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Differential Equations 

 

Differential equations are often used by economists.  As its name suggested, it is an equation 

that includes the derivatives of the unknown. 

 

 

 

 

 

 

In this lecture, the main objective is to learn to solve first-order and second-order ordinary 

differential equations.  The unknown and the derivative define the type of differential 

equation.  An ordinary differential equation is one for which the unknown is a function of 

only one variable, for example, ( )xtfx ,=&  or ( )xxtfx &&& ,,= , where ( )txx =  is the unknown 

function.  If an equation contains only the first-order derivatives of the unknown function, it 

is called a first-order differential equation.  On the other hand, if an equation contains the 

second-order derivatives of the unknown function, it is called a second-order differential 

equation. 

 

 

Differential  equation General form Example 

First-order ordinary ( )xtfx ,=&  127 −+= txx&  

Second-order ordinary ( )xxtfx &&& ,,=  423 +++= txxx &&&  

 

If the unknown is a function of more than one variable, the equation becomes a partial 

differential equation.  In this class, we will only study ordinary differential equation, so from 

here, all differential equations in the lecture will mean ordinary differential equations. 

 

1. Separate Differential Equations 

For a differential equation ( )xtfx ,=& , if ),( xtf  can be written as a product ( ) ( )xhtg  of two 

functions, one of which depends only on t and the other only on x.  Then the differential 

equation takes the special form 

 

( ) ( )xhtgx =& .  e.g.  xtx =&  

 

For this special case, we say that the differential equation is separable.  It is important to 

learn to distinguish between separable and non-separable equations.  The reason is that 

separable equations are among those that can be solved in terms of integrals of known 

functions. 

 

Ex. 1 Decide which of the following differential equations are separable: 

(a) xtx =&    (b) 12 −= tx&    (c) txtx +=&    

(d) 2
txtx +=&    (e) 21 tex

tx += +
&   (f) 

4 2
xtx +=&   

(g) )()( tGtFx +=&   (h)
16

3

+
=

x

t
x&  

Difference equation � function of discrete time 

Differential equation � function of continuous time 
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Method for Solving Separable Differential Equations 

1. Written a separable differential equation as  

( ) ( )xhtg
dt

dx
=       (*) 

2. Separate the variables: 

    
( )

( )dttg
xh

dx
=  

3. Integrate: 

    
( )

( ) Cdttg
xh

dx
+= ∫∫  

4. If possible, rearrange to obtain a solution x(t). 

5. If an initial condition is available, determine the constant C. 

 

Ex. 1.1(a) Solve the differential equation 0& >== xxt
dt

dx
x&  and prove your answer. 

Separate and integrate  ∫∫ = dtt
x

dx
 

  1

2

2
ln C

t
x +=  

  2

2t

Cex =  

 

 

If x(0) = 12, then C = 12.  Hence, 

  2

2

12

t

ex =  

Prove:  ( ) xtte
t

dt

d
ex

tt

=













=





















= 2

2

2

22

12
2

12&   √ √ √ 

 

Ex. 1.1(h) Solve the differential equation 
17

4
6

3

+
=

x

t
x&  

  ( ) ∫∫ =+ dttdxx 36 417  

  Ctxx +=+ 47  

 

Ex. 1.2 (Compound Interest) Suppose that w = w(t) is the wealth in an account at time t, and 

that r(t) is the interest rate, with interest compounded continuously.  Then 

  wtrw )(=&  (Separable equation) 

  1)( Cdttr
w

dw
+= ∫∫  

  1)()ln( CtRw +=    where ∫= dttrtR )()(   (1) 

  )()()( 11 tRtRCCtR
Ceeeew === +

     (2) where 1C
eC =  

The initial value of the account is w(0). 
)0()0( RCew =   � )0()0( RewC −=  

Note that it is called a general solution of the 

differential equation because x is not unique but 

depending on C which can be determined using 

an initial condition. 
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From (2),   )0()()0( RtReww −=      (3) 

From (1),   ∫=−
t

dttrRtR
0

)()0()(      (4) 

Substitute (4) � (3); therefore 
∫

=
t

dttr

eww 0

)(

)0(  

 

Ex. 1.3 Solve the differential equation tx
dt

dx 22−=  and the initial value x(0)=-1/2.  

