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Continuous Time: Second-Order 

Differential Equations and 

Systems in the Plane 

Read Chapter 6 Sydaeter et al.  

Only 6.4 – 6.9 
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6.1 Introduction 

 

 
Second-order dif equation iswritten as

( , , ) ...........(1)

where ( )is theunknown function.

Asolution of (1)is a twice-diffentiable function

thatsatisfy(1).

x F t x x

x t
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6.1 Introduction: simplest case 

2

1. is a cosntant.

Solution: . Direct integration

.

Integrating oncemore,we get

1
.

2

Ex x k where k

dx
x
dt

x k dt kt A

x kt At B
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6.1 Introduction:  

when x or t is missing 

• These two special cases are 

 (2 ) ( , )

(2 ) ( , )

(2 ), missing. . (2 )

( , ) .

( ), integrating ( )

(2 ).

a x F t x

b x F x x

In a x is Let u x Then a becomes

u F t u which is first order equation

If wecan find u t then u t will give

us the general solutionof a
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6.1 Introduction: 

 when x or t is missing 

2

1. ( , ) .

.

( ) 1.

1.Integrating

( ) ( 1) 0.5 .

t

t

t t

Ex x F t x t x

Let u x yields u t u

Solution is u t Ae t

Hence x Ae t yields

x t Ae t dt Ae t t B
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6.1 Introduction:  

when x or t is missing 

3

(2 ) ( , )

is nothere, eq is called autonomous.

(2b)cannotbe solved explicitly, except in

special cases.

. .222

b x F x x

t

Ex x xx see p
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6.1 Introduction:  

 ( , , ).............(1)

,(1) ( )

.

,

.

x F t x x

Similarly iseven harder tosolve for x t

whenboth x and t are there

Generally weusenumerical solution for a

given initial condition

Somecasewecan find valuesof Aand Bby

some initial conditio

0 0 0

. ,

( ) ( ) .

ns For example

x t x and x t a
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6.1 Introduction:  

 

2

2

. (0) 1 (0) 2.

: 0.5 .

(0) 1, 1

(0) 2, 2 1

, 3, 2

3 .5 2.

t

t

Ex x x t and x and x

Solution x Ae t t B

For x A B

For x A

Thus A B

Theuniquesolution is x e t t
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6.2 Linear Differential Equation 

 

The general 2nd-order linear dif eq is

( ) ( ) ..............(1)

There isno explicit solution of (1)in the

general case or non-homogenous case.

When RH

( )

Homogenous: (

S=0,wehave:

( ) ( ) .......

) 0

0 .

f t

f t

x a t x b t x

let

x a t x b t x ....(2)
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6.2 Linear Differential Equation 

 

1 1 2 2

1 2

1 2 1 2

1 1 1

0

( ) ( ) ............(2)

, ( ) ( )

(2), (2).

:

(2),

[ ( ) (

0

)

a t b t x

First weclaim that if u u t and u u t

both satisfy then x Au Bu also satisfies

Check Au Bu and Au Bu

Substitute these in we get

Au a t u

x

b t u

x

x

x

2 2 2

0

1 2

1 2

] [ ( ) ( ) ]

(2). ,

(2).

The sum of two ormore solutions of homogenousdif eq.is

also a solution.

B u a t u b t u

by assumption that u and u solve Thus we prove that

x Au Bu satisfies
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6.2 Linear Differential Equation 

 

1 2

1 2

(a)Homogenous dif eq. ( ) ( ) 0

has the general solution

where

( ) ( )are two solutions thatare

notproportional.(multiples of eac

(

h

Theorem 6.2.

other)

(b)Thenonhomogenous dif eq has the general

)

1

) (x Au

x a t x b t x

t Bu t

u t and u t

*
1 2

*

solution

where ( )is any particular solution of the non

     h

( ) ( )

omogenous eq

(

ua .

)

tion

x Au t Bu t u t

u t
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6.2 Linear Differential Equation 

 

Ex.find the general solutions of -

First look athomogenouspart.We need some functions

( )thatdonotchangewhen differentiated twice.

Howabout , ,

, notproportional.

The general s

t t t

t t t

x x t

x t

x e x e x e

and x e x e x e

olution of thehomogenouspart is

.t tx Ae Be
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6.2 Linear Differential Equation 

 

* *

Fornon-homogenous, the general solution is a

complementary function+a particular function.

By trial and errorwe find that

( ) - where ( )is any particular solution.

