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Lecture 6 

Continuous Time: First-Order 

Differential Equations 

Read Chapter 5 Sydaeter et al.  

or Chapter 14-15 Chiang. 

EE422 Mathematical Economics 2 
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Contents of the Second Part 

• Ch 5 Differential equations: first-order 

equations in one variable 

• Ch 6 Differential equations: second-order 

equations and systems in the plane 

• Ch 8 Calculus of Variation 

• Ch 9 Control Theory: Basic Techniques 

• All from Sydsaeter, K. et al. (2005) 
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Ch.5. First-Order Equations in 

One variable 
• 5.1 Introduction 

• 5.2 The direction is given: find the path 

• 5.3 Separable Equations 

• 5.4 First-Order Linear Equations 

• 5.5 Exact Equations and Integrating Factors 

• 5.6 Transformation of Variables (Bernoulli) 

• 5.7 Qualitative Theory and Stability of solution 
(phase diagram, convergence, divergence) 

• 5.8 Existence and Uniqueness 
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5.1 Introduction 

• In a differential equation,  

– the unknown is a function of time or time path x(t) and  

– the equation includes derivatives of the function, dx/dt or . 

– In economics, we assume time is an independent argument or 

independent variable. 

• We focus on ordinary differential equation , that is, a 

function of only one independent variable, t. 

• In this chapter, we first look at the first order derivatives 

of the unknown functions of one variable. 

• If we have two independent variables, this is called partial  

differential equations. 

2 3, , .x x x only onedot

x
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5.1 Introduction 

• Solving (a) means finding all functions x(t) that 

satisfies (a): for every value of t, dx/dt of x(t) is 

equal to x(t) + t.  

2

( )simply ,and / .

Here denotes the real-valued timearguement.

Examples of first-order diff. eq.

; natural growth

; growth towardsa limit

. logistic growth

( ) ; ( ) .

Let x t x x dx dt

t

x ax

x ax b

x ax bx

or a x x t b k sf x k
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5.1 Introduction 

1.2 1.4 1.6 1.8 2

2

3

4

5

1.7

Law fornatural growth

is the relative rate of change of

( ) ( ) where is constant

1.7 , (0) 1.

(0) t

x
x or growth rateof x

x
x t ax t a

x x x

x x e

x 

t 
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5.1 Introduction 

1.2 1.4 1.6 1.8 2

1.2

1.4

1.6

1.8

x 

t 

1.7

1.7 3.4, (0) 1.

( ) ( (0) 2) (3.4 / 1.7) 2.t

x ax b

x x x

x t x e whichapproach
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2

Logistic growth:fastwhen small then convergewhen large

( )
at

x ax bx

a
x t

b Ae

t 

x 
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5.1 Introduction 

1 2

1

ln

ln , log

, 0, (0), (0)

, (0)

at C at C at

at

x
x ax a

x

x dt adt
x
x c at c or

x at C now let anti

x e e e e A

To find A let at t x x soA x

thus x x e
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5.1 Introduction 

-A first-order differential equation iswritten

( , ) (*)

where ( )is theunknown function and

isa function of two variables.

-Finding thegeneral solutionmeans findinga

formula which specifiesall functions ( )satisfying(

x F t x

x t

F

x t *).

Thegraph of solution is calledan integral curve.
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. .

(1) 1 : 1,

1 1

(2) 1 : 1,

1 1

(3) 1,

t t

t t

t

Ex consider x x t

Let check the following candidates

x t x

check x t t t

x e t x e

check x t e t t e

x Ce t similarly
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• From (3), we found that there are infinitely solutions 
for C.  

• The set of all solutions of a diff equation is called  
its general solution. 

• While any specific function in (1) and (2) is called a 
particular solution. 

• We can plot solutions on the t-x plane. 

• All the differential equations in this chapter will be 
of this form. The presence of x on the RHS means 
that the general solution cannot be found by 
integration alone. And there is no general formula 
for solving (*). 