 ∫∫ =− dtt
x

dx
2

2
 

 Ct
x

+= 21
 

 
Ct

x
+

=
2

1
    (**) 

 

(t, x) = (0, -1/2)  � C = -2 

 

Thus, the integral curve passing though 

(t, x) = (0, -1/2) is 
2

1
2 −

=
t

x . 

 

The constant of integration C is critically affects the shape of the curve as well as its position.  

In the graph above, C = -2, -1, 0, 1 and 2. 

 

Alternatively, we can solve Ex. 3 using definite integration and the initial condition. 

  ∫∫ =−
tx

x

dtt
x

dx

0

2
2

0

 

  ∫∫ =−
−

tx

dtt
x

dx

0

2
2

2
1

 �  [ ]t
x

t
x

0

2

2
1

1
=






−

 

  ( )
2

2
1

11
t

x
=

−
−   �  2

1 2 −= t
x

  

2

1
2 −

=
t

x  (same as above). 

2. First-Order Linear Differential Equations 

The general form of the first-order linear differential equation is 

 

)()( tbxtax +=&  

 

where a and b are continuous functions of t and x = x(t) is the unknown function.  This is 

called “linear” because x& is a linear function of x.  For example,  

 

ttxxxtxxx 425 −=−== &&&  

 

 

-3

-2

-1

0

1

2

3

-5 -3 -1 1 3 5

t

x

-2

-1

0

1

2
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Ex. 2.1 0)(and)( === tbatawhereaxx&  

Show that the solution is at
kex = .   If x(0) = x0, then at

exx 0= . 

 

x is converged (stable) to 0 if a < 0 or x0 = 0. 

 

Ex. 2.2 btbatawherebaxx ==+= )(and)(&  

Show that the solution is at
ke

a

b
x +−= .  If x(0) = x0, then at

e
a

b
x

a

b
x 







 ++−= 0 . 

x is converged (stable) to 
a

b
−  if a < 0 or 

a

b
x −=0 . 

 

Ex. 2.3 0)()( == tbwherextax&  

Show that the solution is 
∫

=

t

dtta

kex 0

)(

. 

xta
dt

dx
)(=  

dtta
x

dx
t

∫∫ =
0

)(   � Cdttax

t

+= ∫
0

)(ln  

∫∫+∫
===

ttt

dttadtta
C

Cdtta

keeeex 000

)()()(

 

 

Ex. 2.4 atawheretbaxx =+= )()(&  

Show that the solution is at

t

at
edtetbkx 







+= ∫ −

0

)( .  x is converged (stable) to 0 if <a 0. 

)(tbax
dt

dx
=−  

Times both sides of the equation by at
e
−  (integrating factor) 

 atatat
etbaxee

dt

dx −−− =− )(  

From udvvduuvd +=)(  where u = x and at
ev
−= , 

 ( ) atat
etbxe

dt

d −− = )(  

Integrate,  kdtetbxe

t

atat += ∫ −−

0

)(  

Hence,  at

t

at
edtetbkx 







+= ∫ −

0

)(  

 

Ex. 2.5 )()( tbxtax +=&  

Show that the solution is 
∫















 ∫
+= ∫

−
tt

dttat dtta

edtetbkx 00

)(

0

)(

)( .  x is converged (stable) to 0 if <a 0. 
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)()( tbxta
dt

dx
=−  

Times both sides of the equation by 
∫−
t

dtta

e 0

)(

 

 
∫

=
∫

−
∫ −−−

ttt

dttadttadtta

etbxetae
dt

dx
000

)()()(

)()(  

From udvvduuvd +=)(  where u = x and 
∫

=
−

t

dtta

ev 0

)(

, 

 
∫

=














 ∫ −−
tt

dttadtta

etbxe
dt

d
00

)()(

)(  

Integrate,  kdtetbxe

t dttadtta

tt

+
∫

=
∫

∫
−−

0

)()(

00 )(  

Hence,  
∫















 ∫
+= ∫

−
tt

dttat dtta

edtetbkx 00

)(

0

)(

)(  

 

Solve Ex 2.6 – 2.17, determine the stability and verify that your answer is correct. 

 

Ex 2.6 For xx =& , show that t
kex = . 

