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1 Introduction and Motivation

e why to study linear systems?

— linear equations are the most elementary equations that can arise
— we can (mostly) calculate explicit solutions

— when studying non-linear models which cannot be solved explicitly, linear
systems can serve as an approximation (calculus, Taylor polynomial)

— some of the most frequently studied economic models are linear
e most compact way to present linear systems is with matrices
e casiest example is a scalar or a vector

e how to implement with a computer? = MATLAB

2 Vectors in n-dimensional Spaces

e we will use R, the set of real numbers (e.g. 1, —2.5, )

Definition 1

A scalar is a number ¢ € IR.

A wector x is an array of scalars. A row wector has one row and n columns,
a column vector contains of n rows and one column. The number n is called
the dimension of the vector. In general, if no explicit description is given, a
“vector” denotes a column vector.

0 denotes a vector where all entries are 0.

Examples:
— scalar: c=1, ¢c=—-0.25, c=7
— row vector: ' = (a1, as, ..., a,) with a; € R Vi
45]
az . .
— column vector: x = ) with ¢; € IR V¢
Qp,
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2.1 Elementary Operations

e for scalars a;, b; Vi and ¢ and vectors x, y:

ay
az

an

a1
a2

G

0

0

0:= .

0
bl &1'+'b1
bQ B a2-+-b2
bn an'+’bn

aq cay

a9 CQ9
Cr = C = .

(07 CQy,

e Let ¢, d be scalars and x, y and z vectors with the same number of rows. Then

T+ (y+2)
z+0
x4+ (—x)

c(dx)
1z
c(z+vy)
(c+d)z
Oz
Tty
cx

(+y)+=
r=0+x

0

y+x

(cd)x

x

cr +cy

cr +dx

0 AN cO=0
rT+z <& y==z
0 & c=0V =0

2.2 Linear Independence, Span and Basis

Definition 2

Two vectors z, y in IR™ are called linearly independent iff there exists no scalar
c such that x = cy or y = cx.
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For n vectors x;, i =1, ..., n, every vector

n
caxry+ ...t ey, = E CiT;
i=1

(¢; scalars) is called a linear combination of 1, ..., x,.
n vectors x; are linearly independent iff there exist no scalars ¢, ..., ¢, such
that one of the n vectors x;, ¢ =1, ..., n is a linear combination of the other

n — 1 vectors, i.e., if
ari+...+cr, =0 = cg=...=c¢, =0.

Note: No set of more than n vectors in IR" can be linearly independent.

The set of all linear combinations of the vectors z;, ¢« = 1, ..., m, i.e.,
{a1x1+.. . +cmTm, c1,...,cn € R} is called the space spanned by x1, ..., x,.

Note: A set of vectors spanning IR™ must contain of at least n vectors.

Let =1, ..., x, be m vectors in IR" spanning the set {2 and being linearly
independent, then z1, ..., x,, form a basis of 2. The number m of vectors
forming the basis is called the dimension of 2.

Note: z1, ..., x,, basis of @ = =z, ..., x,, spanning Q, but z{, ..., x,,
spanning ) # x4, ..., T, basis of {2 in general (spanning can contain linearly
dependent vectors!).

Theorem 1

The following statements are equivalent

1. The vectors x1, ..., x, are linearly independent.

2. cix1+ e+ ...+, =0 cp=c=...=c,=0for ¢, € R Vi.

3. i1+ ...+, = dixy + ... +dyr, & 0 = di, ..., ¢, = d, for
¢, d; € IR Vi.

3 What is MATLAB?

MATLAB (matriz laboratory) is a programming language for technical com-
puting. In university environments, it is the standard instructional tool for
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introductory and advanced courses in mathematics, engineering, and science.
Basic MATLAB can be used for:

computations including linear algebra

data analysis

polynomials and interpolation

modeling, simulation and prototyping

forecasts

numerical solutions of differential equations

graphics in 2-D and 3-D including colors and animation

and a lot of other applications

We will work through some of the applications listed above.

There is a variety of toolboxes which are implemented in MATLAB to solve
special classes of problems. Also the program DYNARE of M. Juillard uses
MATLAB as basis program.

MATLAB’s basic data element is an array (i.e., a vector) that does not require
dimensioning. This allows us to solve many technical computing problems,
especially those with matrix and vector formulations in an easy way.

To start MATLAB, double-click on the icon on your desktop.

The command window opens and you can enter the commands at the
command line prompt >> which are immediately executed after ”enter”
is pressed.

The command history window is used to view or execute previously run
commands and functions.

The current directory/workspace window lists the folders/files in the cur-
rent directory (=where you are working) or the values and attributes of
the variables you have defined.

The START button at the lower left gives you quick access to tools and
more.

The current directory line at the top tells you where MATLAB thinks
your files are located. This should always point to the folder that you are
working in so that your files are saved in your own directory.

4
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— How to open a document depends on the document type:
M-file: Select "File” = "Open” and select the M-file (filename.m). It
opens in the editor/debugger.
Workspace variable: In the workspace browser, double-click the variable.
It opens in the array editor.

— To clear the command window, type in the command clc.

3.1 M-Files - An Overview

MATLAB executes a sequence of statements stored in diskfiles, called M-
Files (because they must have the file type ”.m” as the last part of the
filename). M-files are created using the editor.

There are two types of M-files: script files and function files.

A script file consists of a sequence of normal MATLAB statements. Sup-
pose we have a file summation.m and type in the command summation,
then MATLAB will execute the statements written in the file. Variables
in a script file are global and will change the value of variables of the same
name in the environment of the current MATLAB session. An M-file can
reference other M-files.

In a function file, new functions can be created which will have the same
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status as other MATLAB functions. Variables in a function file are local.
Here an example:

function y = average(x)

% AVERAGE Mean of vector elements

% AVERAGE(x), where x is a column vector, is the mean of vector elements
% Non-vector input results in an error

[m, n] = size(x); % size(x) gives the # m of rows and the # n of columns

if (~ ((n==1)[(m ==1&n==1))
error ('Input must be a column vector!’)
end

y=sum(x)/m

The % symbol indicates that the rest of the line is a comment, MATLAB
ignores the rest of the line.

The first line of the function file has to define the function. It begins
with the keyword function, the there follows an output argument y, the
function name and in brackets the input argument x. The filename with
extension .m has to be equal to the function name average. To call the
average function, we can type

Z = 1:99
average(Z)
and get
ans = 50.

If we type in a statement and press "enter” or "return”, MATLAB au-
tomatically displays the results in the command window. If we want to
suppress parts of the output, this can be done by terminating the state-
ment with a semi-colon. MATLAB performs the computation as usual
but does not show up the result. This is often useful for large matrices.

>> x = 13, y=5+x, z=x"2+y
y = -8
z = 161

bh 2

If a statement does not fit on one line, use and then "return” to
indicate that the statement continues on the next line.
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Suppose, we have misspelled e.g. the built-in function sqrt as ’sqt’, which
gives the square root of a number. Then MATLAB responds with

Undefined function or variable 'sqt .

Instead of retyping the whole command line, we can simply press the T
key. Then the former statement is redisplayed. By using the < key we
can correct our statement. Repeated use of T recalls earlier lines. Typing
a few characters and then T finds a previous line that begins with those
characters.

Text strings are entered in MATLAB surrounded by single quotes ' text '.
Text strings can be displayed with the function disp. For example:

disp( ' This message is displayed. ')

Error messages are best displayed with the function error:

error( ' Something is wrong. ')

since when placed in an M-file, it aborts execution of the M-file.

In an M-file the user can be prompted to enter input data with the input
function input. When e.g. the statement

iter = input( ' Enter the number of iterations: ')

is encountered, the prompt message is displayed and execution pauses
while the user keys in the input data. Upon pressing the "return” key,
the data is assigned in the variable iter and execution resumes.

