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Differentiation of Functions of Several Variables

1 Functions of Several Variables

Definition 1.1. A function of two variables z = f(z,y) maps each ordered pair (z,y) in a subset D of the
real plane R? to a unique real number z. The set D is called the domain of the function. The range of f is
the set of all real numbers z that has at least one ordered pair (x,y) € D such that f(z,y) = z as shown
in the following figure.

z=gx ) =9- -y

z=1f(x,y) =x2 +y?

Domain Range

Example 1.1. Find the domain of each of the following functions:

(a) fz,y) =32+ 5y + 2, (b) g(z,y) = V9 —a? —y?
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2 Partial Derivatives

When studying derivatives of functions of one variable, we found that one interpretation of the derivative is an
instantaneous rate of change of y as a function of z. The notation for the derivative is %7 which implies that y
is the dependent variable and z is the independent variable. For a function z = f(x,y) of two variables, z and
y are the independent variables and z is the dependent variable.

Definition 2.1. Let f(x,y) be a function of two variables.

e The partial derivative of f with respect to x, written as g;’; or fy, is defined as

o~ A% h

g% is also denoted by %f(x,y), % (xay)a g%a %7 fz(fﬂ,y) or Dmf

e The partial derivative of f with respect to y, written as % or fy, is defined as

8y h—0 h

% iS alSO denoted by d@yf(‘ray)v @iyf(xay% %57 %a fy(xvy) or Dyf

The partial derivative of z = f(z,y) with respect to = and y at (a,b), which is in the domain of f will be

denoted by g—i fz(a,b) and %’( o) fy(a,b), respectively.
z,y)=\a,

Example 2.1. Find f,(z,y) for f(x,y) = 22 — 3zy + 2y? — 42 + 5y — 12 by using the limit definition.

(z,y)=(ab)

First, calculate f(x + A, y).

fx+hy) =@+h)>=3x+hy+2y>—4x+h) +5y—12
=x% + 2xh + h® = 3xy — 3hy + 2y° —dx — dh + 5y — 12.

ﬂ = lim f[x + A, .V] — j(x- }')
dx h—0 h
; (3% + 2xh + h* = 3xy — 3hy + 2y% — 4x — 4h + 5y — 12) — (x* = 3xy + 2y — 4x + 5y - 12)
% h
. X2+ 2xh+ h% = 3xy = 3hy+ 2y  —dx —4h+ 5y — 12 — x> + 3xy = 2y> + 4x — 5y + 12
T h—0 h
. 2xh+h”—=3hy—4h
= lim -
h—0 h
. h2x+h—3y—4)
= lim
h—0 h

= lim(2x+h—-3y—4)
h—0

=2x—3y—4.



MAZ216:DIFFERENTIATION OF FUNCTIONS OF SEVERAL VARIABLES Asst.Prof. Dr.Saifon Chaturantabut

Remark: The main concept of calculating partial derivatives is to treat all independent variables, other
than the variable with respect to which we are differentiating, as constants. Then proceed to differentiate
as with a function of a single variable.

To see why this remark is true, first fix y and define g(z) = f(x,y) as a function of z. Then

h—0 h h—0 h oxr

For calculating the partial derivative of f with respect to y, we fix  and define w(y) = f(z,y) as a function of

y. Then
wly+h) —wly) _ . fey+h) - flzy) Of

/ T
wi(z) = ilzli% h h—0 h y

The = partial derivative of the function f(x,y) =9 — 22 —y?
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Example 2.2. Find % and % for f(z,y) = 2% — 3xy + 2y* — 4o + 5y — 12.
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Example 2.3. Find the partial derivatives of g—_f; and % for f(z,y) = sin(z?y — 22 + 4).
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Example 2.4. Let f(z,y) = 23 + 2%y> — 2y%. Find f,(2,1) and f,(2,1).

Example 2.5. Let f(z,y) = 2*e*¥. Find % and %.

Hint: Use “Product Rule” for %
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2.1 Functions of More Than Two Variables

Suppose we have a function of three variables, such as w = f(x,y,2). We can calculate partial derivatives of w
with respect to any of the independent variables, simply as extensions of the definitions for partial derivatives
of functions of two variables.

