

Solving Ax = 0 yields an explicit description of Nul 4.

EXAMPLE: Find an explicit description of Nul 4 where

4_36(13‘1}
' 6 12 13 0 3

Solution: Row reduce augmented matrix corresponding to
Ax = 0
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3 6 6 390 120 13 33 0
6 12 13 0 3 0 001 -6 —-15 0

X —2x; — 13x4 — 33x5
X2 X2
X3 = 6x4 + 15x5
Xy Xy
X3 X
-2 ~13 33

—
=
i

o o O
=

Then

Nul 4 =span{u,v,w}
Dr. Julaluk Carmai
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The Contrast Between Nul 4 and Col 4

1 2 3

24 7
EXAMPLE: Let4 =

3 6 10

0 0 1

(@) The column space of 4 is a subspace of R* where & =
(b) The null space of 4 is a subspace of R* where & =

(c) Find a nonzero vector in Col 4. (There are infinitely many
possibilities.)

[ 1] [ 2 ] B |
2 4 7
3 6 10
0 0 1
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(d) Find a nonzero vector in Nul 4. Solve 4x = 0 and pick one

solution.
1 2 3 0 1 2 00
2.4 70 00 10
row reduces to
36 10 0 0000
0 0 1 0 00 0 0
X = =21
1 Is free
Y N
Letx, = and then
X
X3
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Review

A subspace of a vector space I'is a subset A of I"that has
three properties:

a. The zero vector of IVis in H.

b. Foreach uandvinH, u+visinHA. (Inthis case we
say H is closed under vector addition.)

c. Foreach u in Hand each scalarc, cuisin 4. (In this
case we say H is closed under scalar multiplication.)

If the subset H satisfies these three properties, then H itself
is a vector space.
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Ifvi,....V, are in a vector space V, then Span{v;,....v,} is a
subspace of V.

The null space of an m x n matrix 4 is a subspace of R".
The column space of an m x n matrix 4 is a subspace of R™.
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(b) V= v

X . x-y=0
Solution: Rewrite v as
y+z=10

1 -1 0

0 1 1
subspace of R?, Vis a vector space.

So 7V =Nul 4 where 4 = [ ] Since Nul 4 is a
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-
Xy

(€) §= 2x -3y | :xyzarereal
3y

One Solution: Since

X+ ¥ 1 1
2x -3y =x 2 h Y 3
3y 0 3
1 1
S =span 2 3 . therefore Sis a vector ace by
0 3

w
1

Anacther Solution: Since

X+ 1 1
2x -3y =x| 2 ty 3|
3y ] 3

1 1

S =Col 4 where 4 = 2 -3 . therefore S is a vector space,
0 3

since a column space is a vector space.
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