To end a MATLAB session, select "File” = ”Exit MATLAB” or type quit
in the command window.

Note: A runaway display or computation can be stopped without leaving

MATLAB with CTRL-C.

3.2 MATLAB as a Calculator and Formats of Numbers

We can use MATLAB as a calculator: The basic arithmetic operators are
+, —, %, 7, / and these are used in conjunction with brackets ( ). The symbol
" is used to get powers. %, / and +, — work from left to right.

7
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There are several types of numbers, one is the ”e” notation which is used for
very large numbers, e.g. —1.03e+03 = —1030. The format how numbers are
displayed is controlled by the format-command. The format function affects
only how numbers are displayed, not how MATLAB computes or saves them.
Suppose we want to display m which is a built-in constant in MATLAB:

>> a=T
a=3.1416
>> format short e

>> a
a = 3.1416e+00

>> format long e

>> a
a=3.141592653589793e+00

>> format long

>> a
a =3.14159265358979

>> format short

>> a
a = 3.1416, which is the default format

For the number 4/3, we will get with the default format 1.3333. If we want the
number displayed as a fraction, we have to use the command format rat.

3.3 Very First Steps in MATLAB

Like before, we can differentiate between row and column vectors. In MAT-
LAB, the entries within one row are separated by spaces or commas; the entries
in one column are separated by semi-colons or returns. The elements of a vec-
tor must be enclosed by brackets. The command length shows the number of
entries.

Examples:
— For a column vector, type after the prompt >>:
u=1[1; 3
5]
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and you will get the output:
1
u= 3
5.
— For a row vector, type after >>:
v=[13,5]
and you will get the output:
v=1 3 5.
— Using the function length after >>:
length(v)
you will get
ans = 3.
— Be careful with spaces: The command
v2 =[3+ 45
is not equal to the command
v3=[3 +45].
In the first case, we will get the output
v2="7 5,
in the second

v3=3 4 5.

The vector addition and subtraction is straight forward:

v +v3
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gives the output
ans =4 7 10.

If the length of two vectors v and v2 do not coincide, when typing
v+v2,

the error message

error using ==> plus
Matrix dimensions must agree.

appears.

In all vector arithmetic with vectors of the same length, the operations are
done element-wise. So is scalar multiplication:
The command

vb =2x%v—3x%xv3,
will give
vbh = 7 —6 5.

We can also create a vector by putting existing vectors together. Suppose we
already entered

w=[123], z=1[89].
Then the vector
r = (16 18 -1 -2 -=3)
is created by typing in
x=[2%xz, —w].

The different entries of e.g. the vector w are denoted by w(i) fori =1, ..., 3.
If we want to change parts of a vector, we can do it the following way: Type in

w(2) = -2, w(3).

10
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We will get:
w =1 -2 3
ans = 3

The so called colon operator is a shortcut for creating a vector. Typing
1:4
will give the vector

ans = 1 2 3 4.

More generally, a:b:c produces a vector of entries starting with value a, incre-
menting by value b (can also be negative or no integer) until it gets to c. The
default increment is 1.

Extracting parts of a vector or getting the reverse order of a vector can be done
by using the colon operator. For the command

r=[1:2:6,—1:-2:-7],
which denotes the vector
r =135 -1 -3 =5 —T,
we get:
-r(3:6)= ans = 5 —1 =3 =5

-r(1:2:7)= ans = 1 5 -3 =7
-r(6:-2:1)= ans = -5 —1 3

In general, entering a list of elements, MATLAB will store the variable under
the chosen variable name. The command who will list the variables currently
in the workspace. A variable can be cleared from the workspace with the com-
mand clear variable name. The command clear alone will clear all nonpermanent
variables.

When we log out or exit MATLAB, all variables are lost. Invoking the com-
mand save before exiting causes all variables to be written to a diskfile named
"matlab.mat”. When one reenters MATLAB, the command load will restore
the workspace to its former state.

11
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4 Matrix Algebra

As before a; Vi, ¢, d, ... denote scalars and x, y, ... denote vectors.

Definition 3

A real m x n_matriz (we will only operate with real values) is a rectangular
array of scalars with m rows and n columns denoted by a capital letter (con-
vention). We write

ail a2 c.. Q1y oo Qln
al ao e agj oo Q9n
A = [aij] = |aijlmxn = |aij] =
[ ]] [ ]] [ ]] t=1,...,m a;1 a2 ... Qi ... Qip
j=1,....n
aml Am2 ... Gmj ... amn

The number a;; is called the (i, 7)™ entry or element of the matrix A. The

index 7 denotes the row and j the column of the entry a;;.

4.1 Special Kinds of Matrices

— column vector: n = 1, i.e., number of columns = 1

— row vector: m = 1, i.e., number of rows = 1

— zero matrix: an m X n matrix with all entries being zero

— square matrix: m = n, i.e., number of columns = number of rows

— symmetric matrix: a;; = aj; Vi, j (square matrix!), i.e., interchanging rows
and columns leaves the matrix unchanged; we write A = A’ (matrix equals
its transpose)

— diagonal matrix: a square matrix whose only nonzero elements appear on
the main diagonal, i.e., m =n and a;; = 0 Vi # j

— scalar matrix: a diagonal matrix with the same value in all diagonal entries
(a scalar is a (1 x 1 matrix))

— identity matrix: a scalar matrix with ones along the main diagonal; we
write I, to denote the identity matrix of order n

12
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— upper-triangular matrix: a square matrix where all entries below the main
diagonal are zero, i.e., a;; = 0if 7 > j

— lower-triangular matrix: a square matrix where all entries above the main
diagonal are zero, i.e., a;; = 0if j > ¢

Examples:
1 2 3
— symmetric matrix: A= 2 5 0
307
: : 10
— diagonal matrix: A = ( 0 2 )
15 3
— upper triangular matrix: A=| 0 5 7
00 3

Definition 4

The transpose of an m x n matrix A is the n x m matrix A’ = AT obtained by
interchanging the rows and columns of A:

ayp ... Qip ai] ... QAm1
ags1 ... QAgp a12 ... A2
!/
A= . ) = A =
Am1 .. Amn Aip ... Amn

— x is a column vector, whereas z’ is a row vector (by convention)
- (A)Y=A
— if the matrix A is symmetric, then it holds: A = A’

4.2 Elementary Operations

4.2.1 Addition of Matrices and Scalar Multiplication

Let A := [a;j] and B := [b;;] be two m x n matrices and ¢ € R a scalar. Then

13
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A —+ B = [aij + b”]

aiy ... Qip bir ... b arn + b ain + bin
agr ... Qzq n bor ... bay B a1 + bay azn + oy,
m1 -+ QGmn bml e bmn Am1 + bml Qmn + bmn
cA = [ca;j]
ayr ... Qp cayp ... CQip
a1 ... Qa9 C21 ... CQop
C g
A1 -+ Gmp Cam1 -+ Clmp
— The subtraction of matrices is defined analogously.
—(A+B)=A+D
— Note: The addition (and subtraction) of matrices is only defined for ma-
trices with the same dimension.
— (cA) = cA
Example:

— Ot N WO
— N = RN

OO W = O

3 21
05 2
011
3 0
2 5
1 2

Theorem 2

N =N s O

SR OIS
SN =

0 is the additive identity since A + 0 = A and obviously A — A = 0.
It follows immediately that matrix addition (subtraction) is associative and
commutative, i.e., (A+ B)+C=A+ (B+C)and A+ B =B+ A.

