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Chapter 5

Nonlinear Model and Differential Calculus in Economic Theory

73;0/'&6’:

- Quadratic theory

- Other nonlinear functions

- Slope and derivatives of a function

- Rule of differentiation

- Non differentiable functions

- Convexity and concavity

- Maxima-Minima

- Inflection point

- Examples in Economics
< Derivative and marginality
< Relations among the total, the average and the marginal functions
< Elasticity, total revenue and marginal revenue
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O

Comparative Statics and Derivative

VOCAB: “Difference Quotient” / “Derivative”/ “Differentiation”/ “Differential
Calculus”

Comparative Statics is concerned with the comparison of different equilibrium
states that are associated with different sets of values of parameters and exogenous

variables.

For example,

When G =G,

(1) Y=C+I+G

(2.) C=a+bY,

(3)y,=r-T l=v]|, =“_le+2°+G°
(4) 1=1,

(5.) G=G,

When G =G,

(1) Y=C+I+G

(2.) C=a+by,

(3) Y,=Y-T |=7]., =a_le+£°+Gl
(4) 1=1,

(5) G=G,

when G, — YE|G
when G, — YE|G

AG=G -G, = AY=Y,| -Y,

G()

It should be clear that the problem under consideration is essentially one of finding @
rate of change: the rate of change of the equilibrium value of an endogenous variable

with respect to the change in a particular parameter or exogenous variable.
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The notion of rate of cha}cn%e is direitlxl [ ncerne(i with the mathematical concept of
studies Th? rotes a ich quomtities CI/\CU/\S(’_

derivative, in differential calculus.

Looking at a function: y = f (x)

when x, — y,=f(x)

when x, — yZ:f(xz)

Ax=x,-x, = Ay=y,—-y

We are interested in % ......... which is called “... d,({:-Fe.re,nc,e .. C}‘“"&' ent . ”
Ja\ —5 d Ce. lim a4 = lim fu+an) - Ffo)
When Ax =0, ....... e K% ............. ai ................. . E‘ét ...... ks =
, which is called “derivefive. of € abx . ” = dy = Flx
dx

Notation for derivative of f at x: f'(x), d}; Ecx), Z—i, D.f(x),y'.

A derivative is a function. The word derivative means a derived function; from the

original function y = f(x), which is also called aprimitive function.

When we have a Primitive function y = f'(x) and try to find Derived function Z—y,
X

we call this process “differentiation”.
Derivative and differential Calculus will be used in finding maximum, minimum

points and in optimization problem.

O

The Slope of a Curve and The Derivative of a function

The concept of the slope of a curve is the geometric counterpart of the concept of the

derivative. Both concepts deal with the marginal notion used in economics.

The slope of a total cost function: C = F (q) measures the change in total cost

resulting from a unit increase in output, i.e. the marginal cost(MC). That is,
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© If a function is linear, the slope is constant and is equal for every points on the linear
curve.

@ If a function is nonlinear function, the slope is not constant. Slope for each point on
the curve might not be equal. Slope at each point on a nonlinear function is the slope of
the tangent line at that point.

AN d._ dy = slepe of
Y A_%—L * d.:?c ld'\:j'_ tkz*onaarl'
Y line ot
eoch pont
) p.&

1+
U]
|
iy

Differentiation / derivation / process of obtaining the derivative

From definition of derivative, we can find the derivative from a primitive
function as the following.

For example, let f(x)=2x"+4 find [ (x):
(1) f(x)=4x

(2.) Use derivative definition: 1" ( x) = gmo (%)

Let x increases from x, to x, =x, + /4, s0 Ax=x, —x, = hwith
f(xl):2x12+4 uag f(x2)22x22+4:2(x1+h)2+4=2x12+4x1h+2h2+4

Therefore,
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AV P _f(%)-f(x)

Ax  x,—x h
(2x12 +4xh+ 20 +4)—(2x12 +4)
- h
=4x,+2h

x, 1s actually can be any x % =4x+2h

: . A
f(x)= }){E%)[Eyj
= lim (4x-+ 24)

Differentiability of a function

“A function is differentiable at point x if it isjsmooth jand fontinuous|at point

29

Xg-

© Continuity

£ Continuity is a necessary condition for a function to be differentiable.

