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Heteroscedasticity
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The nature of Heteroscedasticity 

One of the important assumptions of CLRM  
is that the variance of each disturbance term      
, conditional on the chosen values of the 
explanatory variables, is some constant 
number equal to       (Homoscedasticity)

iμ

2 2( ) 1,...,iE u i nσ= =

2σ
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The conditional variance of          increases as X 
increases. Here, the variances of         are not the 
same. Here, there is heteroscedasticity. 

2 2( ) 1,...,i iE u i nσ= =

iY
iY
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Homoscedastic disturbances

EE325

Heteroscedastic disturbances
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Several reasons why the variances of        may 
be variable

�As incomes grow, people have more 
discretionary income and hence more scope 
for choice about the disposition of their 
income. Hence         is likely to increase 
with income. 

�As data collecting techniques improve,       
is likely to decrease

2
iσ

iu

2
iσ
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Heteroscedasticity can also arise as a result of the 
presence of outliers
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Specification error
�Some important variables are omitted from 

the model

EE325

� Incorrect data transformation 

� Incorrect functional form
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OLS Estimation in the Presence of 
Heteroscedasticity

EE325
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Is       still BLUE when we drop only 
homoscedasticity assumption and replace it with 
the assumption of heteroscedasticity?  

is no longer best and the minimum 
variance given by  

2β̂

2β̂

2 2

2 2 2
ˆvar( )

( )
i i

i

x
x
σ

β = ∑
∑
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The Method of Generalized Least Squares (GLS)

EE325
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Now assume that the heteroscedastic variance         are known2
iσ
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� Since we are still retaining the other 
assumptions of the classical model, the finding 
that it is        that is homoscedastic suggests 
that if we apply OLS to the transformed 

it will produce estimators that are BLUE. In 
short, the estimated                     are now 
BLUE and not the OLS estimators             

*
iu
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i i i i

Y X X uβ β
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* *
1 2andβ β

1 2
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GLS is OLS on the transformed variables 
that satisfy the standard least-squares 
assumptions

The estimators thus obtained are known as 
GLS estimators, and it is these estimators 
that are BLUE

EE325
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2the GLS estimator of β
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Difference between OLS and GLS

2 2
1 2

2 * * 2 2
1 0 2

ˆ ˆˆ ( )

ˆ ˆˆ ( ) , 1/

i i i

i i i i i i i i

u Y X
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β β

β β σ

= − −

= − − =

∑ ∑

∑ ∑

OLS we minimize

GLS we minimize
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Example  P 374-375

0.0170.1950.1540.00030.0590.0894.0

0.0560.2060.1730.00130.0640.1003.0

0.1090.2200.2000.00730.0740.1162.0

0.1730.2470.2460.0480.1010.1421.0

0.2430.2770.2850.1100.1340.1640.5

GLSOLSGLSOLSValue of 

Standard error ofStandard error of 

hetOLS
hetOLSα

1̂β 2β̂
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The most striking feature of these results is 
that OLS, with or without correction for 
heteroskedasticity, consistently 
overestimates the true standard error 
obtained by the (correct) GLS procedure, 
especially for large values of         , thus 
establishing the superiority of GLS 

α

EE325

Detection of Heteroscedasticity
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Detection of Heteroscedasticity

� Informal method
�Graphical method

� Formal methods
� Park Test
�Glejser Test
� Spearman’s Rank Correlation Test
�Goldfeld-Quandt Test
�Breusch-Pagan-Godfrey Test
�White’s General Heteroscedasticity Test EE325

Graphical method

EE325 EE325

Park Test
Park formalizes the graphical method by 
suggesting that        is some function of the 
explanatory variable          . The functional form he 
suggests is 

Where         is the stochastic disturbance term

2
iσ

2 2

2 2ln ln ln

i
i i

i i i

X e
or

X

β νσ σ

σ σ β ν

=

= + +

iX

iν
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Since          is generally not known. Park suggests 
using        as a proxy and running the following 
regression:

If         turns out to be statistically significant, it 
would suggest that heteroscedasticity is present in 
the data  