14
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4.2.2 Vector Multiplication

Definition 5

The wnner product or scalar product of two vectors x and y of the same dimen-
sion n is a scalar with:

bl n
(x,y) =2"y = (ay---ay,) : :albl+a2b2+...+anbn:Zaibi
b, i=1

Theorem 3

The inner product has the following properties for any vectors z, y, z € IR"
and a scalar c € IR

1. symmetry: (z,y) = (y,x), i.e., 'y = y'x
2. bilinearity:

(T, y+2) = (z,y)+(2,2)

(z,cy) = c(z,y)
(T+y,2) = (x,2) +(y,2) (cx,y) = c(z,y)

3. positivity: (z,z) > 0 with equality iff x =0

Definition 6

The length of a vector x is defined as the square root of the inner product of
the vector:

l|z]] == {z,2) =\/ai+ ...+ a2

(||z]| is also called the Euklidean norm or 2-norm of a vector x.)
The distance of the two vectors x and y is defined as

d:=llz—yll= V(@ —y)(z -y

Theorem 4

The length has the following properties for any vectors z, y € IR" and a scalar
ce R:

L. ||z|| > 0 with equality iff z = 0

15
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2. [lex|| = [ef - []]
3. |z +yll < l=[| + [lyll
4. The Cauchy-Schwartz Inequality holds: |2'y| < Va'z/y'y = ||z|| ||y]|

Definition 7

~ denotes the angle between two vectors z and y in IR" where:

(@, y) = |lzll - llyll - cos

x and y are orthogonal if (x, y) = 0 as cos 90° = 0.

x and y are parallel and point in the same direction if (x, y) = ||z|| - ||y||
as cos 0° = 1 and point in different directions if (x, y) = —||z|| - ||y|| as
cos 180% = —1.

4.2.3 Matrix Multiplication

Definition 8

The product of an m x n matrix A = [a;;] and an n X p matrix B = [bj;] is
defined as the m x p matrix C':= AB = [c;] whose (i, k)™ entry is the inner
product of the i** row of A and the k** column of B:

blk: n
/ .
Cik. = aibk = (ail T ain) : = a;1bip + ... + aipbni = E a;nbpi

bnk h=1

— The product of two matrices A and B is only defined iff the number of
columns of A is equal to the number of rows of B.
— The product of square matrices of the same dimension is always defined.

— AB # BA in general, even if both products are defined. So the matrix
multiplication is not commutative. Two matrices C' and D are equal iff
they have the same dimension and each element of C' equals the corres-
ponding element of D, ie.: C =D & ¢j=d; Vi, j.

— Note: Due to the non commutativity we have to distinguish pre- and post-
multiplication (from left, from right).

— (AB) = B'A’, (ABC) =C'B'A’
— A -0 =0 if well defined.
— The matrix A is idempotent if A2 = A- A = A.

16
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Example:

0O 0Y). . _ 0 0 00y (00
A-(O1)151demp0tent.(01)(01)—<01)

Theorem 5

The identity matrix [,, is the multiplicative identity for A, B: A- I, = A if
Apxn and I, - B = B if B,x,.

The matrix multiplication is associative and fulfills the distributive law: (AB)C =
A(BC) and (A+ B)C =AC+ BCNA(B+C)=AB+ AC.

For a scalar ¢ and matrices A and B, it holds: (cA)B = ¢(AB) = A(cB).

4.2.4 Some Notation

Consider the general m x n matrix

ayy ... Q15 ... Qin
A= Q41 Q5 Qin,
Am1 -+ Qmj ... Gmp

Sometimes it is convenient to have a notation for the i*” row of this matrix. As
by convention a vector is usually a column vector, we will sometimes denote by
a; the column vector formed by the transpose of row i: a; = (@1 - - @ij - - - @)’
There are authors who define a; as a row vector! Be careful!

4.3 Matrices in MATLAB

MATLAB works with only one kind of object: a rectangular array, which
contains of numbers. So all variables are matrices. A 1x 1 matrix is interpreted
as a scalar and an n X 1 or a 1 X n matrix as a vector.

Matrices can be introduced into MATLAB in several ways:

— Entered by an explicit list of elements.

— Generated by so called built-in statements and functions.

17
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— Created by M-files (MATLAB scripts).
— Loaded by external data.

We will start by entering matrices as a list of its elements. The following basis
conventions have to be taken into account:

— The elements of a row are separated by commas or spaces.
— A semi-colon indicates the end of each row.

— The entire list of elements has to be surrounded by brackets | |.
If we type in
A=[3,5 7 1,9 3 2 52 3 1, 1,4, 2 5 17
MATLAB displays the matrix:

A =3

N W W Ot
Tt = N

N~ Ut =

9
2
4

Once a matrix is entered, it is automatically remembered in the MATLAB
workspace. We can then simply refer to it as A.
[m, n] = size(A) returns the number of rows m and columns n of A. If A is
square, n = size(A) returns the dimension of A.
4.3.1 Sum, Transpose and Diag
If we type in
sum(A)
MATLAB replies with
ans = 18 13 15 14

When we do not specify an output variable, MATLAB will automatically use
the variable ans. Sum computes a row vector containing the sum of the columns
of A. MATLAB has a preference working with the columns of a matrix; to get
the sum of the rows of a matrix, we should take the transpose, then compute

18
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the sum and finally transpose the result. The transpose in MATLAB is denoted
by an apostrophe-dot operator ’. So

AI
produces
ans = 3 9 2 4
5 3 3 2
7 2 15
1517
The command diag(A) produces a column vector containing the elements of

the main diagonal of A. Typing

diag(A)
MATLAB returns
ans = 3

3
1
7

4.3.2 Subscripts
The element in row ¢ and column j of A is denoted by A(i, j). To compute the
sum of the elements in the fourth column of A, we have to type
A(1,4) + A(2,4) + A(3,4) + A(4,4)
This gives
ans = 14

but this is not the most elegant way of summing a simple column. We can also
use the colon operator introduced before. Type

sum(A(1: 4,4))

and MATLAB will return the same sum as in explicit formulation of the sum.
There is another way. The colon operator refers to all elements in a row or
column of a matrix, the keyword end refers to the last row or column. So we
can write

sum(A(:,end))

to achieve once again 14 as a result.
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4.3.3 Mathematical Expressions

MATLAB provides mathematical expressions which involve entire matrices.
We can distinguish between variables, numbers, operators and functions.

MATLAB does not require any type declaration or dimension statements with
variables. When we type in a new variable name, MATLAB creates automa-
tically the variable and allocates the amount of storage needed. If the variable
already exists, MATLAB changes its contents and adjusts the storage. If once
a variable is created, entering the variable name returns the matrix assigned
to the variable. In general, variable names consist of a letter followed by other
letters, numbers, ...

Note: MATLAB is case sensitive; typing uppercase and lowercase letters is not
the same!

The function genvarname creates unique and valid variable names. The different
formats are already described in section 3.

For numbers, MATLAB uses conventional decimal notation. All numbers are
stored internally using the long format.

As operators, we can use

+ Addition

—  Subtraction
Multiplication
Division
LeftDivision
Power
Transpose

)/\ *

~

For a list of elementary mathematical functions implied in MATLAB type in
help elfun

We have for example abs, sqrt, exp and sin. Some of the functions are built-
in functions, we cannot see the code and they are really efficient. For other
functions we can see the code and we can modify it. Some constants are also
already implied in MATLAB, e.g. pi, i (for the imaginary unit of a complex
number, but we concentrate only on real numbers in this whole course), Inf for
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infinity and NaN (not-a-number). It is possible to overwrite any of the built-in
constants with a new value, such as

Inf = 1.
To restore the original value we have to type in

clear Inf

4.3.4 Generating Matrices

We will now show explicitly how to generate matrices listed at the beginning
of section 4.3. So far we entered matrices as a list of elements. Here is a short
explanation of the second possibility: There are six functions that generate
basic matrices in MATLAB:

zeros All zeros

ones  All ones

rand  Uniformely distributed random elements
randn Normally distributed random elements
triu Upper triangular part of a matrix

tril Lower triangular part of a matriz

E.g., if we type in
Z = zeros(2,4),
MATLAB generates a 2 x 4 matrix with all entries equal to zero.