• We introduce various technique for particular kinds 
of differential equations. 
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• Ex 2. From the previous example, find the solution 
that passes through the point (t, x) = (0, 1) 

• We must have x(t=0)=1 or   Ce0 - 0- 1 = 1 

• Thus we have C = 2. The required solution is       
x(t) = 2et – t –1. 

• If t = 0  denotes the initial time, then x(0) = 1  is 
called “an initial condition”. 

• A differential equation and an initial condition 
together define an “initial-value problem”.  

• And the solution to this problem is a particular 
solution of the system that pass through (0,1). 
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• Ex 3. From         , find the solutions that passes 
through the point (t, y) = (0, 3) and (1,-2) 

• We must have y(t) = Cet . 

• For (0,3), 3=Ce0=> C=3. The required solution is     
y(t) = 3et . 

• For (1,-2), -2=Ce => C=(-2)/e.  The solution is 
y(t)=(-2)et-1. 

y y
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• Ex 4.  

 

 

• The solution must pass (0, y0) and the slope of this 
point is y1. 

0 1
( , , ) (0) (0)y f t y y with y y and y y  

0
(0, )y
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5.2 Find the Path 

• Only few equations could be solved for 

explicit solutions 

• And sometimes we don’t need them 

• We may interest in properties of solution or 

behavior of them. (how solutions behave) 

• We call it qualitative theory: including 

existence, uniqueness, and stability of 
equilibria. 
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5.2 Find the Path 

• We could draw a direction diagram and sketch for 

the integral curve (or solution curve) that must 

follow those directions. 

• Consider xdot = x + t : RHS tells you slopes of 

tangent lines at points on its graph 

• Thus, we know that a point  

– (t, x) = (0, 0),  slope is 0+0= 0; 

– (t, x) = (1, 2),  slope is 2+1= 3; 

– (t, x) = (2, 3),  slope is 2+3= 5. 

 



Chaiyuth 2013 22 

x 

t 

The integral curve or solution curve through (0,0) 
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-3 -2 -1 1 2 3

-3

-2

-1

1

2

3

The slope field (or direction field) of xdot=x+t. 
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. sin( )Ex Adirection fieldof x x t 

Solutions following flow of a direction field. 
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5.3 SeperableEquations

( , ) ( ) ( )................(1)

a productof 2 functions,oneon ,another on .

This diff eq. is seperable (or have seperated vars).

This canbe solved in termsof integrals known functions.

Examp

x F t x f t g x

t x

2le. 2

Steps for solving separabledif Equations:

Separate, Integrate,and Evaluate.

x tx
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( ) ( )...............(1)

. (1) ( ) ( )........( )

. variables : ( ) .
( )

( , )

. : ( )
( )

.Evaluate and solve for .

Solve x f t g x

dx
A Write as f t g x

dt
dx

B Seperate f t dt
g x

x on the left t on the right

dx
C Integrate f t dt

g x
D C x
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2

2

2

2

Example. Solve ( ) ( ) 2 and find the

integral curve thatpasses( , ) (1, 1).

. (1) ( 2 )( )...................( )

. variables : 2 .

1
. : 2

.

dx
f t g x tx

dt
t x

dx
A write as t x

dt
dx

B Separate t dt
x

C Integrate dx t dt
x

D Evaluate C and solv 2

2

2

1
:

thus, the general solution is 1 / [ ]

1 1, 2. So, the integral curve

or the particular solution is 1 / [ 2].

e for x t C
x
x t C

for x at t C

x t
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4

3

6

3 6

6 3

6 3

7

4

. .
1

( ) , ( ) 1 / [ 1].

: [ 1] .

: [ 1]

1
Evaluate and solve for :

7
Note that ( ) never 0 for any ,

So,no particular solution.

t

dx t
Example Solve

dt x
Here f t t and g x x

Separate x dx t dt

Integrate x dx t dt

x x x C

g x is x



Chaiyuth 2013 29 

1
0

0
1 1

0

1
0

. ( )

( ) ( ) ( ) .

assumeall positive parameters,and 0 1.