2
iσ2ˆiu

2 2ˆln ln ln
ln

i i i

i i

u X
X

σ β ν
α β ν

= + +

= + +

β
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Example

Table 11.1 Relationship between compensation 
and productivity 

Y = average compensation in thousands of dollars
X = average productivity in thousands of dollars
i = ith employment size of the establishment

1 2i i iY X uβ β= + +
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Step 1

2

ˆ 1992.3452 0.2329

(936.4791) (0.0998)
(2.1275) (2.333)
0.4375

i iY X

se
t

R

= +

=

=

=

Run the OLS regression disregarding the 
heteroscedasticity question 

EE325

Step 2

We obtain                 from this regression, and then in 
the second stage we run the regression 

2 2ˆln ln ln
ln

i i i

i i

u X
X

σ β ν
α β ν

= + +
= + +

ˆiu

n2

2

ˆln 35.817 2.8099ln

(38.319) (4.216)
(0.934) ( 0.667)
0.0595

i iu X

se
t

R

= −

=

= −

=
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Glejser Test
The Glejser test is similar to Park test. After 
obtaining the residuals         from OLS regression, 
Glejser suggests repressing the absolute values of
on the X variable that is thought to be closely 
associated with       

ˆiu
ˆiu

2
iσ
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ˆ
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i
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i
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u X

u X

β β ν

β β ν

β β ν

β β ν

β β ν

β β ν

= + +

= + +

= + +

= + +

= + +

= + +

Where         is the stochastic disturbance termiν

EE325

Glejser technique may be used for large samples and 
may be used in the small samples strictly as a 
qualitative device to learn something about 
heteroscedasticity

EE325

Example 

Table 11.1 Relationship between compensation and 
productivity

m

2

ˆ 407.2783 0.0203

(633.1621) (0.0675)
(0.6432) ( 0.3012)
0.0127

i iu X

se
t

r

= −

=

= −

=
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Where         is the stochastic disturbance termiν
EE325

Glejser technique may be used for large samples and 
may be used in the small samples strictly as a 
qualitative device to learn something about 
heteroscedasticity

EE325

Example 

Table 11.1 Relationship between compensation and 
productivity

m

2

ˆ 407.2783 0.0203

(633.1621) (0.0675)
(0.6432) ( 0.3012)
0.0127

i iu X

se
t

r

= −

=

= −

=
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Spearman’s Rank Correlation Test

2

21 6
( 1)

i
s

d
r

n n
⎡ ⎤

= − ⎢ ⎥−⎢ ⎥⎣ ⎦

∑

= difference in the ranks assigned to two different 
characteristics of the ith individual

n = number of individuals ranked
Assume 

id

0 1i i iY X uβ β= + +

EE325

Step 1 Fit the regression to the data on Y and X and 
obtain the residual

Step 2 Ignoring the sign of        , taking the absolute 
value          , rank both        and      (or       ) 
according to an ascending or decending order and 
compute the Spearman’s rank correlation 
coefficient 

ˆiu

ˆiu
ˆiu ˆiu iX iY

EE325

Step 3. Assuming that the population rank 
correlation coefficient        is zero and n>8, the 
significance of the sample        can be tested by 
the t-test as follows

If the computed t value exceeds the critical t value, 
we may accept the hypothesis of 
heteroscedasticity ;otherwise we may reject it.

sρ
sr

2

2 , 2
1

s

s

r nt with df n
r
−

= = −
−
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Example 

The data pertain to the average annual return 
(E,%) and the standard deviation of annual return 
(       ,%) of 10 mutual fundsiσ

EE325

EE325

The capital market line of portfolio theory 
postulates a linear relationship between expected 
return (     ) and risk (as measured by the standard 
deviation,     ) of a portfolio as follows: 

iE
σ

1 2i iE β β σ= +

EE325

1101 6 0.3333
10(100 1)

0.3333 10 2 0.9998, 8
1 0.1110

sr

t with df

⎡ ⎤
= − =⎢ ⎥−⎣ ⎦

−
= = =

−

t value is not significance. There is no evidence of 
a systematic relationship between the explanatory 
variable and the absolute values of the residuals, 
which might suggest that there is no 
heteroscedasticity 