Definition 2.2. Let w = f(z,y, z) be a function of three variables.

e Partial derivative of f with respect to x

2 T f(z+h,y,z)—f(z,y,z)

. £ o
Notation: 2 f(z,y,2), & f(z,y,2), 9L, 22, fo(z,y), Dof

o Partial derivative of f with respect to y

3 T f(x7y+h7z)_f(x7y72)

. C 3 e s 0
Notations: aL)yf(x7y7Z)7 %f(xai%z)a 3*?};7 %7 fy($7y72)7 Dyf

o Partial derivative of f with respect to z

a T f(%y,Z'i‘h)_f(xa%Z)

. 0
Notations: 2 f(z,y,2), & f(z,y,2), 5L, 22, f.(2,y,2),D.f

Example 2.6. Let f(z,y,2) = ¢*¥1n(z). Find f5, fy, f. and f.(1,0,1). Note: No need to use limit definition.
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Example 2.7. (Exercise) Find %, g—i and af for f(x,y,z) = sin(x?y — z) + cos(x? — yz)

a{l = d?r sin[.rz}-‘ - z]+ cos[.r3 - vz”

= [cus(_r:Qy— a}}ﬂ%(.rz}' -z)- [sm[r - yz) r‘}ar x= —y‘:{]

= 2xy cos;[}c2 y— 7] —2x sin[_r“ - }'Z]
% ——[am “y—z 7 +(,m[\: — 17]]
[u]s(r y- <}}§—}[tﬁx - ] [am[}r2 - y'z]]r%_(.rz - y‘z]
=x ws[r V= ]+ sm[r - 1,7]
gi: ——[sln ¥ )+Lm(r —}c}]
[u]s(r y- <}}—[t y— <} {sm{xz — }-‘2]}6%_[12 - }'Z]

= —ws.[_r v— Z]-I— y sm[rz - }Z]

¥
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3 Higher-Order Partial Derivatives

From the previous sections, each of the partial derivatives, e.g. f, and f,, is a function of two variables, so we
can calculate partial derivatives of these functions. Just as with derivatives of single-variable functions, we can
call thesesecond-order derivatives, third-order derivatives, and so on. In general, they are referred to as
higher-order partial derivatives.

There are four second-order partial derivatives for any function (provided they all exist):

L _Pr_ oo L _® oo
T 9z Qx| 0x | W 9yoxr Oy |ox |
L0 [o oo [or
YR 920y ox |0y |’ Y oyz oy |0y’

Example 3.1. Calculate all four second partial derivatives for the function f(z,y) = xe=3Y + sin(2z — 5y).

Remark:

Theorem 3.1 (Clairaut’s Theorem: Equality of Mixed Partial Derivatives). Suppose that f(x,y) is defined
on an open disk D € R? that contains the point (a,b). If the functions fay and fy, are continuous on D,

then .
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P
Example 3.2. Let f(x,y) = y%e” +y. Find ng

Example 3.3. (Exercise) Show that u(x,y,t) = 5sin(37z) sin(47y) cos(107t) is a solution to the wave equation:

Ut = 4(Ugp + Uyy).

— d|du
Y = t)r[dr]
= %[5 sin(3zx)sin(dzy)— 10z sin(10zt))]
- %}5% sin(3zx)sin(4zy)sin(1077)]
= —5007° sin(3zx)sin(dwy)cos(10zz)

_ Ld_u]
Uax = ()x[()x

%[1 Sz cos(3mx)sin(dmylcos(10mt)]

= —45z2sin(3zx)sin(day)cos(107zt)
- d|du
“yy = ()y[()y]
= 945 sin(3zx)(d7 coslday)cos( 107t
ay
= 900z sin(3zx)cosdaylcos(10xt)
dy
= —80x> sin(3zx)sin(dzyjcos(10xzt).
Aty + ttyy) = 4(—4577 sin3mx)sindryleos(10at) + — 80z sin(3mx)sin(dzy)cos(1071))
= 4~ 12577 sin(3zx)sin(dzy)cos(1071))
= 50072 sin(3zx)sin(@dxy)cos(10xt)

- Ltn.

10
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4 Chain Rule

In single-variable calculus, we found that one of the most useful differentiation rules is the chain rule, which
allows us to find the derivative of the composition of two functions. The same thing is true for multivariable
calculus, but this time we have to deal with more than one form of the chain rule.

Theorem 4.1 (Chain Rule for 1 Independent Variable). Suppose that z = z(¢) and y = y(¢) are differ-
entiable functions of ¢ and z = f(z,y) is a differentiable function of x and y. Then z = f(x(¢t),y(t)) is a

differentiable function of ¢ and
dz 0z dﬁ 0z @

dt Oz dt  dydt

where the ordinary derivatives are evaluated at ¢ and the partial derivatives are evaluated at (z,y).

d
Example 4.1. Find d—j if z = f(x,y) = 42° + 3¢°, x = x(t) = sin(t), y =y(t) = cos(t).