 

Ex 2.7 For xx 2−=& , show that 0=x  if x(0) = 0, and show that t
ex

23 −=  if x(0) = 3. 

 

Ex 2.8 For 4+= xx& ,  show that t
kex +−= 4 . 

 

Ex 2.9 For xx −= 5&  and x(0) = 1, show that t
ex
−−= 45 . 

 

Ex 2.10 For 510 += xx&  and x(0) = 5, show that t
ex

10

2

11

2

1
+−= . 

 

Ex 2.11 For xtx )12( +=& , show that tt
kex

+=
2

. 

 

Ex 2.12 For xtx −=& , show that t
ketx

−+−= 1 . 

 

Ex 2.13 For 2
txx −=& , show that t

ettx −++= 222 if x(0) = 1, and show that 
12 422 −−++= t

ettx if x(1) = 1. 

 

Ex 2.14 For 12)12( −−+= txtx& , show that tt
kex

++=
2

1 using integration by (a) product rule 

and (b) separated variable. 

 

Ex 2.15 For ttxx 42 =+&  and x(0) = -2, show that 
2

42 t
ex
−−= . 
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Ex 2.16 For 2
xx =& , show that 

tk
x

−
=

1
. 

 

Ex 2.17 Solve 
3

3

t

x
x =&  and x(1) = 1. 

3. Applications 

 

Ex. 3.1 Let X = X(t) denote the national product, K = K(t) the capital stock, and L = L(t) the 

number of workers in a country at time t.  Suppose that, for all t ≥ 0, 

 

Cobb-Douglas production function   ααLAKX −= 1   (1) 

Aggregate investment is proportional to output sXK =&   (2) 

Number of workers grows exponentially  t
eLL
λ

0=   (3) 

 

Where A, α, s, L0 and λ are all positive constants, with 0 < α <1. Derive from these equations 

a single differential equation to determine K = K(t), and find the solution of the equation 

when K(0) = K0 > 0. 

 

From (1) – (3), ααλααα −− === 1

0

1
KesALLsAKsXK

t&  (Separable equation) 

 

   ∫∫ =−
t

t

K

K

dtesALdkK
0

0

1

0

αλαα  

   [ ] [ ]ttK

K esALK 00

11
0

αλαα

αλα
=  

   ( ) ( )1
11

00 −=− tesALKK αλααα

αλα
 

Rearrage,   ( ) α
αλαα

λ

1

00 1








−






+= t
eAL

s
KK  

 

 

Ex. 3.2  When the price of a commodity is P, let D(P) = a – bP denote the demand and     

S(P) = α +βP the supply.  Here a, b, α and β are positive constants.  Assume that the price   

P = P(t) varies with time, and that P&  is proportional to excess demand )()( PSPD − .  Thus, 

 

    [ ])()( PSPDP −= λ&  

 

where λ is a positive constant.  Show that the general function for the price P is 

 

β
αβλ

+
−

+= +−

b

a
CeP tb )( . 

Determine that the price P is stable and converged to the equilibrium price 
β
α

+
−

=
b

a
P*  as 

t→∞. 
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Ex. 3.3  Consider the following model of economic growth in a developing country: if X(t) is 

the total production per year, K(t) is the capital stock, H(t) is the flow of foreign aid per year, 

and N(t) is the size of the population, all measured at time t.  Then, 

 

    )()( tKtX σ=    (1) 

    )()()( tHtXtK +=α&   (2) 

    t
eNtN
ρ

0)( =    (3) 

 

From (1), the volume of production is simply proportional to the capital stock, with the factor 

of proportionality σ being called the average productivity of capital.  From (2), the total 

growth of capital per year is equal to internal saving plus foreign aid.  The saving are 

proportional to production, with the factor of proportionality α being called the saving rate.  

Finally, (3) suggests that population increases at a constant proportional rate of growth ρ. 

 Derive from these equations a differential equation for K(t).  Assume that  
t

eHtH
µ

0)( = , and find the solution of the differential equation in this case, given that 

0)0( KK =  and µασ ≠ .  Find an expression for the production per head 
)(

)(
)(

tN

tX
tx = . 