The function eye(n) returns an n x n square identity matrix, i.e., a matrix of
dimension n with ones along the main diagonal and zeros elsewhere.

We can also create a matrix by M-files. M-files are text files containing MAT-
LAB code. With the MATLAB editor, we can create a file containing the same
statements we have typed so far at the command line, e.g., to generate the
matrix A. When we save this document under a name ”filename.m”, typing
filename reads the file and creates the variable A.

Finally the load function reads binary files containing matrices generated by
earlier MATLAB sessions or reads text files containing numeric data. The text
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file (or excel file) has to be organized as a rectangular table of numbers, sep-
arated by blanks (in Excel, different columns) with one row per line and an
equal number of elements in each row. The text file has to be stored under the
name "filename.dat”. Then the statement

load filename.dat

reads the file and creates the variable ”filename”.
The command for loading the data of an excel file will be in two steps:

1.) [w] = xlsread( ' filename.xls ' ); % creates the matrix w
2.) y = w(:, 1) % denotes the first column of the data matrix w with y

Another way of creating matrices is called ”concatenation”. This is a process
of joining small matrices to make bigger ones. For example look again at our
first matrix A. If we type in

B=[A A+3; A+8 A+1],

MATLAB returns

B =3 5 7 1 6 8 10 4
9 3 2 5 12 6 5 8
2 3 1 1 5 6 4 4
4 2 5 7 7 5 8 10
1 13 15 9 4 6 8 2
17 11 10 13 10 4 3 6
0 1 9 9 3 4 2 2
12 10 13 15 5 3 6 8
We can also delete rows and columns from a matrix using a pair of brackets
[]. For
A:,2) =[]

we delete the second column of A:

N
I

w
-

N O
Ot — N
~J = Ot =
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If we want to do arithmetic operations element by element (so handle the
matrix like an array), we can use these operators:

+ Addition

Subtraction

Element — by — element multiplication
Element — by — element division
Element — by — element le ft division
Element — by — element power

Array transpose

/

Addition and subtraction are the same for matrices and arrays, but the multi-
plicative operations are different. MATLAB uses a dot as part of the notation
for multiplicative array operations.

4.3.5 Addition, Subtraction, Vector Products and Transpose

Addition and subtraction require both matrices to have the same dimension or
one of them to be a scalar. If the dimensions are incompatible, the same error
message as in the vector case shows up. Suppose, we have the two matrices

1 2 3 3 2 3
A=12 2 1 and B=1| 1 2 2
5 1 2 5 4 2

Summing A and B in a matrix X = A 4+ B gives

X =4 46
3 4 3
10 5 4

When we multiply vectors, we get a scalar, the inner product, or a matrix, the
outer product.
Suppose we have the two vectors x, y with

3
=111, y=@20 -1
4

For z =y x x, MATLAB returns:
z =2

23



Linear Algebra and Introduction to MATLAB S. Eschenhof

For Z = x xy, MATLAB returns:

Z =6 0 =3
2 0 -1
8§ 0 —4

If the vectors x and y are both real column vectors, the product x * y is not
defined, but the two products

X' xy and y *x

are valid and produce the same scalar.

The transpose operator interchanges a;; and aj;. For

X=Z'
we get
X = 6 2 8
0 0 0
-3 -1 —4

4.3.6 Matrix Multiplication

If Ais m x pand B is p x n, their product C' is m x n. The product can be
defined using MATLAB’s for loop, colon notation and vector scalar product:

fori=1:m
forj=1:n
Cli. §) = A(i, ) *B(:, J);
end
end

Matrix multiplication is denoted by a single asterisk *. For

3571 5 280

9325 7 -3 1 2
A:2311’B: 1 -9 1 2

4 2 5 7 3 111
X=A*B
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gives

X = 30 =71 37 25
-7 -4 82 15
15 =13 21 9
20 =36 46 21

A matrix can be multiplied on the right by a column vector  and on the left
by a row vector y. Suppose

1
T = i , y=1(2,0, 1, 1).
-1
Then
z1 = Axx
zl1 = 55
27
20
27
and
z2 = yxB
z2 = —6 —4 18 3.

Suppose we have the matrix A from above and the following matrix C"

31 1 -1
C=1|112 -9
5 4 7 3

Typing Y = A*C, MATLAB will return

error using ==> milimes
Inner matriz dimensions must agree.
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4.3.7 Vector Norm

The 2-norm of a vector =

lall = (3 1 1)

is computed by norm(x, 2) or simply norm(x), because 2 is the default value of
the norm function implemented in MATLAB. There exist also other norms,; so
called p-norms which have the general form

lelly = (X 1) "

These are not discussed in more detail in this course.

4.4 Trace, Rank and Determinant of a Matrix

Definition 9

The trace of an n x n matrix A is the sum of its (main) diagonal terms, i.e.,
t’l"(A) = Za”
i=1

— Let A be m xn and B be n x m, then AB is m x m and BA n X n and
we have: tr(AB) = tr(BA).

— 2/ Az with x,,; and A, «, is a scalar and 2’ Az = tr(a’ Az) = tr(Aza’).

— tr(AB) # tr(A)tr(B)

4.4.1 Excursus: Lines, Planes and Hyperplanes

We will discuss these issues (in point-normal representation) by using a simple
example namely that of a budget line:

— lines in R%:
take the budget line pyx; + pors = m and write it in vector notation as
p'x = m; with p and m given, this equation describes a subset of R%.
Take any xq satisfying the equation, i.e., p'xg = m, then: p'zy = p'z &
P(x —x9) =0.
Hence the line (that are the points satisfying p'(x — x¢) = 0) is precisely
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the set of points for which x — x( is orthogonal to p; p is called normal
vector.

planes in IR3:
P11 + patay + p3r3 = m in vector notation again p'(z — z9) = 0 nothing
changed but in 3 dimensions now!

hyperplanes in IR™:

P1x1 + poe + ... + P, = m in vector notation p'(z — xg) = 0; this is
the natural extension of lines in IR? and planes in IR® which are actually
special cases of a hyperplane.

A hyperplane in IR™ is a set of the form {x € R" : p'(x —z9) =0, p €
R™"\{0}, zo € R"}

Definition 10

The column space of a matrix is the vector space spanned by its column vectors.

The

column rank is the dimension of the column space, i.e., the column rank

is the largest number of linearly independent columns of a matrix.
Analogously, the row space of a matrix is the vector space spanned by its row
vectors. The row rank is the dimension of the row space, i.e., the largest number
of linearly independent rows of a matrix.

Theorem 6

For any matrix A the column rank equals the row rank, hence the dimension
of the row space and the column space of a matrix is the same.

If Ais mxn and rank(A) = n, we have full column rank; if rank(A) = m
we have full row rank; notice however that rank(A) < min(n, m).

rank(A) = rank(A’)
rank(AB) < min(rank(A), rank(B))
If Ais m x n with rank r < m, then

x the columns of A span IR™ if r =m
*x and do not span IR™ if r < m!
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Definition 11

The determinant of a 2 x 2 matrix A is defined as

ailr aig
det A :=|A| = det = 11022 — (21012
a1 Q22

The determinant of a 3 x 3 matrix A is defined (Sarrus rule) as

a1; a2 i3

110220 +  @12a93Q31 + 2103207
det | any am s | = 33 303 32013

431 Gz as3 a31a22013 32023011 Q21012033
To derive the determinant for a general n x n matrix A, we need the following
definitions:
Let A be an n xn matrix and let A;; be the (n—1) x (n—1) submatriz obtained
by deleting row ¢ and column j from A. Then the scalar M;; = det A;; is called
the (4, 7)" minor of A.
The scalar Cy; = (—1)"7 M;; is called the (4, )" cofactor.