The function f* is continuous at a if
1. We can find f(a), i.e. x = a must be in the domain of the function f.
2. We can find lim f(x)

X—a

3. £i£13f(x)=f(a)

Example of a function that is not continuous atx = 0.6

f(x) not ontnucus Rncton

Lf'l’t]\ﬁ]']ﬂ A :/
1. f(0.6) can be found. b

2. lim f(x)# lim f(x) (0.6)

~. f(x) is not continuous at x = 0.6 7

v
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x? when x <2

Hw. Is this function continnous f(x) = 7
x+1 whenx>2

@ Smooth Function(has no kink)

£ Smooth function is a sufficient condition for differentiability.

The differentiability condition is:

f (o + Ax) = f(x0)

f'(xo) = lim

Ax
|x 2|+1
&—i
& @ SW‘W‘M .

Continuity: f(2)= 1X1£1%f(x) =1, f(x) is continuous at x =2

But if we try to find derivative:

Function f has derivative at a if:

N fla+h)=f(a)
f(a)=lim p

h—0

Ifwelet x=a+h
when 7 —0 , x> a and we can rewrite /" (a) as:
f(x)-/(a)

f(a)=lim—————= | x=#a
xX—a x—a

Derivative of f (x) at x=2 is:
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_x=2p+1-1 -2
=lm—— =lim——

' 2) =
f( ) x—2 x_2 x—2 x_z
where lim |x—2| = —(x—2) =-1
-2 x=2 x=2
i A X2

-2t x—=2 x-2

< tim P i =2
x—2" x—z x—2F x—2

Therefore, f'(2)= limM cannot be found.

x—2 x_2

Even f'(x) is continuous atx =2 but we cannot find /'(2) because f (x) has a kink

atx = 2.

Notation:
fe % or fec : means f iscontinuous.
fe A oor fec : means f iscontinuously differentiable (A function

f with a continuous derivative function, i.e. the everywhere-smooth function)

Rule of Differentiation

. If f(x) =c,cisaconstant f'(x) =0
. If f(x) =cg(x), cisaconstant f'(x) = cg'(x)

A fO)=UE@ 2V, /() =U'(x) £ V'(x)
I fO) =UEVE), /() =UV (%) +V(x)U'(x)

V() U (x)-Ux)V' (x)
[V(x)]?

7. [chain rule] If we have a differentiable function z = U(y) and another

1
2
3. If f(x) = x™, nis any real number f'(x) = nx™1
4
5

U(x)

6. If f(x) ==, f'(x) =

V(x)’

differentiable function y = V(x) , then the derivative of z with respect to x is equal

to the derivative of z with respect to y, times the derivative of y with respect to x .
dz dzdy
dx dydx

Change in x determines change in y via function V, and change in y determines

=U' (V' (x)

change in z via function U.
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8. [Derivatives of Inverse Function] Let y = f(x), we have Z—z. The inverse function

‘ .. d
of f,x = f~1(y), its derivative is ﬁ, and

dx_ 1
dy dy
dx

9. [Derivatives of log function]

d 1
Ify = log, x, d—z=%.
Ify=Inx, Z—Z = x;e = i
d V' (x)
Ify = InV(x), d—i = V(;)

10. [Derivatives of exponential function]

Ify =a*, wherea > 0,a # 1, Z—z= a*lna

x 4y _
Ify=e L

Ify =e"®), Z—z ="MV (x)

How.

(a) find f'(x) for the following functions:
fx) = N2x
f(x) = 2x° +3x> =5x+1

f(x)= (2X +3)(3X2)

ax’+b

f(x)=

cX
f(x) =(x—-4x")’

f(x)=(1-x)V1-2x
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(b.)
dx

Ify=1(x)= 5x+25, find —
dy

If y=1(x)= x5+x,ﬁndd—X
dy

(c)

Find f'(x) if f(x)=¢>"
Find f'(x) if f(x)=In(1+2x+x7)

1
Findf'(x) if f(x)=(01+x)(1+ e )3—-x)?
2-3x’
1-2x°

Find f'(x) if f(x)=(x*~1)

4 1
(d.) Let y =x"*—x3 +6x3, find the second derivative of f (x) with respect to x,

f"(0.