Thus, the general solution is

Wehaveno gen

t t

u t t u t

x Ae Be t

eralmethod to find two

solutions of homogenouspart, exceptwhen

( )and ( )are both constants.a t b t
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6.3 Linear Differential Equation: 

Homogenous with constant coefficients. 

 

1 2

2 2

Consider thehomogenous eq.

0..............(1)

By Thm6.2.1weneed to find ( ) ( )

solutions thatare notproportional.

Consider this function haspropeties

.

So , , are

rt

rt rt

x ax bx

u t and u t

x e

x re rx and x r e r x

x x and x constantmultiples of each other.



EE422 Chaiyuth 2013 16 

6.3 Linear Differential Equation: Homogenous 

with constant coef. 

 

2

2

2

21 1 1
1 22 4 2

21
4

21
4

Idea:we try to adjust (1).

This requires 0

( ) 0.

0, .

Two characteristic roots are

, .

The roots are real if

.

f 0 .

(1)

rt

Charac

r so that x e satisfy

r x arx bx

x r ar b

Weneed r ar b

r

teristic

a a b r a

a

eq o

a b

b

f

2
2 4

[ : ]
2

B B AC
Note Ax Bx C x

A
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Theorem 6.3.1: Homogenous 

2121
4

21
4

21
4

21
4

Theorem6.3.1

The general solution 0

(1) 0, .

(2) 0, ( ) , .5

(3) 0, ( cos sin ),

.5 , .

(1) ;

tr

r

t

t

t

r

of x ax bx is

If a b x Ae Be

If a b x A B e where r a

If a b x e A t B t

where r i and a b a

Twodistinct real r

t

oots (2) ;

(3)

one real double root

complex roots or noreal roots
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Theorem 6.3.1: Homogenous 

In case(2), the general solution is

( ), ( )is some solution

that isnota constantmultiple of .

Wecan see thata possible ( ) .

Hence the general solution is ( ) .

rt

rt

rt

rt

x Ae Bg t where g t

e

g t is te

A Bt e
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Theorem 6.3.1: Homogenous 

)

2

(
1

(
2

)

Note that in(3) : ( cos sin )

0 andare real.

This is derived from .

Thus,

( )

1 1.

In practice,we prefer to work with real functions than

comple

t

t i t i t

ii tt

x e A t B t

and

r i and r i

x Ae Be

e Ae Be

where i or i

x exponentials.We can apply Euler's formula

Next, use cos sin

cos sin .

,
t

ti

i

e i

and e t i t

t t
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Theorem 6.3.1: Homogenous 

( ) ( ) ( )

( cos sin cos sin )

( cos sin )

( ).

.

cos(

i t i t t i t i t

t

t

t

x Ae Be e Ae Be

e A Ai B t Bi t

e A t B t

whereA A Band B i A B

TheseA and B are real numberswhenAand B

arec

t t

omplex conjugates

Another form is x Ce t ).D
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2 2

2

2

1 2

3 3

1. 3 0

, 3 0

( 3) 0

.: 3 0 2

3 3.

.

rt

t t

Ex x x

x e x r x r x x

x r

Characteristiceq r has real roots

r and r

The general solution is

x Ae Be
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2

2 2

2

2. 4 4 0

( 4 4) 0

4 4 ( 2) 2.

The general solution is ( ) .t

Ex x x x

x r r

r r r has r

x A Bt e
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2

2

2

3

3. 6 13 0

6 13 0 .

1
( 6) 13 0.

4
/2 ( 6)/2 3;

13 .25( 6) 2

( cos2 sin2 ).t

Ex x x x

r r has no real roots

check

a

The general solution is

x e A t B t
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6.3 Non-Homogenous Equation 

*
1 2

*

Consider thenonhomogenous eq.

( )............(4)

By thm6.2.1, the general solution is

( ) ( ) ( ) ( ).

Howdo we find ( )?Themethod of

undetermined coefficients works in many cases.

x ax bx f t

x t Au t Bu t u t

u t
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6.3 Non-Homogenous Equation 

*

Consider 3cases of ( ) 0

(note that 0,wehave a case of missing ( 2 )).

Case1. ( ) (constant)

The particular sol of

( ) / .

* , * * 0, / .

f t whenb

if b x case a

f t A

x ax bx A

is u t A b

If u c thenu u sobc A or c A b
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6.3 Non-Homogenous Equation 

* 1
1 1 0

Case2. ( )is polynomial.

Suppose ( ) degree . The particular sol of

( ) .......(4)

( ) ... .