Theorem 7

If Ais an n X n matrix, then for any row i (expansion along row i)
det A := Z(-l)iJrjaij det Aij
j=1
and for column j (expansion along column j)

det A := Z(—l)”jaij det Aij
1=1

The determinant is only defined for a square matrix.

The determinant of a diagonal matrix is the product of its diagonal entries.

—detl, =1

— The determinant of triangular matrices is the product of its diagonal en-
tries.

— det A =det A’

— If one column of A contains only zeros, then det A = 0.
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— The addition of a scalar multiple of one column to another column of A
does not change the value of the determinant of A.

Changing two columns of A only changes the sign of the determinant of
A, but not the value.

— The same is true if we change the word ”columns” with "rows” (because

the columns of A are the rows of A’).
|A||B| = |A- B| but |A+ B| # |A| + |B| in general.
1
— The previous result implies |[A™!] = T if |A| # 0.
proof: det A-det At = det(AA™!) =det I =1

4.5 The Adjoint and the Inverse of a Matrix

Definition 12

The adjoint matriz of an n xn matrix A is defined as the matrix of the cofactors

Cij of A:
Cll C’12 s Cln
Coy1 Co ... Oy,
adj A= | 0T
Coi Cha ... Cpy

Theorem 8
(adj A) - A=detA- I,

Definition 13

An n x n matrix A is called invertible, if there exists an n X n matrix B such
that AB = I = BA. The inverse B is denoted by B := A~L.

If A is not invertible, it is called singular. Invertible matrices are also called
reqular.

— It follows from the definition that only square matrices can have an inverse.
— Not all square matrices have an inverse.

— A matrix A can have at most one inverse.
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— If A is invertible, then B is unique.
proof: if 3 C' with AC' =1 = CA, then
B=BI=B(AC)=(BA)C=1IC=C

— [ is invertible with I = !

— (AB)™' = B7'A7! if both A and B are invertible!
— (ABC)™' =C7'B7'A'if A, B,C are invertible!
— (AT =4, (A)T = (AT

Examples:

— The zero matrix 0 is not invertible.

01
ForA—(1 0

If one column or row of A contains only zeros, then A is not invertible.

) it holds: AA = I. A is invertible and A~! = A.

The 2 x 2 matrix A = ( (CL Z ) is invertible iff ad — ¢b # 0. Then

A~ = (ad — cb)™! ( d =b ) |

—C a

Theorem 9

The following statements about an n x n matrix A are equivalent

1. A has an inverse.

2. rank A=n

3. det A#0

4. The columns of A are linearly independent.
5

. A is nonsingular.

Theorem 10
Let A be an n x n matrix with |A| # 0. Then A has an inverse given by

B 1
det A

-1

- (adj A)'.
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4.6 Quadratic Forms and Definiteness

Definition 14

A quadratic form on IR™ is a real valued function

n

Q(x1, o, ..., T,) = Zaijxixj.

1<j

Each quadratic form can be represented as Q(x) = 2’ Az, where A is a (unique)
symmetric matrix:

1 1
ain 5G@12 ... 3501
1 1
5Q12 Q22 ... 5Q2
1 1
501n  3Q2n ...  Qnp
Example

For Q(z) = 223 + 4wy — 23: A= < 22 >

Definition 15

Let A be an n X n symmetric matrix; then A is

positive definite if ’Ax >0V x # 0 in IR
negative definite if 2’ Ax <0V x # 0 in IR®
positive semidefinite if x’ Az >0V x # 0 in IR
negative semidefinite if x’Ax <0V x # 0 in R®

indefinite if ' Az > 0 for some x # 0 in IR™ and 2’ Ax < 0 for some x # 0
in R™

A O

Theorem 11

The quadratic form Q(z) = az? + 2bxx9 + cx3 on IR? is

1. positive definite < det A = ac — b*> > 0 and a > 0.
2. negative definite < det A = ac — b*> > 0 and a < 0.
3. indefinite < det A = ac — b* < 0.
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Definition 16

Let A be an n x n matrix. The k x k submatrix of A formed by deleting n — k
columns and the same n—k rows from A is called a k" order principal submatriz
of A. The determinant of a kx k principal submatrix is called a k** order princi-
pal minor of A. The k' order principal submatrix A; obtained by deleting the
last n—k rows and columns of A is called the k' order leading principal subma-
triz of A, its determinant the k' order leading principal minor of A.

Theorem 12

Let A be an n X n symmetric matrix, then

1. A is positive definite iff all its n leading principal minors are strictly
positive.

2. A is negative definite iff all its n leading principal minors alternate in
sign as follows: |A;| < 0, |Ay| > 0, |A3] <0, ... The k' order leading
principal minor should have sign (—1)F.

3. A is positive semidefinite iff every principal minor of A is non negative.

4. A is negative semidefinite iff every principal minor of odd order is non
positive and of even order is non negative.

Theorem 13

A continuous twice differentiable function f on an open, convex subset U of IR™
is concave (convex) in U iff the Hessian D?f(x) is negative (positive) semidef-
inite for all z in U.

4.7 Eigenvalues and Eigenvectors

Definition 17

Let A be an n x n matrix, v an n x 1 vector and A a scalar. We call v an
eigenvector of matrix A with eigenvalue X if v #£ 0 and Av = \wv.

We can rewrite the above equation as (A — Al)-v = 0. As v # 0 this has
a solution only if (A — AI) is singular. Hence we could define an eigenvalue
alternatively as the number A that when subtracted from each diagonal entry
of the n x n matrix A, transforms A into a singular matrix. Hence we can
determine the eigenvalues of A by solving det(A — AI) = 0. This equation is

32



Linear Algebra and Introduction to MATLAB S. Eschenhof

called the characteristic polynomial. The eigenvectors are then obtained from
the definition above.

— The diagonal entries of a diagonal matrix A are eigenvalues of A (also for
upper and lower triangular matrices).

— A square matrix A is singular iff zero is an eigenvalue of A.
— The trace of an n x n matrix A equals the sum of its eigenvalues.
— The determinant of an nxn matrix A equals the product of its eigenvalues.

— For an n x n matrix A the characteristic equation is an n** order polyno-
mial in A. Its solution may be n distinct values or may contain repeated
roots (it may contain zeros as well). Moreover there is no guarantee that
the eigenvalues are real, they may be complex as well.

Definition 18

Let A be an n x n matrix with eigenvalues A\, ..., A, and corresponding
eigenvectors vy, ..., v,. Then if the matrix V' = [vq, ..., v,] is invertible:
VAV = A

where A is a diagonal matrix with the eigenvalues along the main diagonal.
This method is called the diagonalization of A.

Theorem 14

For a symmetric n x n matrix A, it holds:

1. If A is an n X n symmetric matrix with only real entries, then all its
eigenvalues are real and the eigenvectors corresponding to different eigen-
values are orthogonal, that is if v; and vy are eigenvectors corresponding
to eigenvalues A\; # Ag, then vjvy = 0.

2. Even if the symmetric A has multiple eigenvalues there still exist n distinct
and orthogonal eigenvectors.

3. Hence for a symmetric n x n matrix we have AV = VA with V =
[V1,...,0,) and A = diag(X\y, ..., A\,) and since viv; = 0 for i # j we get
V'V = I. Hence V' = V! (we call such a matrix orthonormal) and it
follows that V'AV = A (Note: we have assumed that all eigenvectors are
normalized to unit length).
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4. Using the above diagonalization result we have that the rank of a sym-
metric matrix equals the number of nonzero eigenvalues it contains.