EE325

Goldfeld-Quandt Test
Assume that the heteroscedastic variance is 
positive related to one of the explanatory variables 
in the regression model. For simplicity, consider 
the usual two variable model: 

Suppose          is positively related to        as

Where          is a constant

1 2

2 2 2

i i i

i i

Y X u

X

β β

σ σ

= + +

=

iX2
iσ

2σ
EE325

Step 1 Order or rank the observations according to 
the values of           ,beginning with the lowest X 
value

Step 2 Omit c central observations, where c is 
specified a priori, and divide the remaining (n-c) 
observations into two groups each of (n-c)/2 
observations

iX



9

EE325

Step 3 Fit separate OLS regressions to the first 
(n-c)/2 observation and the last (n-c)/2 
observations, and obtain the respective residual 
sums of squares           and

These RSS each have 

1RSS 2RSS

1

2 arg
i

i

RSS RSS from the regression corresponding to the smaller X values

RSS RSS from the l er X values

=

=

( ) 2
2 2

n c n c kk or df− − −⎛ ⎞− ⎜ ⎟
⎝ ⎠

EE325

Step 4 Compute the ratio

If we assume         are normally distributed, and if 
the assumption of homoscedasticity is valid, then 
it can be shown that          follows the F-
distribution with numerator and denominator df
each of (n-c-2k)/2

2

1

/
/

RSS df
RSS df

λ =

iu

λ

EE325

If in an application the computed                  is 
greater than the critical F at the chosen level of 
significance, we can reject the hypothesis of 
homoscedasticity, we can say that 
heteroscedasticity is very likely 

( )Fλ =

EE325

Example 

EE325

Consumption expenditure in relation to income for 
a cross section of 30 families. Suppose we 
postulate that consumption expenditure is linearly 
related to income but that heteroscedasticity is 
present in the data

EE325

Regression based on the first 13 observations

Regression based on the last 13 observations
1

1

ˆ 3.4094 0.6968

377.17 11

ˆ 28.0272 0.7941

1536.8 11
1536.8 /11 4.07
377.17 /11

i i

i i

Y X

RSS df

Y X

RSS df

λ

= +

= =

= − +

= =

= =

5%,11,114.07 critical F>
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Breusch-Pagan-Godfrey (BPG)Test

1 2 2

2
1 2 2

2
1 2 2

...

( ... )

...

i i k ki i

i i m mi

i i m mi

Y X X u

f Z Z

Z Z

β β β

σ α α α

σ α α α

= + + + +

= + + +

= + + +

Consider the k-variables linear regression model

Assume that the error variance        is described as

That is         is some function of the nonstochastic Z variables; 
some or all of the X’s can serve as Z’s. Specifically, 
assume that  

2
iσ

2
iσ

EE325

That is,        is a linear function of the Z’s. If 

, which is a constant. Therefore, to test whether
is homoscedastic, one can test the hypothesis that  

. That is the basic idea
behind the Breusch-Pagan-Godfrey test.

2
iσ

2
2 3 1... 0,m iα α α σ α= = = = =

2
iσ

2 3 ... 0mα α α= = = =

EE325

☺ Test procedure ☺

Step 1 Estimate Equation

by OLS and obtain the  residuals

Step 2 Obtain                        (This is the maximum 
likelihood estimator of   

1 2 2 ...i i k ki iY X X uβ β β= + + + +

1 2ˆ ˆ ˆ, ,..., nu u u

2 2ˆ /iu nσ =∑�
2σ

EE325

Step 3 Construct variables         defined as 

which is simply each residual squared divided by

Step 4 Regress      thus constructed on the Z’s as 

is the residual term of this regression 

ip
2 2ˆ /i ip u σ= �

2σ�

ip

1 2 2 ...i i m mi ip Z Zα α α ν= + + + +
iν

EE325

Step 5 Obtain the ESS (Explained sum of squares) from 

and define  
Assuming       are normally distributed, one can show 

that if there is homoscedasticity and if the sample size 
n increases indefinitely, then