We find all ' by requiring *satisfying(4).

n n
n n

f t

f t is n

x ax bx f t

is u t A t A t A t A

A s u
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6.3 Non-Homogenous Equation 

2

( )

* 2

* *

2 2

. 4 4 2......(*)

( )is polynomial of degree2.

,

try to adjust , , to give a solution

( ) 2 ;( ) 2

Sub( ),( ) * into(*)yields

2 4(2 ) 4( ) 2

f t

Ex x x x t

f t

Let u At Bt C next

A B C

i u At B ii u A

i ii and u

A At B At Bt C t
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6.3 Non-Homogenous Equation 

2 2

1 0 2

2

rearrangeLHSto getsimilar toRHS

4 (4 8 ) (2 4 4 ) 2

4 1, 1 / 4.

4 8 0 2 1 / 2.

1 1
(2 4 4 ) 2 7 / 8.

4 2
1 1 7

, * .
4 2 8

At B A t A B C t

A or A

B A or B A

C orC

So u t t
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6.3 Non-Homogenous Equation 

2

( )

1 2

1

.( ) 4 2 2 2 6......(*)

( )is polynomial of degree2.

ForHomogenouspart, the auxiliary equation is

4 2 0.We get twodistinctreal roots:

2 6 2 6.

The general solution

f t

r

Ex you try x x x t t

f t

r r

r and r

is x c e 2 6 2 6
2

* 2Fornon-homogenouspart, .

c e

Let u At Bt C
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6.3 Non-Homogenous Equation 

* *

2 2

2 2

Nexttry to adjust , , to give a solution

( ) 2 ; ( ) 2

Sub( ),( ) * into(*)yields

2 8 4 2 2 2 2 3 6

rearrangeLHSto fit

(2 4 2 ) 6

Thus the partic

2 2

ular solutio

(8 3

S

2

n

)

RH

A B C

i u At B and ii u A

i ii and u

A At B At Bt C t t

t t tA B tA B CA

2 5
2

is

9u t t



EE422 Chaiyuth 2013 31 

6.3 Non-Homogenous Equation 

2

Case 3. ( ) ,where and are constants.

has the particular solution

* .

In all 3 cases,notice that * hasa same form ( ).

qt

qt

qt

f t pe p q

x ax bx pe

p
u e

q aq b

u as f t
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6.3 Non-Homogenous Equation 

2

12

Euler'sDifferentialEquation

0, ( 0)

Trick: make it to a new independentvariable

wh lere

1

1 1 1

n .s

a bx t

t or Then

dx dx ds dx
x
dt ds dt ds t
d dx dx

x
dt ds t ds t

s

e s t

d dx

dt s

t

d

xt x

t
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6.3 Non-Homogenous Equation 

2

2

2

2

2

2

2

2

1 1

1 1

1
0,

( 1) 0

this is an ordinary 2nd eq.with constantco

1
.

ef.

dx

ds tt
dx

Use thesewe get
ds tt

dx d x dx
at bx or

ds ds tds

d dx ds

ds ds dt

d x dx
a

d x

t

b
ss

ds

x
dd
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6.3 Non-Homogenous Equation 
2

2

2

nd

2

2

2

Ex.solve 0. [ 1, 1]

(1 1) ( 1) 0 ln .

Now, 2 diff.eq.with constantcoef. : 0, 1.

charecteristic eq :

0. ( 1) 0.

1
check roots : 0 ( 1) 0.

4
So,wehave a casewith 2dif

0r

t x tx x a b

d x dx
x where s t

dsds
a b

r r

a

ar b

b

ferentreal roots.
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6.3 Non-Homogenous Equation 

1 2

21
1 4

2
1 1

1

( ) ;

1
0 0 ( 1) 1;

2
1.

Thus ( ) .

Since ln ,

( ) .

r s r s

s s

s

x s Ae Be use formula

r

r

x s Ae Be

s t or e t so

x t At Bt



EE422 Chaiyuth 2013 36 

6.3 Non-Homogenous Equation 

2

1/2 3/2

3
3 0

4
show that this is anEuler equation

whose the general solution is

( )

.

4.

t x tx x

x t At B

e

t

x
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6.4 Stability for Linear Equations 

• A solution of the system may be interpreted 
as the resulting path of a particle that is 
initially placed at position X(0) or initial 
conditions. 

• If X(0) is just a critical points, then the 
particle remains stationary. 

• Now, we look at the behavior of the solution 
when X(0) is chosen close to a critical point 
of the system. 