5. A symmetric matrix is positive (negative) definite iff \; > 0 (A; < 0)
Vi=1, ..., n. Itis positive (negative) semidefinite iff \; > 0 (\; < 0)
Vi=1, ..., n.

4.7.1 QR Decomposition

Suppose A is an m x n matrix with rank(A) = n, i.e., the columns ay, ..., a,
are linearly independent. Then there exists a decomposition

A=QR
where () is an m x n matrix whose columns vy, ..., v, build an orthonormal

system, R is an n X n upper triangular matrix.

Definition 19

For vy, ..., v, building an orthonormal system it holds that

1. All vectors are different from zero and pairwise orthogonal, i.e.,
<’Ui, ’Ui> 7£ 0 V’l, <’Ui, Uj) =0V #]

2. All vectors are normalized to unity, i.e.,

</Ui, Ui> =1V
To calculate the entries for () and R, we have to use the Gram-Schmidt or-
thogonalizing method. Suppose the linear independent aq, ..., a, are given.
We will go in two steps. At first, we get an orthogonal system of vectors
u;, 1 =1, ..., n, then we normalize the calculated vectors to get v;:
R . _u1
U ‘= aq < ) v = Tur]]
O ui, a2 . u
Ug ‘= Q9 — éuly ulg < | Vg = ||u§||
P ui, a u2, a L .
U3 =03 T (g )™ T G w ¥ 3T gl
. n—1 <U a > ‘
(2] n Un,
Up = Ay — S T, v, =
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These vectors vy, ..., v, are the columns of ). For R choose
] (vi, a2) . (v1, an)
0 U oo (v, ay
e | 0 el e a)
0 . 0 ||un|
Example

Suppose given the matrix

1 3 3

-1 1 -1

A= 1 -1 -1
-1 -3 -1

We can calculate
(vi, a;) ‘ ay Gz as

V1 2 2 2
(% 0 4 2
V3 0 0 2

1 —} 1 —} 222
1 -1 -1 00 2
-1 -1 1

4.8 Higher Matrix Algebra in MATLAB

To solve for the trace of a matrix A, we have to type in
trace(A).

The rank of a A is computed with the command

rank(A).
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4.8.1 Inverses and Determinants

The two equations AB = [ and BA = I have the same solution B, the inverse
of A (A square and nonsingular), denoted by A7'. B is computed by the
function inv. Assume we have the matrix

3 5 71
A=l5500
4 2 5 7
Then typing
B = inv(A)
returns
B = 0.0566 0.1887 —0.2075 —0.1132

—0.0480 —0.0995 0.5094  0.0051
0.1732  0.0017 —0.3019  0.0172
—0.1424 —-0.0806  0.1887  0.1938

To compute the determinant of a square matrix A, MATLAB uses the function
det. So typing

d = det(A)
for our example matrix A from above gives
d = H83.

Note: The function det has some bad scaling and roundoff error properties. So
be careful in using it.

If A is square and nonsingular, then without roundoff errors B = inv(A)*X
would theoretically be the same as B = A\ X and Y = X*inv(A) the same as Y
= X/A. But the computations involving the backslash and the slash operators
are preferable because they require less computer time, less memory and have
better error detection properties.
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4.8.2 Eigenvalues and Eigenvectors

Let A\ denote an eigenvalue of a square matrix A and let v denote an eigenvalue
of A. If we have the diagonal matrix A with all eigenvalues of A on the main
diagonal and the nonsingular matrix V' with the eigenvectors corresponding to
the eigenvalues of A forming the columns of V', then A can be decomposed as

A=VAV L

A is said to be diagonalizable.
The statement

lambda = eig(A)

produces a column vector containing the eigenvalues. With two output argu-
ments, eig computes the eigenvectors and stores the eigenvalues in a diagonal
matrix. So typing

[V. D] = eig(A)

returns a matrix V' containing eigenvectors of A and a diagonal matrix D
containing the eigenvalues on the main diagonal.
If a matrix B is not diagonalizable, e.g.

6 12 19
B=| -9 —-20 -33 |,
4 9 15
typing
[V, D] = ig(B)
produces
Vo= 04741 0.4082 —0.4082
—0.8127 —0.8165  0.8165
0.3386  0.4082 —0.4082
D = —1.000 0 0
0 1.000 0
0 0 1.000
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There is a double eigenvalue at A = 1. The second and the third column of V/
are not linearly independent. They are different normalizations of the single
eigenvector corresponding to A = 1. So whenever one eigenvalue appears more
than once, no full set of linearly independent eigenvectors exists.

To get the coefficients in the characteristic polynomial of B, we have to type
poly(B).

MATLARB returns the coefficient as a row vector
ans = 1.0000 — 1.0000 — 1.0000 1.0000

which denotes the polynomial

P D

5 Systems of Linear Equations

Consider a general system of m linear equations in n unknowns Ax = b where
Aism xn,xisn x 1and bis m x 1:

a;1ry + aprs + ...+ apr, = b
a1 + agxrs + ... + o, = by
Am1T1 + QmaTo + ... + QunZn = bm.

Definition 20

We call A the coefficient matriz and the matrix formed by adding b as an

additional column to A the augmented matriz A:

a;r a1 ... Qip | bl
A= A21  A22 |
|

O
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Theorem 15

Performing any of the following three elementary row operations on the ma-

trix A results in a new augmented matrix which represents a system of linear
equations equivalent to the system represented by A:

1. interchanging two rows of the matrix

2. changing a row by adding to it a multiple of another row

3. multiplying each element in a row by the same nonzero number

5.1 The Gauss-Jordan Elimination Algorithm

To solve the system of linear equations and to decide if there is no, one or
infinitely many solutions, we have to bring the described system Az = b in row
echelon form:

1. Change the system by using the three elementary row operations to get

/! / / _ /
/ / _ /
!/ / _ /

a, Ty + ... + ar, = b .

This can be done by

— If a1 # 0, do not change the first equation and subtract
Z—ﬁ times the first equation from the second equation

Cml times the first equation from the last equation

— If a;; = 0, search an equation, where a;; # 0, change the first row
with the i row and proceed like before.

— Ifa; =0Vi=1, ..., m, then there is nothing to do.

2. Leave the first equation of the transformed system unchanged and proceed
for the left m — 1 equations described in 1.
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3. After at most m — 1 steps, we will end in a system with echelon form:

C1j,Xj, —+ C1jo T g, + ... + C15,. %3, + ... 4+ cpr, = dl
C24y L g, + ... + C2;,. L5, + ... + copx, = d2

Crjn%j, + .. 4+ CmxT, = d,

0 = dr—i—l

0 = d,

Definition 21

The scalars cij,, c2jp, ..., ;. are different from zero; they are called the
pivot entries. The corresponding variables x;,, x;,, ..., x;, are called pivot va-
riables. The number r for which the left hand side of the equations is not equal
to zero, is called the rank of the system of linear equations. It is equal to the
rank of the matrix A. So the rank of a matrix A is equal to the number of
nonzero rows in its echelon form. If the i** column of a row echelon matrix
contains a pivot, we call x; a basic variable. If the i*" column does not contain
a pivot we call x; a free or nonbasic variable. Each basic variable is either
unambiguously determined or a linear expression of the free variables.

5.2 No, one or infinitely many Solutions

— The echelon form implies that r < n.

— We transform the system of linear equations Az = b into an echelon form
system of linear equations C'x = d, i.e., we triangularize the matrix A,
obtaining C'.

— case 1: One d;, i € v+ 1, ..., m is unequal zero. Then the equations
contradict themselves and there exists no solution of the system of linear
equations.