1 2 2 ...i i m mi ip Z Zα α α ν= + + + +

1 ( )
2

ESSΘ =

2
1masy

χ −Θ ∼

iu

EE325

Therefore, if an application the computed       
exceeds the critical         value at the chosen 
level of significance, one can reject the 
hypothesis of homoscedasticity; otherwise 
one does not reject it

2χ
Θ
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Example P. 386

�Data on consumption expenditure in 
relation to income for a cross section of 30 
families. Suppose we postulate that 
consumption expenditure is linearly related 
to income but that heteroscedasticity is 
present in the data

EE325

EE325

                                                                              
       _cons     9.290307   5.231386     1.78   0.087      -1.4257    20.00632
           x     .6377846   .0286167    22.29   0.000      .579166    .6964031
                                                                              
           y        Coef.   Std. Err.      t    P>|t|     [95% Conf. Interval]
                                                                              

       Total    44247.8667    29  1525.78851           Root MSE      =   9.183
                                                       Adj R-squared =  0.9447
    Residual    2361.15325    28  84.3269018           R-squared     =  0.9466
       Model    41886.7134     1  41886.7134           Prob > F      =  0.0000
                                                       F(  1,    28) =  496.72
      Source         SS       df       MS              Number of obs =      30

EE325

Step 1

Step 2

2

ˆ 9.2903 0.6378
(5.2314)(0.0286)

2361.153 0.9466

i iY X
se

RSS R

= +

=

= =

2 2ˆ / 30 2361.153/ 30 78.7051iuσ = = =∑�

EE325

Step 3 Divide the squared residuals      obtained from 
regression in step 1 by 78.7051 to construct the 
variable 

Step 4 Assuming that       are linearly related to
, we obtained the regression   

ip

ˆiμ

ip ( )i iX Z=

2

ˆ 0.7426 0.0101

(0.7529) (0.0041)

10.4280 0.18

i ip X

se

ESS R

= − +

=

= =
EE325

                                                                              
       _cons    -.7426137   .7529274    -0.99   0.332    -2.284916    .7996882
           x     .0100632   .0041187     2.44   0.021     .0016265    .0184999
                                                                              
        phat        Coef.   Std. Err.      t    P>|t|     [95% Conf. Interval]
                                                                              

       Total    59.3379398    29  2.04613585           Root MSE      =  1.3217
                                                       Adj R-squared =  0.1463
    Residual    48.9099163    28  1.74678273           R-squared     =  0.1757
       Model    10.4280234     1  10.4280234           Prob > F      =  0.0211
                                                       F(  1,    28) =    5.97
      Source         SS       df       MS              Number of obs =      30
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1 ( ) 5.2140
2

ESSΘ = =

� Step 5 

Under the assumptions of the BPG Test       
asymptotically follows the chi-square distribution 
with 1 df. Now from the chi-square table we find 
that for 1 df the 5 percent critical      is 3.8414 and 
the 1 percent critical       is 6.6349. Thus, the 
observed chi-square value of 5.2140 is significant 
at the 5 percent but not the 1 percent level of 
significance.

2χ
2χ

EE325

The BPG test is an asymptotic, or large 
sample, test and in the present example 30 
observations may not constitute a large 
sample. It should also be pointed out that in 
small samples the test is sensitive to the 
assumption that the disturbances        are 
normally distributed. 

iu

EE325

White’s General Heteroscedasticity Test

Consider the following three-variable regression 
model

The White test proceeds as follows:
Step 1 Given the data, we estimate 

And obtain the residuals 

1 2 2 3 3i i i iY X X uβ β β= + + +

1 2 2 3 3i i i iY X X uβ β β= + + +

ˆiu
EE325

Step 2 We then run the following (auxiliary) 
regression

Obtain the R-Squared from this (auxiliary) regression

2 2 2
1 2 2 3 3 4 2 5 3 6 2 3ˆi i i i i i i iu X X X X X Xα α α α α α ν= + + + + + +

EE325

Step 3 Under the null hypothesis that there is no 
heteroscedasticity, it can be shown that sample size 
(n) times the R-squared obtained from the auxiliary 
regression asymptotically follows the chi-square 
distribution with df equal to the number of 
regressors (excluding the constant term) in the 
auxiliary regression. That is, 