ANS: From (1) and (2); )()()( tHtKtK +=ασ&     (4) 

If t
eHtH
µ

0)( = , solve (4) obtain tt e
H

CetK µασ

ασµ −
+= 0)(  

For 0)0( KK = , 
ασµ −

−= 0
0

H
KC . 

Hence,     tt
e

H
e

H
KtK

µασ

ασµασµ −
+








−

−= 00
0)(   (5) 

Per capita production is equal to 
t

eN

tK

tN

tX
tx ρ

σ

0

)(

)(

)(
)( == .     (6) 

Substitute (5) → (6),    [ ]ttt
ee

N

H
extx

)()(

0

0)( 1)0()( ασµρασρασ

µασ
σ −−− −








−

+=  

 

Ex. 3.4 In a macroeconomic model, C(t), I(t), and Y(t), denote respectively the consumption, 

investment, and national income in a country at time t.  Assume that, for all t: 

 

[1] C(t) + I(t) = Y(t)  [2] )()( tCktI &=  [3] btaYtC += )()(  

 

where a, b, and k are positive constants, with a < 1. 

(a) Derive the following differential equation for Y(t): 

   
a

b

ka

b
tY

ka

a
tY −−

−
= )(

1
)(&  

(b) Solve this differential equation when 
( )a

b
YoY

−
>=

1
)( 0 , and then find the corresponding 

function I(t). 

(c) Compute 







∞→ )(

)(
lim

tI

tY

t
. 
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4. Second-Order Linear Differential Equations 

Second-order differential equations can usually be written in the form 

 

    ( )xxtfx &&& ,,=  

 

The general second-order linear differential equation is 

 

    ( )tfxtbxtax =++ )()( &&&   (I) 

 

where )(ta , )(tb , and )(tf  are all continuous functions of t.  In this lecture, we will only 

consider the case with constant coefficients hence (I) becomes 

 

    ( )tfbxxax =++ &&&    (II). 

 

In contrast to first-order linear equations, generally (II) has no explicit solution in terms of 

functions in this lecture.  However, it is still possible to determine the general solution in 

some cases using the method similar to what we have done for difference equations. 

 

General Solution = Complementary Solution + Particular Solution 

 

4.1 Complementary Solution 
The complementary solution is the solution to the homogeneous equation.  The homogeneous 

equation of (II) obtains by replacing )(tf  by 0.  Hence, 

 

    0=++ bxxax &&&    (III) 

 

If )(11 tuu = and )(22 tuu =  both satisfy (III), then 21 BuAux +=  also satisfy (III) for all 

choices of A and B.  Differentiation gives 21 uBuAx &&& += and 21 uBuAx &&&&&& += .  Inserting these 

expressions for x, x&  and x&&  into the left-hand side of (III) yields 

 

( ) ( ) ( ) 0212121 =+++++=++ BuAubuBuAauBuAbxxax &&&&&&&&&  

( ) ( ) 0222111 =+++++=++ buuauBbuuauAbxxax &&&&&&&&&  

 

In order for 21 BuAux +=  to be the solution of (III), u1 and u2 must not be constant multiples 

of each other – that is, they must not be proportional.  Now, we need to guess u1 and u2.  

Because the coefficients in (III) are constants, it seems a good idea to try possible solutions x 

with the property that x, x&  and x&& are all constant multiples of each other.  The exponential 

function mt
ex =  has this property, because mxmex

mt ==&  and xmemx
mt 22 ==&& .  Inserting 

these expressions for x, x&  and x&&  into the left-hand side of (III) yields 

 

    02 =++ mtmtmt
beameem  

Canceling mt
e gives   02 =++ bamm    (IV) 

which is the characteristic equation of the homogenous second-order differential equation 

(III).  This is a quadratic equation and the two characteristic roots are 

 

    
2

42

2,1

baa
m

−±−
=  
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For case 1 ( 042 >− ba ), The functions 
tm

e 1  and 
tm

e 2  satisfy (III).  These functions are not 

proportional when 21 mm ≠ , so the general solution is 
tmtm

BeAex 21 += . 

 

For case 2 ( 042 =− ba ), then 
2
am −=  is one double root of (IV), and that mteu =1  satisfies 

(III).  We cannot use mteu =2 because it is proportional to u1.  Then, we try mtteu =2 .  

