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1 Partial Differentiation

1.1 First-order partial derivatives

Consider y = f(x1, 29, - ,x,) Where x1,%9,...,x, are independent of
one another. Suppose only x; changes by Axy , y will change accordingly
by Ay (other z; remain the same)

SO Ay — f(x1+Az17x27." rxn)*f(xl»IQ;"wIn)
' Axy Axq

If Az — 0, consider a small change in x
A
fi= % = Algcilrg> . A_:zy: called partial differentiation.

Partial differentiation helps us ask: How much y will change when
changes, holding other x constant?
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ex. 1 y = f(a1,22) = 323 + 2129 + 423 , find f1(1,3)and f(1,3)

_ 9f
fi= 5

_of
fo=

ex. 3 y = (20329 + 21)(22 + 1) find g—;’l, g—i

Qo
5‘11

81'2

0Q __ _
o — MPx =
0Q __ _
0 — MP, =
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Gradient vector

The gradient vector of the function f(z1,xs,...,2,) is an n-vector of all
partial derivatives:

vf(xlax% 7$n) - (fl f2 te fn)

where f; = %

ex. Q =aK"L'"" where a>0 and 0<b<1

VQ(K,L) =

Application : Demand & Supply Model
Q¢ = a—0bP a,b>0

Q° = —c+dP c¢,d>0
x _  at
=P =
x _ ad=b
Q — ab+dC

Conduct comparative-static derivative:

oP*  __
[CL] oa

oQ*
Oa

a *
%

0Q*  _
b
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or*
[c] e

0Q*
Oc

a*
[ 57 =

29 _
ad

Application : Elasticity

Consider a function z = f(z,y), partial elasticity of z with respect to x

and y are

EZZ‘

gzy

when all variables are positive,

Ezx
oz
Olnz _ 7= __ 0z, z . dinz _ 1
M 8ln:z:_%"f'_8x z * der T =z

For n variables, f(x1, za, ..., Z) :

€zi

8| @

Olnz

<[ I®
|

w8

SRS

_ af($17x27'“7xn)

Xg

Olnx; ~—

Olnx;

) f(.]fl,...,.ljn)
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Elasticities of demand
Given demand function @ = a—FP+yPo+pY or Q1= f(P, P, Y)

, where P, = price of substitute (goods 2) and Y = income

Own price elasticities of demand ¢4 = g;% : % = (—p) - %
Income elasticities of demand ey = % : % = /- %
Cross-price elasticities of demand e, = g;%l : % = (v) - %

ex. )1 =100 — P, + 0.75P, — 0.25P; 4+ 0.0075Y

At'Y = 10,000 , P, = 10, P, = 20, P; = 40 and @)1 = 100 Find price
elasticity, income elasticity and cross-price elasticity of demand.

Ed =
gy =
€12 =

€13 =

Output Elasticities
Given linearly homogeneous Cobb-Douglas production function

Q= F(K, L) = AK°L’ where A, 0,3 #0

Output elasticity of capital = egx = 99 .

_8K =

Q=

Output elasticity of labor = egr, = % . é =1
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ex. Q =6Kz2L:

EQK —

EQL =

Application : Production Function

Given a production function @ = 36KL —2K? — 3L?
MPy =
MP;, =

IfMRatL=3and K=21is$5 Find MRP;_3 and M RPy—_»

MRP;—3 = MR- -MP, =

MRPrg—s = MR- -MPg =
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Application : Multipliers in Macroeconomic Model

Consider a Keynesian-cross model

Y = C+Lh+G
C = Co+c(Y-T) Co>0, 0<e<1

T = T+ tYy Ty>0, O<t<1

* Co—CTO+Io+G0
Y 1—c—ct
Conduct comparative static derivative ;

ay*
Gy

oY'*
Ty

aYy*
ot

oY'*
Oc

ay* __ oy*r __ y*r __ 1
oly, ~—  0Gy = 0Cy = 1—cHct

Aautonomous expenditure
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1.2 Second-order partial derivatives

Consider z = f(x,y) which gives rise to:

— 0 — 0
fxza—iandfy:a—;

“rate of change of z after x (y) changes”

We can find rate of change of f, with respect to z, given fixed y by a
second-order partial derivative:

- with respect to x

9 Pz — 9 (0
aefe or 5w =4 (5)

fmx

- with respect to y

2] Pz — 0 (0

il or Gr=4 (%)

We can also find cross partial derivatives

foo= 2 =0 (0
Ty OxQy — Ox \ Oy

for = 5o5s = 55 (52)

fyy

Young’s Theorem : let y = f(x1,...,2,) is twice differentiable, then

Py . Py oy
89@(’):@ - 837]83% ) L —# ]
... fxy — fy(g
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OMPx i(@) _
ok~ — ok \ox) =
oMP, g(@) _
oL, — oL\ar) ~