— case 2: d,;1, ..., dy = 0. Then the system of linear equations has at
least one solution. We can find the solutions in the following way:
1.) Choose an arbitrary value for all n —r variables x;, which are no pivot
variables, say x; = a;.
2.) Solve for the values of the pivot variables by beginning with the last
equation. Solve for z; . Then solve for x; , and so on until you achieve
the solutions for all pivot variables.
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Theorem 16

In the following cases, the system of linear equations has at least one solution:

r = m, i.e., the number of equations is equal to the rank of the system:
in this case, no left hand side of an equation disappears.

The system of equations is homogeneous, i.e., by = ... = b,, = 0.
homogeneous system has always a solution, namely 1 = ... = x, = 0,
the so called trivial solution.

Consider the system Ax = b. Then

Ifm<n:

1.) Az = 0 has infinitely many solutions.

2.) For any given b, Ax = b has infinitely many or no solutions.

3.) If rank A =r = m, Ax = b has infinitely many solutions for every b.

Itm>n:

1.) Az = 0 has one or infinitely many solutions.

2.) For any given b, Az = b has no, one or infinitely many solutions.
3.) If rank A =r =n, Az = b has no or one solution for every b.

Ifm=n:

1.) Az = 0 has one or infinitely many solutions.

2.) For any given b, Ax = b has no, one or infinitely many solutions.

3.) If rank A =r =m = n, Ax = b has exactly one solution for every b.

If the rank of a system of m linear equations in n unknowns is r, then there
exists no solution or the value of n — r variables can be chosen arbitrary.

There exists a solution of the system Ax = b < rank A = rank A.

Let the vectors aq, as, ..., a, in IR™ be the columns of the m x n matrix
A; then these vectors are linearly independent iff the only solution to
Ar=0isz = 0.

Let a1, ..., a,, be aset of m vectors in IR™ and b € IR™. Form the matrix
A = (ay, ..., ay). Then b lies in the space spanned by ay, ..., a,, iff
Ax = b has a solution z. Moreover, ay, ..., a, span IR™ iff Ax = b has

a solution for every b € IR™.
Az = b has a solution iff rank A = rank(Alb).
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Example

Now consider the following augmented matrices:

123 1] 4 123 | 4
A=[o01 2|3 B=|0121]3
00 a | O 0056 | 2
First, look at A: If a = 0, z3 is a free variable and the system has infinitely
many solutions. If a # 0, x3 =0, x9 = 3 and x1 = —2, i.e., we have a unique
solution.

Second, look at B: if b = 0, there does not exist a solution. If b # 0 there
exists a unique solution depending on the value of b.

5.3 Calculation of an Inverse with Elementary Opera-
tions

Theorem 17

To get the inverse of a matrix A, we can also think of "transforming a system
of linear equations”. We know:
For A and B being two n x n matrices, B is the inverse of A iff

Ar=y & x=ByVaz, ye R"

Using the Gauss-Jordan elimination algorithm, we can decide whether an in-
verse exists: If we get a row such that all coefficients of the left hand side of
Ax = y are zero, then A is not invertible. Otherwise A is invertible and x = By
delivers B = A~!. Precisely, we obtain the inverse by

1.) augmenting the n X n matrix A by the n X n identity matrix, i.e., forming
the n x 2n matrix (A|I,).

2.) using elementary row operations to bring this augmented matrix in the
echelon form (I,|B) with B = A~

Note: If it is not possible to perform such row operations, A does not have an
inverse.

Theorem 18

For any n x n matrix A, the following statements are equivalent

1. A is invertible.
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2. A has full rank n (rank A = n), i.e., the columns of A are linearly inde-
pendent.

A is nonsingular.
The system Az = b has a unique solution for every b given by z = A~1b.

There is no all-zero row in the row echelon form of A.

A S

The only vector for which Ax =01is z = 0.

Theorem 19
For an n x n matrix A, the following statements are equivalent:
1. The homogeneous system Ax = 0 has a solution z # 0 (a nontrivial
solution).
2. A is not invertible.

3. rank A < n, i.e., the columns of A are linearly dependent.

5.4 Basis and Fundamental Systems of Solutions

Recall

— The number of vectors forming a basis of a set B is called the dimension
of B.

— The column space of an m x n matrix A is the subspace of IR™ spanned
by its column vectors and the column rank is the dimension of the column
space.

— The row space of an m X n matrix A is the subspace of IR" spanned by
its row vectors and the row rank is the dimension of the row space.

Definition 22

Let A be an m x n matrix with echelon form A,:

A column of A is a basic column if the corresponding column of A, contains a
pivot variable. While the subspaces C'ol(A) and Col(A,) are generally different,
the basic columns of A form a basis for Col(A). One basis for Col(A) is the
set of those columns of A, containing a pivot variable.
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Theorem 20

For the m x n matrix A with echelon form matrix A,, it holds: The subspace
Row(A) is the same as the subspace Row(A,). The nonzero row vectors of A,
are a basis for Row(A) and hence the dimension of Row(A) is equal to the rank
of A. So:

dim Col(A) = dim Row(A) = rank A

Definition 23

Let A be an m x n matrix. The set of solutions to the homogeneous sys-
tem Az = 0 is a subspace of IR" called the nullspace Null(A) of A with di-
mension dim Null(A) = n — rank A. For ¢ := n — rank A, every basis of
Null(A) contains of ¢ vectors. Every basis vy, ..., v, of Null(A) is called
a fundamental system of solutions of Ax = 0. The general solution of the
homogeneous system of linear equations is given by all linear combinations
Tg =V + ...+ cqug with ¢1, ..., ¢, € IR given and vy, ..., v, € R".

5.4.1 How to get a Fundamental System of Solutions to Az = 07

By the definition of a fundamental system, we have to find ¢ linear independent
solutions vy, ..., v, with ¢ = n — rank A (= number of free variables =
n— number of basic variables) to solve the homogeneous system. To get the
solutions, do the following:

1. Convert A with elementary row operations into an echelon form.

2. Let @, ..., x;, be the free variables of the system and let ¢ = n—rank A.
To find v choose xj, =1, x;, =0, ..., z;, = 0 and get the solution for
V1.

3. Repeat step 2. to get vy, ..., v,.
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Example
r1 + 229 — 23 + x4 = 0 1 2 -1 1
21, + x3 — 2z4 = 0 2 0 1 =2
—T1 + 21’2 — 2.173 + 3[[‘4 = 0 -1 2 =2 3
T + 2.1’2 - T3 + x4 = 0 1 2 —1 1
—4$2+3$3—4$4:0 0 —4 3 —4
0 =0 0 0 0 0
Pivot variables: xq1, x»
Free variables: x3, x4
1
)
3
Choose 3 =1, x4 =0 to get v; = ‘i
0
1
-1
Choose 3 =0, x4 =1 to get vy = 0
1
The fundamental system of solutions is the given by:
1
-1 1
3 _
Tr=c ‘i + ¢y 0 with ¢1, ¢ € R
0 1

5.4.2 How to get a Fundamental System of Solutions to Az = b7

The solution set to the non-homogeneous system Az = b is not a subspace of
IR" but has the same dimension as Null(A), namely ¢ := n — rank A.
Suppose, there exists a special solution zg to the inhomogeneous system Ax =
b, then the general solution is of the form:

T=2x3+Ty =Tg+ v+ ... +cevg, ¢; €RR

where zg is a special solution for Az = b and vy, ..., v, is a fundamental
system of solutions for Ax = 0.
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So we have to find a special solution (we can get a special solution by setting
all free variables equal to zero and solving then for the basic variables) and
finally find a fundamental system of solutions for the homogeneous system to
get the general solution for Az = b.

5.5 Cramer’s Rule for Solving a System Ax =10

Cramer’s rule describes a way of solving a system of linear equations Ax = b
by using the determinant of the matrix A.