• Now, suppose X1 is critical points, we are 
interested in answering these questions: 
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6.4 Stability for Linear Equations 

• If X(0) is placed near X1, or we think this as 
one or more initial conditions are changed, 
obviously, the solution will change. We want 
to know 

• (a) will the particle return to the critical point? 
More precisely does lim X(t)=X1? 

• (b) If the particle does not return to the critical 
point, does it remain close to the critical 
points or move away from it? 
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6.4 Stability for Linear Equations 
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6.4 Stability for Linear Equations 
• Will small changes in the initial conditions have 

any effect on the long-run behavior of the 
solution, or will the effect die out as t goes to 
infinity (meaning that the particle eventually goes 
to the critical points) ? 

• Two concepts: Stability requires only that small 
perturbations of the equilibrium yield a solution 
that remains close to the equilibrium, whereas 
asymptotic stability requires that the solution 
eventually returns to the equilibrium (not just 
only stay close) as t goes to infinity. 
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6.4 Stability for Linear Equations 
• If their effects die out, we have the system that is 

asymptotically stable. 

• If it leads to big changes in the behavior of the 
solution in the long run, then the system is unstable. 

• If a neighborhood of an equilibrium point is 
extended to the whole domain, we call it globally 
asymptotically stable. That is, all solution paths 
approach equilibrium, regardless of initial 
conditions. Ex.  

• Obviously, asymptotic stability is a stronger 
property than stability. 

 

0.x ax witha 
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6.4 Stability for Linear Equations 

*
1 2

1 2
*

( ) ( ) ( )..............(1)

The solution (1) ( ) ( ) ( ),

where ( ) ( )is the general solution of

homogenous ( )is a particular solution.

Eq.(1)is called globally asym.stable if ge

x a t x b t x f t

of is x Au t Bu t u t

Au t Bu t

and u t

every neral

solutions of homogenous equation tends to 0

as for all values of .

Then the effectof the initial conditionsdies outeventually.

t Aand B
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6.4 Stability for Linear Equations 

with constant coefficients 

2

( ) .

..............(2)

....................(3).

0 0.

0

x ax bx f t is globallyasym stable

iff

or iff both roots o

a and b

r ar b

negative real parts

f thecharacteristic

equation have
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6.4 Stability for Linear Eqs with constant coefficients 

2

1 2

1 2

0 ,

...(*)

...(**).

,

( ) .. (*),

( ) .. (**).

, , ,

If r ar b has real roots

then r r a

and r r b

Toclaim that both roots arenegative this

needs i a is positive from

and ii b is positive from

Conversely if a b areboth positive then

wecan show th
1 2

, (*),

. , ,

(**), .

at from either r or r

must benegative So if one is positive

from bothmust benegative
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6.4 Stability for Linear Equations 

with constant coefficients 

1 2

21
2

Look atall 3 cases fromTheorem6.3.1

(1) .

(2) ( ) , .5 .

(3) ( cos sin ), .5

4 .

r t r t

rt

t

x Ae Be

x A Bt e where r a

x e A t B t where a

and b a
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6.4 Stability for Linear Equations 

with constant coefficients 

Case 3depends on the value of .

0,wehave fluctuation.

0,wehave fluctuation.

0,we dampedhave fluct

exp

uat

lo

ion or

convergence ti

unif

me path.

iv

o

s

rm

eIf

If

If
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t 

  x(t) 
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2 4a b
a 

b 

UN                UO                  SO                    SN 

UN                    UN 

S=stable, U=unstable, O=oscillatory, N=non-oscillatory 
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6.5 Simultaneous Eqs in the plane 

0 0

Many economic models involve several unknown functions 

that satisfy a number of simultaneous diff equations :

( , , )

( , , ).

In economics, ( ) ( )are state variables.

Usually,( ( ), ( ))is known an

x f t x y

y g t x y

x t and y t

x t y t d the future

path is then uniquely determined.
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6.5 Simultaneous Eqs in the plane 

However, rate of change of each variable depends

also on other variable, thus x and y are interacted.

Systemsof this type are very complicated.

Asolution of (1)is a pair of differentiable functions

( ( ), ( ))satisfying(1)and(2).

The

x t y t

re is no generalmethod. However,we

can find explicit solutions in some special cases.
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6.5 Simultaneous Eqs in the plane 

Wewill discuss some special cases:

(a) limination  

(b)Recursive systems

(c)Linear systemswith constantcoefficients.