O

Maxima and Minima, Convexity and Concavity

Global vs. Local Extremum Concept

Consider (a), (b) , (c) and (d)

Y

(a) (b) (c)
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Graph(a.): Constant Function

dxC
Note:
Monotonic Increasing Function / | /
S Ko Fhen Lo frony | dy 20
- < X
%ckbmcm!mewmﬁ 28420 ] /
d -

Monotonic Decreasing Function \ \
€€, ten  Foxd 2 foy) o dy Lo |_

IEEERREEETY TR .2 ............................................. /.......a:x; .............

ﬁncﬂjmmv*meiwcnssn%%dzg<o ........................... ‘ ............
C’.*L \

G

Graph (c.) and (d.)

A

)

For.. fhe. port. oF _ demain., Lo, ¥1 ;... E.. (s Jocal  maximum.

local rex_Jossl min . Gan be globedl re ;i

H S 8[olvdL ™On .
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How fo test € o writical Po'uﬁ- s & load mox , @ ol min, cr inflection Pa[r\“l‘
& First-Derivative Test

If y = f(x) has Local Max/ Local Min) at x =X, possible cases for the first derivative
are:

1. f'(x,) does not exist

7 Flex) =0

not §modh

If f(x) is a smooth function, the necessary condition for a point to be a local
max or local min is:

-(ruc) = 0

We call the order pair (x, y) that satisfies this necessary condition a stationary point,
in which x is “critical point or critical value”, and y is “stationary value”.

The condition f'(x) =0 is a necessary condition, but not a sufficient condition) for a
point to be a local maximum or local minimum.

3 A ' v flx :jA\

(a)
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If the first derivative of f(x) at x =x, is 0 (f'(x,)=0), then f(x,) will be

1. Local maximum, when the first derivative changes from being positive to
negative when x < x, and x > x,

2. Local minimum, when the first derivative changes from being negative to positive
when x < x and x > x,

3. Inflection point, when the first derivative doesn’t change sign when x < x, and
X > X

— {tx) >0
Creoecssosssscnssos l.)..c<l) .........................

H.w.: Find local maxima or minima of the following functions:
y=f(x)=x"-12x" +36x +8

Average-Cost Function AC=f(Q)=Q*-5Q+8
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& Second-Derivative Test &y

Interpretation of the Second Derivative

Page |13

f'(x)
£(x)......roke of change of elope of gryph y =Feu
slpe of grph 3': XAH
! ; oo fhaease
; ,83 28 } f(x) will be };‘n ';%7 oese
fre) =0 ) slas gf g willbe | shicy inveasing
f'(x) <0 shricky decrecse

0
If f'(x) >0and f"(x)>0, ©"VeX f

v

Iff'(x) >0and f"(x) <0, Concwe F*

g

as ® slepe T

e gyt ot Chaegs('%vaﬂ‘@

astt, sl

yr ok d.weosfhj wie

QXO&MPL\L

k2

g»t%—

/N

l‘

€A
! " £2
If f'(x) <Oandf'(x)>0, @
: £ slpe L
Y magnifude et skp
as xT (_Le?.ys negative )

M= |-2 .Scpe.'l‘

Am o -1-(2) =1 >0

on 1

M= -
X

If f'(x) <0andf’(x)<0, Cncove 2

Ma,&n]hoh. o slpe T
(Mo neoqﬁve)

slqe_ U

J

-"

\2—

as 2T ,

w
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fo
y Concave 2 . Comex

0

(a) (b)

........ M 2N Ay ey > Py Flap
e fao b slye. kemps. demreasing.
............................................. XS S TR T
....................................... Gnd £ 40
From graph (b.)
..... xe Tte %, o Flag o flag efloy
............................................ £lon 1. skpe  keeps Cnoeasing.
............................................ Oy 2
e e o
If £'(x,) =0, f(x,) will be

[
- a local maximum when...... 'P QL) <° ...............................................