Remark:
This derivative can also be calculated by first substituting x(¢) and y(r) into f(x, y), then
differentiating with respect to t:
z = flx,y)
= flx(®). y(1))
= 4(x(1)% + 3(y(r))?

.2 2
=4sin"t + 3cos“t.

Then

% — 2(4 sin £)(cos 1) + 2(3 cos £)(—sin 1)

= 8sinfcost—6sintcost
= 2sint cost,

which is the same solution. However, it may not always be this easy to differentiate in this form.

11
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Example 4.2. Find % if

z = f(z,y) = Va2 —y?, r=x(t) = e, y=y(t) = e

12
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d 0z d 0z d
Remark: It is often useful to create a visual representation for the chain rule gz _ oz + e
dt  Oxdt Oydt
called a tree diagram for the chain rule for functions of one variable and it provides a way to remember the
formula. This diagram can be expanded for functions of more than one variable, as we shall see very shortly.

. This is

dx
x=x() dt . 0z dx
ax dt
z = f(x.y)
[ 2z
y=y0) dv o, 1
dr

Theorem 4.2 (Chain Rule for 2 Independent Variables). Suppose z = g(u,v) and y = h(u,v) are
differentiable functions of u and v, and z = f(x,y) is a differentiable function of z and y. Then,
z = f(g(u,v), h(u,v)) is a differentiable function of v and v, and

0z 0z0x  0z0y

0z _0z0x  0z0y 9z _0z0x 020y
ov  dxdv  Oyov

ou " owou T ogon ™

Tree diagrams:

X " dz dx
au ax du

x = g(u, v)

z=fx,y)

0z ('ly
dy du

y . 4
av dy ov

13
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Example 4.3. Calculate % and % when

z = f(z,y) = 322y +v°, z = z(u,v) = 3u + 2v, y =y(u,v) = 4u —v.

14
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4.1 Generalized Chain Rule

Now that we’ve see how to extend the original chain rule to functions of two variables, it is natural to ask: Can
we extend the rule to more than two variables? The answer is yes, as the generalized chain rule states.

Theorem 4.3 (Generalized Chain Rule). Letw = f(z1,x2,,2m) be a differentiable function of m indepen-
dent variables, and for each i € {1,...,m}, let x;, i = 1,...,m be a differentiable function of n independent
variables. Then

ow ow % ow % ow 0x,,

o, ~omot, "owmor, TV an, ot

i=1,2,..,n

Example 4.4. Create a tree diagram for the case when
w:f(x7y72)7 x:x(t7u7v)’ y:y(t7u7v)’ Z:Z(t’u7/u)
and write out the formulas for the three partial derivatives of w.

aw dx
ax  dt

X =x(t u,v) W axX
ax ou

dW odX
ax  dv

t W
ay dt

aw
ay aw dy
ay du

w=f(x,y, 2)
y=ytuv)

aw dy
ay  dv
(]'_W az
adz ot

oW dz
z=2z(t,u, v) Jz ou

W dzZ
dJz ov

15
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Example 4.5. Let
w = f(z,y,2) = 32% — 2xy + 42°
x = x(u,v) = €"sin(v), y = y(u,v) = e* cos(v) z = z(u,v) = e".
ow
Find —.
(a) Fin gu
(b) Find ('%] (Exercise).

16
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5 Implicit Differentiation

Theorem 5.1 (Implicit Differentiation of a Function of Two or More Variables). Suppose the function
z = f(x,y) defines y implicitly as a function y = g(z) of x via the equation f(z,y) =0. Then

dy 8f__fi

29 _ _ Oz
dz % fy
as long as %5 = fy(z,y) #0

If the equation f(z,y,z) = 0 defines z implicitly as a differentiable function of = and y, then

of
02 _ 5 _ f 9z _ oy _ _Jy
oz g% I= Oy g% Iz

as long as % = f.(z,y,2) #0

Remark: Derivation:
If the equation f(z,y,z) = 0 defines z implicitly as a differentiable function of = and y, then

0 a0
%f(xayvz) - %
ofdr 0f 0z
drds T oz 0
0= _ ot
Ox %
where we have used % =1.

The formula for g—z can be derived in a similar way.

17
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Example 5.1. Calculate % if y is defined implicitly as a function of x via the equation
322 — 22y +y? + 42 — 6y — 11 = 0.
Find the equation of the tangent line to the graph of this curve at point (2, 1).

18
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0 0
Example 5.2. Suppose z2e¥ — yze® = 0. Calculate 8—2 and a—z
€ Y

19
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