(p.238)

E
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6.5 Simultaneous Eqs in the plane 

(a)Elimination  (p.237): 

Idea is to reduce the system into only oneunknown.

Transform the first equation

( , , ) to ( , , ).

Differentiate thiswrt and substitute into the

second equation,hencewe express all in

x f t x y y h t x x

t yand y

termsof .

Then, solve for x(t)and then we can find y(t).

x
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6.5 Simultaneous Eqs in the plane 

Ex.1.Find the solution of the system

2

4

Solution:

Solving the first eq. 2 1

Diff wrt : 2 2

Insert this and into the second equation gives

4 .

Use the formula in p.

t t

t

t t

t t t t

t

x x e y e

y e x y

y xe xe

t y xe xe xe xe

y

x x e

230 section 6.3
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6.5 Simultaneous Eqs in the plane 

(b)Recursive  (p.237):

When the system takes the special form:

( , , ) ( , ).

In this case, y is independent.

First, solve ( ).

Second, substitute into and solve for ( ).

x f t x y and y g t y

yand get y t

y x x t
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6.5 Simultaneous Eqs in the plane 

11 12 1

21 22 2

11 12 1

21 22 2

Consider linear System with constant Coeff.

( )

( )

( )

( )

We will solve for

( ; , ) ( : , )

x a x a y b t

y a x a y b t

x a a x b t

y a a y b t

x t A B and y t A B

Aan

0 0 0 0

can be specified by initial conditions

for each variable, say ( ) ( ) .

.

d B

x t x and y t y

See the formula for the solutionof this system in text
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6.5 Simultaneous Eqs in the plane 

2

11 12

21 22

11 12

21 22

Suppose ( )and ( ) 0, the linear system with 

constantcoeff. reduces to the linear homo system

(solution based onEigenvalues p.239)

t
b t b t

x a x a y

y a x a y

x a a x

y a a y

1 2

1 2

..........(7)

Let solution of (7)

for an appropriate choice of numbers , .

t tx v e and y v e

v v
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6.5 Simultaneous Eqs in the plane 

1 2

1 11 12 1

21 222 2

11 12

2

1

2 21 22

1

Inserting in(7)yields

Getrid of

t t

t t

t t

t

A X

x v e and y v e

v e a a v e

a av e v e

e

a a

a

v

va

v

v

where of matriisE x Eigenval .

0 (

ige

) 0

uenve

.

ctor
X

Awith

A A

X

X XIX



EE422 Chaiyuth 2013 58 

6.5 Simultaneous Eqs in the plane 

211 12
11 2

2 2

1 2

2
1 2

0, 0,

( ) 0.

So, if hasdifferentreal eigenvalue

2 eigenvectors

s, ,

has thatare linearly independent.

Thus, the general solution is

trA

For X weneed A I or

a a
a a A

a a

A and then

A

x

y
1 21 1

2 2

.t tAe B
v u

v u
e
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2

1 2

. 0 2

0 2
.

1 1

0 2

1 1

2 ( 1)( 2). ,

1 2.

2 1

1 1

Ex x y

y x y

x x

yy

Thecharacteristicof Ais

Thus eigenvalues

are and Thecorresponding

eigenvectorsare and .
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1

2 1
1 2

1 1

2 2

1 2 2

2

When 1, the corresponding eigenvectors

0 2
1 ; 1 ;

1 1

2 2
; 2 ; .

1

When 2, the corresponding ei

v
is A

v v
or v v or

v v

v
X X

v v

v

1 1

2 2

2 1

genvector

0 2
2 ; 2 ;

1 1

1
2 2 ; .

1

v v
is AX X or

v v

v v or
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1 2 1

2

1

2

1 2

1 2

1 2

2 1

1 1

2
.

t t

t t

t t

t t

The general solution is

x
Ae Be

y

Ae Be

Ae Be

Ae

u

u

B

v

v

e
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This shows a typical phase portrait of  all 2x2 

homogenous linear system with real eigenvalues of 

opposite signs. (saddle) 

If both eigenvalues are positive, the system moves 

away from the origin.(Repeller) 

If both eigenvalues are negative, the system  
Moves toward the origin. (Attractor) 
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Ex2. Letadd some constants

2 6

3

Trick is to transform this into homogenou system

by introducing new variables as a deviation from

equilibrium. 0,( , ) (6, 3).

Letcall 6 3

, so the prob

x y

y x y

When x y x y

z x and w y

and z x w y lem becomes

2( 3) 6 2 0 2
.