( ), (0) .

.

This is a seperable diff eq.

Here ( ) , ( )

t

t

t

Example EconomicGrowth

a X AK L b K sX c L L e

Find K K t assumeK K

K sX sAK L sAK L e

f t sAL e and g K K .
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1
0

01

1
0

1
0

0 0 0

1
0 0

( ) , ( ) .

1
: .

[ ]

: [ ]

1
:

0, ( / ) ,

[ ( / ) ( 1)]

t

t

t

t

t

Here f t sAL e and g K K

Separate dK sAL e dt
K

Integrate K dK sAL e dt

Evaluateand solve for K K sAL e C

For K K at t we get C K s AL

thusK K s AL e / .
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1 1

1
( ) ( ) ( )

(0)

(

(0)

(0) ( )

.( ) ( ) , .

1
Sep+int. ( )

ln ( ) ( ) ( )

, ( )

Let (0) 0, (0) (0)

( ) (0) (0)

R t C C R t R t

R R

R R t R

Example Compound Interest w r t w separableeq

dw r t dt
w
w C R t whereR t r t dt

Thus w t e e e Ce

w at t w Ce orC w e

So w t w e e w e

0

) (0)

0

0

( )

( )

, ( ) (0) (0)exp ( ) .

( ) (0)

t

t R

r

t

ts ds

But r s ds

Th

R t R

us w t w e w r s ds
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5.4 First-Order Linear Equations: 

2

It is linear forLHSisa linear fn of thedependentvariable, .

and ;or termssuch as ln or( ) doesnotappear.

However, ( ) ( )are notrequired to be constant.

.( ) ; 2 4 .

ie

x x x x

a t and b t

Ex a x x t b x tx t

( ) ( )x a t x b t
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5.4 The Simplest Case 

  

 

 

 

 

Consider the following where , constants

, 0.

Letmultiply by , called an integrating factor

becomes

 take indefinite integral,

.

( )

at

at

at

a

at at

a

t at

t

at

xe axe

d
xe

a b

x ax b wherea

e

be

be

b
xe be dt

a

d

e C

t
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,

( / ).......(*)

.

( ) 0, ( ) /

. 0.

( ) , / .

at

at

multiplybye gives thesolution for x

x Ce b a

This is the general solution

Note that if a C x t b a or stationary

state for theequation Thiscanbealsoobtained by let x

b If a is positive x b a as t T

.

heequation is said to

bestable for all solutionsconverges toanequilibriumas t

, (0), ( ) ( (0)( ) 0 ) .atx x then x t x
b b

c if at t e
a a
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Examples 

2

1. 2 8

,

4, .

4.

2 0

, , 4,

.

t

x x

fromthesolution form wehave

x Ce as the general solution

Theequilibriumstate is x

andbecausea

so as t x

theequation is stable
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( )

2. (price adjustmentmechanism)

Let ; demand

( ) ; supply

( ) [ ( ) ( )]

Substitute and get [ ]

rearrange as ( ) ( ).

From the solution form,

( ) / ( ).b t

D P a bP

S P P

AssumeP P t and P D P S P

P a bP P

P b P a

P Ce a b
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0

( )
0

So,the equilibrium price=( ) / ( ).

( )is positive,the equation is stable.

0, ( ) .

( ) ( )
[ ] .

( ). ( )
b t

a b

For b

If t P t P Wehave

a a
P P e

b b



• 3 
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Homework 
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5.4.2 Variable Right Hand Side 

Consider the following RHScase

,

( ) , ( ) ( )

Take indefinite integral,we get

( ) .

( ) .

( )

at at

at at

a

at

at at

at

at

a

at

t

t

e

e

x ax

multiply by gives

d
x ax b t or xe b t e

dt

xe b t e dt C Multiply by

x C e b t

e

e e

b

e

dt

t

e
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5.4.2 Variable Right Hand Side 

( )

( ) .at at at

x ax b t

x Ce e e b t dt
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5.4.2 Variable Right Hand Side 

3

5 5 5 3

5 5 8

5 5 81
2

5 3 1
2

. 5 4 .