_ 0 (0Q _
Qi = % (52) =

_ 9 (0oQ _
Q. = a_L(a_K) =
Qrkr = Qrx

Hessian Matrix: The second-order partial derivatives can be written in
a matrix form

V() =H = {fn f12]

f21 f22

of
for f(zy,m2) Vf(w,29) = |%
Oy

2f o’
2

v2f(x1’x2) — [ gg} 8@@]
022011 0x3

ex. @ =aKiLi = Q(K,L)

_ | ®rx Qkr| _
= [QLK QLL:| -

ex. z = 2% e ¥ Find f,, f,, and Hessian matrix

1%t order:
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nd L 0% 0 (0z\ __
2" order : 7 = (5) =
Iz = A% =
oydxr ~— Oy\ox/
Ir = L) =
oyox ~—  Oy\ox/
Pz _
ox?2
&z _
Oy?
H =

Application: Agricultural Production Function

Consider an agricultural production function.

Q=F(K,LT)=AK°L°T", where A>0,a>0, 3>0,7>0

where K = capital

L = labor
T = land
1%t - order
MPy =
MP; =
MPr =

10
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2nd _ order

OM Pk
oK

OM Py
oL

OM Pk
or

OM Py,
0K

OM Py,
oL

OM Py,
oT

OM Pr
oK

OM Pr
oL

OM Pr
or

11
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2 Differentials and Total Differentials

Recall definition of derivative; g—g = f'(z) =lima,0 %
=dy = f'(x)dx
where dy = differential of y tells approx change in y

dr = differential of x tells approx change in x

The process to find “differential of y” from a function y = f(x) is called
“differentiation.” So,

Z—Z : derivative <« differentiation w.r.t. x.

dy : differential of y < differentiation

product process

Total Differentials

Total Differentials is sum of the approximated changes from all parameters
For y = f(z1,29)

dy = fidxi + fodxs where f; = g_;i

ex. Yy = 2x1+ 319

dy = 2dri+ 3dry = Ay = 2Ax; + 3Ax,

12
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Utility function with n variables :
U = Ul(xy,...,xy)
dU = S%dwy + §dry + ... + 52du,
AU = Uydx; + ...+ Uydx, = 2”: Udzx;
i=1
Consider n = 2, U(xy, z2)
dU = $%dxy + S dx,
Holding U constant = dU = 0

0= MUdX{ + MUydzs

—MUdzy = MUydX, = 42 = —{72+ = MRS = Slope of IC

13
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ex. Given the utility function, U = z%y®, find MRS

dU =

Production function
Q = F(K,L)

dQ = 9£.dK + 9 .4L

dQ) = F
Q K dK—l- FL dL
M Py M Py,

Holding products constant = d@) = 0
0 = MPgdK + MPrdL

ar - — —ﬁ—%{ = MRTS = Slope of isoquant

ex. Q = 60KO®LOT find MRTS

dK MPp,

dl. — ~ MPx

14
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3 Total Derivatives

Consider the function that independent variables are related one another.

ex. y = f(x,w) where x = g(w), or y = f(g(w),w). Find j—g}

indirect
/—/C? direct
. " r
1. By chain rule: j—z = %3—10 + g—i = fx% + fu
2. Total differential: dy = % ~dr + g—g) - dw
indirect
/—/Cr direct
dy _ Oy d oy dw __ £ ’ N
dw = o0 dw T ow aw = Jog ot fu
3—3 = total derivative of y w.r.t. w
g—z = partial derivative of y w.r.t. w
ex. Find j—i, given y = f(z,w) = 3z —w?
r = glw) = 2w+w-+4,

1. By chain rule: j—i =

2. Total differential: dy =

15
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ex. Q =Q(K,L,t) where K =K(t) and L =L(t)

% = K%( - QL% + Qt% Note © = ‘é—fgrowth rate due to time

Q = Qx-K+Qp-L+Q

ex. y = f(x1, 9, u,v) where 1 = g(u,v) and xs = h(u,v)

dyy . Oy Oy 4 Oy Oy 4 Oy
du|v:v T Oz Ou |U:U+8o:2 ou ‘U:U+5‘u
dy, . Oy x| . Oy Oxy ., Oy
dvlu:u T Ox Ov |UZU+8;U2 ov |UZU+81}

ex. Utility function U =U(C,1), where C = consumption, | = leisure =
24 - n, and C = f(n). Given g—g > 0 and %—({ > 0,U =U(f(n), l(n)) =
U(f(n),24 —n). Find %&£

dau

dn

W0 if MUq - f'(n) > MU,

U0 if MU - f'(n) < MU,

16
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4 Implicit Function

Consider the following function:

y = f(r) = 32" — explicit function L
4 , same func in different form
F(y,x) =y — 3x2* — implicit function

A given function of the form F(y,xq,%s,...,x,) = 0 defines an implicit
function of the form f(zq,xo, ..., x,) if