( 6) ( 3) 3 1 1

z w w z z

w z w z w w w
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1 2

1 2

,

2
.

, 6 ...

3 ....

t t

t t

this is thesameasbefore thus

z Ae Be

w Ae Be

Thus x z

and y w
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Ex. When A give repeated roots, try this

3 18
A= , 3

2 9

(4) .238.

find

x
see formula in p

y

 
  

  
 

 
 
 

This shows a typical picture of phase diagram 

of all 2x2 homogenous linear systems that 
have two repeated negative eigenvalues. 
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6.6 Equilibrium Points for Linear Systems 

11 12 1

21 22 2

1

2

ConsiderLinear system with constantcoefficients

...........(1)

The equilibrium points are determined by

putting 0 (1).

x a x a y b

y a x a y b

x x b
A

y y b

x y in
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6.6 Equilibrium Points for Linear Systems 

11 12 1

21 22 2

11 12 1

21 22 2

* *12 2 22 1 21 1 11 2

0

0

...............(2)

(2), '

,

a x a y b

a x a y b

a x a y b

a x a y b

From wecan useCramer s rule

a b a b a b a b
x y

A A
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6.6 Equilibrium Points for Linear Systems 

2 2

Ex. Find the equilibrium point for

2 2

2 8

2 1 2

0 2 8

, 4 0 4 0 ( *, *) (3, 4)

Also you can solve for the general solution

( ) t t

x x y

y y

x x

y y

First A and x y

x t Ae Bte
2

3,

( ) 4.t

and

y t Be
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6.6 Equilibrium Points for Linear 

Systems: Theorem 6.6.1 

11 12 1 1

21 22

11 22

2 2

The equilibrium point( *, *)for

is glob

( ) 0,

de

ally stable iff

Equivale

t( ) 0.

ntly,

tr A a a and

A

x y

x a a x b x b
A

y a a y b y b

iff both eigenvalues of Ahave

negtive real parts.
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1 2

1 2

Somenice properties

(1) ( )

so if both havenegative real parts,

then ( ) 0.

(2) det

tr A

tr A

A
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2

1 2

1 2

: ,

( ) , .

( )( )

( ) .

( )

( ) .

a b
check SupposeA weknow that

c d

trace A a d and A ad bc

Now findeigenvalueof thismatrix A

a b
A I a d bc

c d

a d A

Show that a a d

and b ad bc
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11 22

Ex.Check the stability at(0,0)for

2

0 1

2 1

.

( ) 0 1 0,

det 0( 1) 2 2 0

By thm6.6.1the equil. point(0,0)is stable.

x y and y x y

x x

y y

Solution

tr A a a and

A
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11 12 1 1

21 22 2 2

If is2x2 realmatrix, then there exists such that

where is e

Consider linear system

x a a x b x b

y a a y b y b

or

X X

-1

A

A T

AT = TB T T = BA

T igenvectormatrix, and

eigenvaluediagonalmatrix.B

Alternative Behaviors around Equil.Points 
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Then we can define . For , so

.

So,we can see the qualitative properties of

solution of the system from Y which is

only a linear tranformation of X.

or
-1

= A = A

Y = Y =

X = TX = T

T AT B

Y

X TYX T

Y

Y

Y

Alternative Behaviors around Equil.Points 
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Ex. 0 2

0 2
.

1 1

0 2 0
, ,

1 1 0

whereT is eigenvectormatrix, and

eigenvaluediagonalmatri

12 1

1 1

x.

Verify

Then w

2

x y

y x y

x x
Wehave

y y

-1

A T B

B

T AT = B

e can define .Y= BY
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could take the following form:

(a)a sink:both neg real, all solution curves converges.

(b)a source:both pos real,diverges from the equil point.

(c)a saddle:real with opposite signs.

(d)a centre:both imaginary,all solution curves a

B

re

periodic with the sameperiod.The curves are

ellipses, or circles.

Alternative Behaviors around Equil.Points 
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1

2

2

0
( ) , :

0

. , 2 ,t t

a if botharenegative real parts a SINK

Ex x x y y x Ae y Be

x 

y 
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1

2

2

0
( ) ,

0

. , 2 ,t t

b if bothare pos real a SOURCE

ex x x y y x Ae y Be
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( ) , .

. , , .

c if bothare real withoppositesign aSADDLE

ex x x y y a stable branch is x axis
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( ) , .