Differentiation gives mtmt tmeeu +=2
&  and mtmtmtmtmt etmmeetmmemeu 22

2 2 +=++=&& .  

Inserting these expressions for x, x&  and x&&  into the left-hand side of (III) yields 

 

( ) ( ) 02 2

222 =++++=++ mtmtmtmtmt btetmeeaetmmebuuau &&&  

( ) ( ) 02 2

222 =++++=++ mtmt tebmmeambuuau &&& .   (V) 

 

(V) is true because 
2
am −=  and 02 =++ bamm .  Hence mtteu =2 satisfies (III).  These two 

solution is not proportional so the solution is ( ) mteBtAx += . 

 

4.2 Particular Solution (xps) 

The general second-order linear differential equation is 

 

    ( )tfbxxax =++ &&&   (II). 

 

We need to guess a particular solution that satisfies (II) and use the method of undetermined 

coefficients is a simple method to determine unknowns of the guessed particular solution. 

 

f(t) Guessed xps 

A k 
qtpa  qt

ka  

pt
n
 (Polynomial) n

ntktktkk +++++ ...2

210  

rtqrtp cossin +  rtjrtk cossin +  

 

If f(t) = A (a constant), the guess  x = k.  Then 0== xx &&& , so the equation (II) reduces to        

bk = A. Hence, k = A/b. 

 Abxxax =++ &&&  has a particular solution xps = A/b. 

There are 3 possible solution of the homogenous second-order differential equation 

    0=++ bxxax &&&    (III) 

 

Case 1 042 >− ba  when the characteristic equation has two distinct real roots. 

  
tmtm

BeAex 21 +=  

 

Case 2 042 =− ba  when the characteristic equation has one distinct real root 
2
am −= . 

  ( ) mteBtAx +=  

 

Case 3 042 <− ba  when the characteristic equation has no real roots (complex roots). 

  )cos( BtAex t += βα  where 
2
a−=α  and 2

4
1 ab −=β  
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4.3 General Solution 
 

 

 

 

4.4 Stability 

The stability concepts for second-order linear differential equation are closely related to those 

for difference equations.  If small changes in the initial conditions has no effect on the long-

run behaviour of the solution, the system is called stable.  On the other hand, if small changes 

in the initial conditions can lead to significant differences in the long-run behaviour of the 

solution, then the system is unstable. 

 

Examples: Solve Ex. 4.1 – 4.7, determine the stability. 

Ex. 4.1 For 03 =− xx&& , show that 33 tt
BeAex

−+= . 

Ex. 4.2 For 044 =+− xxx &&& , show that ( ) teBtAx 2+= . 

Ex. 4.3 For 4444 =+− xxx &&& , show that ( ) 112 ++= teBtAx . 

Ex. 4.4 Find the general solutions and determine the stability 

(a) 03 =− xx&&    (b) 084 =++ xxx &&&   (c) 083 =+ xx &&&  

(d) 044 =++ xxx &&&   (e) 86 =−+ xxx &&&    

Ex. 4.5  Solve the following differential equation 22 txxx =++ &&&  for the specific initial 

conditions x(0) = 0, 1)0( =x& . 

 

Example of past exam questions: 

9. For each of the following differential equations, determine the solution and prove that your 

solution is correct. 

(a) txtxx 22. +=&  and 0)1( =x        (8 marks) 

(You can leave your answer with all the x(s) on one side and all the t(s) on the other side) 

(b) 
2

1

t

xt
x

−
=&  and 5)1( =x         (8 marks) 

 

10. A second order linear differential equation is 

    3
2

2 =+−
x

xxa &&&  and 5)0(,2)0( −== xx &  

(a) Find the value of a  that will give the characteristic equation one distinct real root.  

(b) Use the value of a  from (a), determine the general solution 

(c) Discuss with reasons the stability of the solution.  

(11 marks) 

General Solution = Complementary Solution + Particular Solution 

The second-order linear differential equation 

( )tfbxxax =++ &&&  

has a general solution 

ps21 xBuAux ++= . 

The equation is stable if both roots of the characteristic equation 

02 =++ bamm  has negative real parts.  

 

( )tfbxxax =++ &&&  is stable ⇔  a > 0 and b > 0. 