2 2
dfasy

n R χ⋅ ∼
EE325

Step 4 If the chi-square value obtained in

Exceeds the critical chi-square value at the chosen 
level of significance, the conclusion is that there is 
heteroscedasticity. It is does not exceed the critical 
chi-square value, there is no heteroscedasticity, 
which is to say that in the auxiliary regression

,   

2 2
dfasy

n R χ⋅ ∼

2 2 2
1 2 2 3 3 4 2 5 3 6 2 3ˆi i i i i i i iu X X X X X Xα α α α α α ν= + + + + + +

2 3 4 5 6 0α α α α α= = = = =
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Example P.387-388

From Cross-sectional data on 41 countries

1 2 2 3 3

2

3

ln ln lni i i iY X X u

Y ratio of Trade taxes to total Government revenue
X ratio of the sum of Exports plus imports to GNP

X GNP per capita

β β β= + + +

=

=

=

EE325

� By applying White’s heteroscedasticity test to the 
residuals obtained from regression, the following 
results were obtained. 

l2

2 2

2

ˆ 5.8417 2.5629ln 0.6918ln

0.4081(ln ) 0.0491(ln )
0.0015(ln )(ln )

0.1148

i i i

i i

i i

u Trade GNP

Trade GNP
Trade GNP

R

= − + +

− −

+

=

EE325

2 41(0.1148) 4.7068n R⋅ = =
The 5 percent critical chi-square value for 5 df is 

11.0705. 
4.7068<11.0705 On the basis of the White test, 
that there is no heteroscedasticity

EE325

Remedial Measures

EE325

Remedial Measures

� When        is known: The Method of Weighted 
Least Squares 

� When        is not known 

2
iσ

2
iσ

EE325

When        is known
If          is known, the most straightforward method 

of correcting heteroscedasticity is by means of 
weighted least squares, for the estimators thus 
obtained are BLUE.

2
iσ

2
iσ
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EE325

                                                                              
       _cons     3417.833   81.13632    42.12   0.000     3225.976     3609.69
           X     148.7667    14.4183    10.32   0.000     114.6728    182.8605
                                                                              
           Y        Coef.   Std. Err.      t    P>|t|     [95% Conf. Interval]
                                                                              

       Total       1415204     8    176900.5           Root MSE      =  111.68
                                                       Adj R-squared =  0.9295
    Residual    87312.7333     7  12473.2476           R-squared     =  0.9383
       Model    1327891.27     1  1327891.27           Prob > F      =  0.0000
                                                       F(  1,     7) =  106.46
      Source         SS       df       MS              Number of obs =       9

ˆ 3417.833 148.767i iY X= +

EE325

n( / ) 3406.639(1/ ) 154.153( / )i i i i iY Xσ σ σ= +

                                                                              
    consigma     3406.277   80.96623    42.07   0.000     3214.822    3597.731
      Xsigma     154.2118   16.95407     9.10   0.000     114.1218    194.3018
                                                                              
      Ysigma        Coef.   Std. Err.      t    P>|t|     [95% Conf. Interval]
                                                                              

       Total    175.939329     9  19.5488143           Root MSE      =  .13529
                                                       Adj R-squared =  0.9991
    Residual    .128115078     7  .018302154           R-squared     =  0.9993
       Model    175.811214     2   87.905607           Prob > F      =  0.0000
                                                       F(  2,     7) = 4803.02
      Source         SS       df       MS              Number of obs =       9
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When        is not known
Several assumptions about the pattern of 

heteroscedasticity
Assumption 1 The error variance is proportional to  2

iX

2
iσ

2 2 2( )i iE u Xσ=
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Assumption 2 The error variance is proportional to
The square root transformation iX

2 2( )i iE u Xσ=
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Assumption 3 The error variance is proportional to 
the square of the mean value of Y

[ ]22 2( ) ( )i iE u E Yσ=
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Assumption 4 A log transformation such as

very often reduces heteroscedasticity when 
compared with the regression  

1 2ln lni i iY X uβ β= + +

1 2i i iY X uβ β= + +