. 4 , 2 .

d if bothare purely imaginary aCENTER

ex x y y x r i

y 

x 
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b 

a 

a2=4b 



EE422 Chaiyuth 2013 84 

6.7 Phase Plane Analysis 

• When the explicit solutions are unavailable, we can find 

geometric arguments to shed light on the structure of the 

solutions of autonomous systems of differential equations. 

• From topic 6.7, the autonomous system 

 

 

• Solution (x(t), y(t)) describes a curve or path in x-y plane. 

• Since xdot is given by f(.) and ydot by g(.), both not 

related to t. So, (xdot, ydot) is uniquely determined at the 

point (x(t), y(t)). 

( , )

( , )

x f x y

y g x y
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x 

y 

( ( ), ( ))x t y t

( ( ), ( ))Por x t y t

We can portrait the dynamics of the system by drawing a 

family of vectors, A Vector Field: We ask as t increases, 

how the system moves from the point P=(x(t), y(t)). 

Suppose f(P) >0, g(P)<0. This means that at P, x will 

increase and y will decrease. The direction is given by the 

tangent vector to the path at P, with speed given by the 

length of the vector. 
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Following the vector field and see if we can

find a globally asymtotically stable point, all

paths from this system tend to the equi.point.

A point (a,b) where f(a,b)=g(a,b)=0 

is called an equilibrium point since x=y=0.

Next,wewill showhow touse the phase-plane

diagram:partition regionswhereweknow the

direction of each variables, and see if certain

equilibrium point is stable.
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Drawing PhaseDiagram:

First draw ( , ) 0, ( , ) 0

0, 0, 0.

(since is notmoved,we canfind areaswhere

rises,and falls)

0, 0, 0.

(since is notmoved,we find areaswhere

ri

x f x y and y g x y

On x draw if y if y

x

y y

Ony draw if x if x

y

x ses,and ).

From , 0,we form 4areas.

x falls

x y
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y 

x 

. , 2 ;

( ),( ), 0, 0; ( ),( ),

0, 0;

Ex x y y x y

Inareas I II y so x Inareas III IV

y so x

0 0 .x gives y or x axis
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y 

x 

. , 2 ;

0, 2 . 0

0.

Ex x y y x y

When y we get y x Right areaof y or

thelinear line is y

0x

0y
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y 

x 

. , 2 ;

.

Ex x y y x y

Connect all arrows together

0x

0y
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2

2

2.

;

( 2 ) .

0, 0.

, 0 (

), 0(

0, /2 .)

Threequilibriumpointswhere two lines intersect.

Ex GrowthModel

K aK bK C

C w a bK C

AssumeK C

First draw the lineK theblue linewhere

C aK bK and the lines C tworeds lines

C and K a b
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K 

C 

 a/b  a/2b 

0K

0C

(I) 

(II) 

(III) (IV) 

a2/4b 
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K 

C 

 a/b  a/2b 

0K

0C

(I) (II) 

(III) (IV) 

2( ), ,

/2 , 0

0.

In I C aK bK and

K a b soK

andC
0, 0K C

0, 0K C 0, 0K C
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K 

C 

 a/b  a/2b 

0K

0C

(I) (II) 

(III) (IV) 

2( ), ,

/2 , 0

0.

In I C aK bK and

K a b soK

andC
0, 0K C

0, 0K C 0, 0K C
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K 

C 

 a/b  a/2b 

0K

0C
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1

2

. 2 1

3 8 25

(3,2)

1 2
; ( 1 )( 8 ) 6 0

3 8

2,

2 2 2 2

7, 3 .

ex x x y

y x y

Wecan findequilibrimat

A A I

and thecoresspondingeigenvector

areAX X yield x y x orx y

and yield y x Thus thesolution

x

y
2 7

2 1 3
.

1 3 2
t tAe Be
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0x

0y

(3,2)

y 

x 
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6.8 Stability for Nonlinear System 

Wediscuss stability of the autonomous system.

An equi.point( , )is locally asym.stable if any

path starting near( , )tends to( , ) .

An equi.point( , )is globally asym.stable if any

solution converge to( , ) .