[}
- a local minimum when...... -(3 ) 2 G
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(strictly)
Curvature of a Graph £ R >R (s Gavex if ¥y ER A€o
A graph can be: L AR +0-A) ‘a_)é < )\-R)c?yp-t- (1= {-‘ua_)
- Strictly Convex/ Convex £® of Lin om Lg":ﬁ:&- ‘O)IW\CQM

1 it vny €& (o1
- Strictly Concave/Concave £:R=R ts Cmcwe,_; 4 3 R ,Aen

£ A% +0Ag) ? -)\Rw?,p-‘-pg_)\) foy)

o . : £2 o Lin om .
f (x) is strictly convex if a linear line betweenanngf"two points M and N lies above f(x)
A A

f"x)...... 2.9 .. for strictly convex function

f(x) is strictly concave if a linear line between any two points M and N lies below f (x)

8 A A

Doy
~
~ .
~ -

v

™

). for strictly concave function

> A
L
= |2 =70
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SUMMARY ot ¥, o uftical value
Condition Maximum Minimum
First-order necessary _F‘f (X)) = ‘FIOQ,) =G
Second-order nec y £ & £
ore mox i fmﬂm,e $'b=0 )& O 0) >0
=Y . e A -~ .
e%cn} da ,rp dervative Lot Yo differontiate fom  (nfflechion pant
Second-order sufficient _FuL vy L0 ‘P"O%) >0
C

(1.) f(x)zé(x“—sz)
(2) f(x)
(3.) f(x)=x"
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Application of differential calculus in economics

# Demand (1.) O =a+bP

do’
N dpP
da = b 4o
d.p
2 d
IL. sz
dP
Z
gt = o
ap?
The graphs are:
4
Q
dg’*
dp

Page |17
2) 0 =4
2) 0 5
& = 2
de P
o .S‘cpe, (s
:%C? - S P
P
c_l:ad’ = —ba Z © s\c(;e (S
&d..
o)
J.Qd"
6
p
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# Total Utility
dTU>O
A
hl

Zhhen | cosamg® A okl whiliky T
T2maeginad wh Y. 200
T OO0
“Fd‘sbad) ....... Mu-é—o ..........................................................
d’TU
d)b"<0
...... A MU

dr
= vhen osame. T T
=, Jow i minvishive,: powgindl. udi .\H@ ............................................
=2 T BS @NCe
Total Utility

TV MU
A A
I\au“ >0
R wJ'Zo R
x e
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Y and marginality
dx
TC =50 +30+100 — "Total cost"
TR =250 — "Total revenue"
U =5x"?+100 —"Utility function"
MC =
...... = AT E O
dLQ
AR R
...... AR =25 Nke AR TRs 26 “
Q Q
MU=
= du - %
da 9 2
L
= Elocticty of y with respeet o3 = #40 = M.A = ==
q,% Elas u\l'y 3 f Z A% N Y de &
dy . -
Vid o and price elasticity of demand: law of demand
X
Demand (1.) Q¢ =250-10P 2.) 0/=50pP"*
-5
T e N 1< s % S S
dp dp *
................ R NSRS
E e d:Q'ﬁ ..................................... E= ...... Q‘Q 'E ...............
L T R ' ot
..................................................................................... FTURINBRE
..... 2 T B TEO 0 P
% g e
................. I M
€ p = = 200 = -50 o
..P ..... 5..]....@ ................... | ............................................ —r J.E&a;,. ............
Eo = —o —_E_ = b ¢ - 'L
P 50 P of P=1t6, G-= 25
E = -1
? 4
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Vi & and income elasticity of demand: inferior vs. normal good

dx
/
..G.Lc.":—..fﬁ..“f.-). .......................................................................................
R Vs A
d1 o+

E ..... 40_71T ...... & &L--vm ...............................................
Ey.. 50 ... 72 1T G = forier, got "}ﬁ'etéisiﬁ\%j"'gw ......... OLE <)
€y 202 10 &7 Sremal getZ T T

=y 8«::!5 E1 >

Vi Y and cross price elasticity of demand: substitute vs. complementary goods

x
e N
Ec,. ..... = Q'Q J;' ..... & .......................................................................