~ : 4. OF OF OF oF
1. F(y, 1,2, ..., x;) has continuous partial derivatives: By Dor? By’ D

need to be continuous, and

dF
2. 4F 20

ex. Given F(y,z,w) = y*z* + w? + yrw — 3 = 0, does F(y,x,w) defines
an implicit function y = f(z,w) 7

Check 2 conditions:

1. continuous partial derivatives — 2 £ 9F
Oy’ Oz’ Ow

oF )
dy

?3_5 e, v all are continuous?

aF
ow

r

if evaluate at (y,z,w) = (1,1,1)

.. implicit function y = f(x,w) is defined by F(y,x,w)

17
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Derivatives of implicit functions

F = F(y,r1,29,....,x,) = y= f(x1,29,...,Tp)

dFf = d(0)=0
Or
(From dy = fidzy + ... + fodzy,)
dFt = F,fidx, + Fidxy + F, fadxy + Fodzs + ... + Fy fpdx, + Fodxy,

Holds if F,f; +F=0,Vi=1,..,n

_OF

. _ —F; of Oz
. fz = 7, or

: or'
ox; o

ex. Find g—i for implicit function y — 32* = 0

d—g = —F—z e ST T T OO UTR by implicit function
dy

S by normal differentiation

ex.2 Find % for any implicit function that may be defined by

Fly,z,w) = P2 + w? + yaw — 3 =0

Oy _ _Fy
ow —  F,
oy — _E _
or ~— F,

18
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ex.3 Given F(Q,K,L) =0 and Q = f(K, L), find M Py, MPr
G = — - = MPg

0Q _ _Fr _
3L = =MPy

8K

%’2_ |Q g=a =!
@Q=f(K,L)=0
dQ = frdK + frdL =0
o= = T

ex.4 If Q(K,L) = 16K"»LY™ = 2 144, use implicit function rule to
find the slope

— MRTS
F(Q,K,L)=
oK _ B
9L — ~ Fx

19
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Application: Partial Market Equilibrium

Suppose now Q7 is a function of P as well as Y

Qd — Qs
Q' = D(PY)
Q° = S(P)

where D, <0, S,>0 ,and Dy >0

Endogenous variable = @, P
Exogenous variable

Equilibrium condition : Q%= Q* or D(P,Y) —S(P)=0
Equilibrium price . P*=P*Y)
Equilibrium identity : D(P*Y)—S(P*) =0

where F(P*,Y) = D(P*,Y) — S(P*)

dp*  dQ*
Find &%, 55
Method I.
1) Z—];: = —F— by implicit function theorem
oD :
Fy, = g5 — 0 (no Y in S)
_ 0D 08
Fr =356~ op
i)
W =B

2) G = = (S(P*(Y) = R aF > 0

d *
d?/o dcil/O(D(P (YO) YO)) fl_g fjl_)]i"i_d%:DP'fjl_}]i"i_l

20
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Method II.

Use total derivative for % from F' = D(P*,Y) — S(P*) =0, P*

= P(Y)
" L oD aS  dp
v Pr dy Y Bl Pr dY
0 d 0 0 d
indirect effect of Y on D direct effect of Y on D indirect effect of Y on S
oD oS \dP* __ 0D
= (3 — 907 )av = ~ov
aD

dP* — oy

= T I

_ 05
oP*  9P*

We can find &

P
ay

with the same process we have in I.

Method I11.

Q?: dQ* = DpdP + DydY

" ar
o Dpis =
QS : dQ* = Sde

av =0
L] -5

Y

By Cramer’s rule

‘Dy —Dp

_ —Sp _ —DySp _ g, . dP"
dYy 1 _DP DP—SP dY
1 —=Sp
‘1 Dy
P L0  _p
dYy — 1 _DP _ DP—SP
1 —=Sp

21
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Interpretation

Normally, Sp> 0 slope of supply

Dy>0  normal goods dQ >0, dY >0
Dp< 0 law of demand
But if Sp>0
Dy <0 inferior goods dQ <0, dY ab” <
Dp<0

Consider giffen goods

Sp>0

dQ _ —DyS
Dy>0 v DPES]FD)
Dp>0

Case 1, if Sp>Dp

dQ* _ —D S _
dY YP % @

Case 2, if Sp<Dp
. D S
F=oer=8=0

22



Chapter 7

Example

Q? = D(P,Y) endo = PQ

Q° = S(P,T) exo = Y, T
Pt = PY,T)
Q" = Q(Y.T)

Solve for % (suppose T' 44 Y)

23
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Application: IS-LM model

IS: Y = CY)+1(r)+ Gy
LM:  L(Y,r) = M,
Solve for jﬂo

1) Take total differential

s: =,

5) Solve by Cramer’s rule

dr* __
dMy —

dr* dY* and ay* o

HOW about d_Go’ d_]Wo’ Gy -

24

endo = Y,r
X0 MQ,G()
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