To see if

a b

a b a b as t

a b

a b as t

( , )is locally asym.stable,we examine

how solutions behave in a neighborhood

of ( , )by approximating about( , ).

a b

a b f and g a b
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6.8 Stability for Nonlinear System 

1 2

0

1 2

0

1 2

1 2 1

1 2 2

( , ) ( , ) ( , )( ) ( , )( )

( , ) ( , ) ( , )( ) ( , )( )

( s ( , ) 0 ; ( , ) 0 )

( , ) ( , ) ( , )

( , ) ( , ) ( , )

(

f x y f a b f a b x a f a b y b

g x y g a b g a b x a g a b y b

becomes u e f a b to get b g a b to get b

x f x y f a b x f a b y b

y g x y g a b x g a b y b

around , ),a b this sytembehaves likes the linear
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6.8 Stability for Nonlinear System 

1 2 1

1 2 2

( , ) ( , ) ( , )

( , ) ( , ) ( , )

From theorem6.1, this linear system is globally

asym.stable iff the eigenvalues of thematrix

both havenegative real parts.

Equivalenlty, iff hasnegative t

x f x y f a b x f a b y b

y g x y g a b x g a b y b

A

A
1 2

1 2

race( + )

andpositive determinant ( ).
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Theorem 6.8.1 Lyapunov Stability 

1 2

1 2

The system is asy.stable at( , )iff the eigenvalues

of matrix have both neg.real parts.Equivalently

iff ,where theJacobianmatrix

( , ) ( , )
.

( , ) ( , )

Limiting behavior

lo

of n

cal

l

0,

ly

0

on

trA

a b

A

f a b f a b
A

g

and A

a b g a b

inear sytemnear equil.

point is similar to thatof the linearlized system.
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6.8 Stability for Nonlinear System 
2 3

2 2 4

' '
1 2

' '
1 2

. 3 2 8

3 3

(0,0) . .

(0,0) 3, (0,0) 2

(0,0) 3, (0,0) 1.

3 1 2 0

det 3 ( 6) 3 0

Ex x x y x y

y x y x y y

check if equil is locallyasymstable

find f f

g g

trA

A
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6.8 Stability for Nonlinear System 

1 1

1

1

1 2

.( )

( )

1

, .

( 1) 0

(1) (2) 0, 0

(3) ( 1), .

Ex populationand growth

K sK K K sK

P K P where

whereP is stock of pollution decaywith Check

A trA A

s
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6.8 Stability for Nonlinear System 

We skip the theorem for globally stability of an 

autonomous system of differential equations in the 

plane. See Olech’s theorem in p. 251 in which we 

require to check for the whole domain in R2, not just 
only at the equilibrium point. 
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6.9 Saddle Points 

Many dynamic economic models have equilibria that are 

not asymptotically stable. 

In some cases a different type of behavior near 

equilibrium is seen. 

Two paths approach the equilibrium points from opposite 

direction as t goes to infinity, while all other paths move 

away from the equilibrium point. 

This is called “Local Saddle Point Equilibrium” 
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6.9 Saddle Points 

1 2

1 2

Thm6.9.1 Local SaddlePoint

Suppose 1functions,( , )be equilibrium

of the system ( , ) ( , )

Let beJacobianmatrix

( , ) ( , )
.

( , ) ( , )

If eigenvalues of Aare nonzer real witho

f and garec a b

x f x y and y g x y

A

f a b f a b
A

g a b g a b

opposite

equivalently detAsigns, or,

Such equilibrium is saddle po

<0.

int.
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6.9 Saddle Points 

0

1 1 2 2

Thm6.9.1 Local SaddlePoint

For any starting point , there exist exactly

two solution paths( ( ), ( )) ( ( ), ( ))

thatconverge toward( , )from opposite directions

in the phase-plane.

t

x t y t and x t y t

a b
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6.9 Saddle Points 

2

2

2
1,2

1 2

1 2

Note

The characteristic equation of is

( ) det( ) 0.

Thequadratic equation 0

1
has two roots, 4 .

2 2
If 0, both roots are real, also 0,

so the roots are of opposite signs.

are real and opposi

A

r tr A A

r ar b

a
r a b

b r r b

If r and r

1 2

te signs,

then 0.b r r
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6.9 Saddle Points 

2

2

Ex.GrowthModel(see section 6.7)

( 2 )

One equil.point ( *, *) ( / 2 , / 4 )

Check if detAat this point<0.

If so, such equilibrium is saddle point.

K aK bK C

and C w a bK C

is K c a b a b
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K 

C 

 a/b  a/2b 

0K

0C

Ko 
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2

2

.

2

3

(0,0)

0 2
; det( ) 6

3 1

(0 )( 1 ) 6 0

6 0 ( 2)( 3)

2
3,

3

ex Check theequil propertyof the following system

x y

y x y

Wecan findequilibrimat

A A

A I

For yield associatedeigenvector
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x 

y 
Ydot=0 

Xdot=0 