APy Q%
Be.l.Q....72..... eﬂ.,..@i.&...f? ..... Cmplemantay  gecds
B 2.0 ?.&,T..y..Qct.’l‘....r—.‘?.....s?kﬁi.‘mﬁ ..... goedS o
2 2 and law of supply

dx
Be.m.. 48 P zo. law F segply .

X
L S Y
EL. = ‘_’*l: TP .. ,[F‘ ............ e é’Tp ............. = MPC..o,
aL TP L AP
TP
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4 Total Cost, Average Cost, and Marginal Cost

..... O A C B LT
...... A o L
................... .
..... MC:@TC
d.Q
..... MG = de CACLR) xR) TCl® = Act@ <&
d®
MC = AC.  +. Q& dAC
......................................... a.‘&.........
L MCSAC = QdAc. ro
a.Q

Qe riticsll
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How much does total cost increase if labor in production increases?

T B
LTICRC) N LA, =2QA 2. TCA ...
AT T AT AR s MG X MR = MEG. = Pagind R Gt
d.L Q dL
# TR, AR, MR
&d’-&—bPDWW\M ...............................................
P=%—1@d’ ........ Tnverse. demande. £
In.. Mcv\oyo\d 0K
TR =PQ = [ &_21 & = @ -1G°
TR..=PQ&. = Q;""'u@‘ ................ GG m b @
— - O - 1@ hetice © P =
A= T % ..... mon G T TSR £ ofice - P=AR .
MA = dTR = o - 2Q& netice. ¢ |s3cfe,—f-mg|=z§sl=re*l\a|
&& ........... E ......... -g .................. R SR S A e
i e cAR
?JW:{F\'@ ..................................................................................................
A
P =AM
MA. R
> Q

The relation between MR, AR, and Price elasticity of demand

TR=pPa = AR=xQ AR CS)
MR = TR m e ARG
da e
AR + & dAR



R R I T R S R A I T T R e = T T R I I R I P R R R R T

dQ
............. =L BAR R R AR ]
p da
e S M e,
da . &
....................................... d_,p&
MA..... — S AR ... o
............................................ ?m)
MR Aﬂ.(..1....+.......,L,.).ﬂr.....;..Ngte.;..s;nw....e?.é.q.g,..M@<A(<
M_ﬂ."1zv-1n .................... E? ...................................... O:\-O“Q
A A
Epvvven. = LR B
MA - AR
Bl 20 elashic w2 (14 L) 20 MR 20
Ep
\E‘F\a\ ...... (et \:"e‘%ﬂ(’.@ ...... ([ +_1_)= ...... L SRR MR.=0O......
af
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HW. Let P = 25— 0.1Q, Q = 5L, find MRP

I I R I I e S I I T I R I R I R R R T

L L

MPLaéTP ...... = A
AL

el s dmee 40 2w of | diminkhing se
L

Proof:

1.) At the maximum of AP, AP, = MP,
2.) When MP; > AP;, AP, increases.
3.) When MP;, < AP, AP, decreases.

AL dL
TN SO L.ATP ... SO Tl e
dl
........................................... B
..... AP WP R R
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1)0"‘APL} ....... Q.L.A.Pl. ....... S0
i arL
T T
.......................... MPLtAPL.,#
AT o AR >0
dr
W# ............. MPe ... —A&P .. 2 e,
L C
e AP E
3D AP ARG
d.L
"F\’Ci\ll# ....................... g_&___A—EL<G .................................................
L C
................................. A Y S S
4 MC and MP,
......... MC,;d:.TC/
d&
S TG .. o I BT R
AL d@
N £SO, S5 S Y S 1 3o TBC=0
P MC = N =N | TR
da Mo
....................... L 1 TN
M AN MG U
me_ -2 me T
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# AVC and AP,

...... BV o N
Q

= NG y T\/C—=WL,"(FC,=O ..................
L Q

............... m N

Q

..... A O S o RS
AP

...... [ PLT¢$AVC\"T