Theorem 21
Let A be an n X n nonsingular matrix, i.e., |A| # 0. Then the unique solution
x* = (z7,...,x}) to the linear system of n equations in n unknowns Az = b is
given by

€T. =

" o detA

where D is the matrix obtained by replacing the i** column of A with the right
hand side b =b¢, ..., b,.
Example

Consider the following matrix A = ( G i ) of the system

Q21 A22
a1 T, + ajpxres = by
2171 + anry = by
Then

by ai ay; by

by ag and asz by
;= ———— and xy =

det A det A
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5.6 Solving Linear Equation Systems in MATLAB

Given two matrices A and B, does there exist a unique vector x so that Az = B
or tA = B?

Consider the following example:
Tr =21

The solution to this problem is not obtained by computing the inverse of 7;
MATLAB solves in general such equations without computing the inverse of a
matrix in the system of linear equations.

Although it is not standard in mathematics, MATLAB uses the division ter-
minology to describe the solution of a general system of linear equations.

= A\B denotes the solution to the equation Az = B.
= B/A denotes the solution to the equation zA = B.

The dimension compatibility conditions for z = A\ B require the two matrices
A and B to have the same number of rows. The solution x then has the same
number of columns as B and its row dimension is equal to the column dimen-
sion of A. For x = B/A, the role of rows and columns are interchanged.

In general, the backslash operator is used far more frequently than the slash
operator because, mostly systems of linear equations of the form Ax = B are
considered. So we will describe the following properties with the backslash
operator. To get similar properties with the slash operator, we can draw con-
clusions, knowing the following identity holds true:

(B/A) = (A\B)

Suppose from now on, we have a system Az = B. We will look at the following
three types of systems. Let A be an m X n matrix:

1. m =n = square system =- unique solution

2. m >n = overdetermined system = at least one solution

3. m <n = underdetermined system =- trivial solution with at most m
nonzero components
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5.6.1 Square System

Suppose, we have a square matrix A and a single right-hand side column vector
b. The solution x = A\b is the same size as b. If A and B are square and the
same size, then x = A\ B is also that size.

If A is singular, then the solution to Az = B either does not exist or is not
unique. The backslash operator A\ B issues a warning if A is nearly singular
and raises an error condition if exact singularity is detected.

Example

Suppose, the following system Ax = b

3
b=1 0
3

A=

O =
w O Ot
N O W

is given. Typing
x=A\b
MATLAB returns

Warning : Matrix is singular to working precision.

5.6.2 Overidentified Systems

We often have overidentified systems in various kinds of curve fitting to experi-
mental data. Lets look at an example on OLS-procedures. Doing least squares
fit means minimizing the sum of the squares of the deviations of the data from
the model.

Suppose, a rectangular matrix A does not have linearly independent columns
(rank deficient). In that case, the least squares solution to Ax = B is not
unique. The backslash operator A\B issues a warning if A is rank deficient
and produces a basis solution that has as few nonzero elements as possible.
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5.6.3 Underdetermined Systems

Underdetermined systems involve more unknowns than equations. When they
are accompanied by additional constraints, they are the purview of linear pro-
gramming. By itself, the backslash operator deals only with the unconstraint
system. The solution is never unique. MATLAB finds a basic solution which
has at most m nonzero components, but even this may not be unique. (For
completeness: The particular solution computed is determined by the so called
QR factorization with column pivoting.)

Example

Suppose, we have

6 8 7 3 1
a=(5501) =(3)
and we choose

format rat
p=A\b

The we get

This is a special solution to the system. The complete solution to this un-
derdetermined system can be characterized as adding an arbitrary vector from
the null space, which can be found using the null function with the option
requesting a rational basis:

Z =null(A, 'r")

7 =

= O NI

O NN
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It can be confirmed that A*Z is zero and any vector of the form

rT=p-+ Z Qi%.i
i—1

for any combination of arbitrary scalars ¢; € IR with n the number of columns
of Z and z; the ith column of Z satisfies Az = b.

5.6.4 Row Echelon Form and Inverse

Suppose, we have the matrix

16 3 2 13
5 10 11 8
9 6 7 12
4 15 14 1

A:

The determinant of this matrix is zero, A is singular:

d = det(A)
d=20

The reduced form echelon form of A is not the identity and has a zero row:

R = rref(A)
gives
R =100 1
010 -3
001 3
000 O

Since the matrix is singular, it does not have an inverse. If you try to compute
the inverse with

B = inv(A)
you will get the warning message:

Warning : Matrix is close to singular or badly scaled.
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6 Vector and Matrix Differentiation - an In-
troduction

Definition 24

Define the gradient vector of a function f from IR" to IR as the column vec-

tor formed by its partial derivatives i.e., for f(xy, ..., x,) = f(x) where
r=(x1, ..., x,) is an n x 1 vector we can write the gradient as
af (z) _ . _ r_
D | | =) = Vi)

Of (x)/ 9y

Note that the gradient is a column vector, the shape of the derivative is deter-
mined by the denominator of the derivative.

When we differentiate the gradient with respect to the row vector ' = (x1, ..., z,),
we obtain the Hessian

H(z) = 0*f(x) _ 0(0f(x)/0x) _[0(0f(x)/0x) 0(0f(x)/0x)] _ D*f(z)

- Ox'0x ox' 0xy ’ ’ 0x,,

Note that each column of H is the derivative of the gradient with respect to
the corresponding variable in z’.

6.1 Taylor Approximation in IR"

We hence can write the first order Taylor approximation of f(z) around z, as:

) )+ (255 (o = o) = flau) + Dfoo) o~ 20

The second order Taylor approximation is given by

$@) = g+ () @) 4 5o ) Hs)o - )
= f(zo) + Df(xolgx — xp) + %(x — 10) D f () (2 — 30)

-~

i duct
Fner proauc quadratic form
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6.2 Differentiation of Inner Products

We are searching for a vector expression of the derivative of an inner product.
Recall that for two n x 1 vectors 2’ = (xy, ..., x,) and ¥ = (y1, ..., Yn) the
inner product is defined as

yr=12y= Z T
i=1
It then holds:

a(y'z)/0
Ox L ' Ox
Ay'x)/ Oy Yn

Note that b = 3z is simply a linear function.

In a set of linear functions b = Ax we have the following where A is m x n, x
isnx1andbism x 1:

E a1;T;
by ;

b, n
Za'mil‘z
i=1
Hence:
o _ohn) _ on by
or  Oxr " Ox ox
and
ob  O0(Ax) g Jd(z'A)
or  ox  Ox

6.3 Differentiation with respect to a Vector in MATLAB

MATLAB can differentiate a column vector b with respect to a row vector x
and uses for this the implemented Symbolic Math Toolbox. The command
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jacobian(b,x) computes the Jacobian of b with respect to z. b is a symbolic

scalar expression or a symbolic column vector, x is a symbolic row vector. The

(i, 7)™ entry of the result is %. As a first step, symbolic variables have to be

J
created with the command syms. Then we can use the command jacobian to
derive the differentiation result.

Example

syms k I m

b = [k*I*m; I; k+m]
x = [k,I,m]

J = jacobian(b,x)

returns

6.4 Differentiation of Quadratic Forms

Recall that a quadratic form can be written as

n n
y=a'Ar = E E AT,

i=1 j=1

where A is an n X n matrix and z is an n X 1 vector.

The differentiation results of quadratic forms can be summarized as

ox' Ax
— =(A+ A
ox (A+A)z

/
A

— If A is symmetric, then 83:8 L 9Ax
x

2 "A
— 2nd derivative: 88;6 (?a;’x =A+ A
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Oz’ Ax 0x' Az ,
— aTij = x,;7;, hence A rT
oy’ Ax ,
a4 Y

o4
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