4

4

8

.

t

t t t t

t t t

t t t

t t

Ex x x e Apply the formula

x Ce e e e dt

Ce e e dt

Ce e e dt

Ce e
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1

1

'

Some integrating rules,

,

1
ln ,

( )
ln ( )

( )

nn x
n

x x

x dx C

e dx e C

dx x C
x
f x
dx f x C

f x



Chaiyuth 2013 46 

2 2 2

( ) ( )( )

1

4 2 2 2

( ) ( ) ( ) ( ) ( ) ( )

.

f x f x

at
at at

t t t

f x e dx e C

e
e dt e adt

a a
e tdt e tdt e

f x g x dx f x g x f x g x dx

udv uv vdu
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1

2 21 1
2 2

( )

integration by su

(

bstitution or by change of var

(

.

( ) ( )) .

(

.

( ) ( )

.

ln
. ; ln ;

(

)

( )

( )

( )

ln ) .

) ( )

x

f x dx f where x

thus dx or

f t

g u du

g u

dt f where t

and dt

x
ex dx set

g u g

t x dt dx
x
td

u

g u g u

du

g u du

g

t t C x

u du

C
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Definite integration

( ) ( ) ( ) ( ).

( ) ( ),

( ) ( )

b b

a
a

a

x

b

x

f x dx F x F b F a

d
f t dt f x and

dx
d

f t dt f x
dx



Chaiyuth 2013 49 

0

0 0

Differentiation under the integral sign.

( , )
( ) ( , ) , ( ) .

( , )
( , ) .

. ( ) . .

( ( )) ( ) ( )

b b

a a
b

b

a
a

T rt

T Trt rt

r r

f x y
Let I y f x y dx then I y dx Or

y
d f x y

f x y dx dx
dy y

Ex P e g t dt Notice that Pdependson r

dP
e g t dt e g t dt

dr
e

0
( )

T rttg t dt
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0

0

Leibniz's formula

( ) ( , ) ( ) .

l imits of integration are independentof x.

. ( ) . / .

( )( ) .

( , )d
d

c
c

T rt

T rt

F f x t d F x dt

ex K f t e dt Find dK dr

dK
f

f x t
x

x

t dt
dr

t

t e
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Leibniz's formula:general case.

, , ( ) ( )

, ( , ) .

( ) ?

Now when x changes both v x and u x

will change also f x t will change for each t

What is the total effect on F x fromachange in x

( )

( )

( )

( )

( ) ( , )

( ) ( , ( )) ( ) ( , ( )

( )

(

.
,

) )

v

u

v x

u

x

x

x

F f d

F x f x v x v x f x u x u x

dt

x x

x

t

f t

t

x
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5.4.3 General Case: Variable coefficient 

and Variable term 

( )

( ) ( ) ( )

( )

( ) ( ) ( )

( )

( ( ) ,

(

( )

( )

( ) .

)

(

)

)

A t

A t A t A t

A t

A t A t A t

x x

First multiply by e get

xe xe b t e

and weneed to find A t such that LHS equals

d
xe

dt
d

weknow that xe xe

a t

a t

A t
dt

b

x e

t
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5.4.3 General Case 

( ) ( )

( ) ( )

( )

( ) ( ) ( )

If we choose ( ) ( )by choosing ( ) ( ) ,

then ( ) ( ) .

Integrate both sides get ( )

andmultiply by ,

( ) ,

( ) ( ) .

A t A t

A t A t

A t

A t A t A t

A t a t A t a t dt

d
xe b t e

dt
xe b t e dt C

e get

x Ce e e b t dt

whereA t a t dt
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5.4.3 General Case 

( )( ) ( )

To summarize, we show that

( ) ( )

( ) ,

( ) .

Notice thatwe replace in 5.4.2

( )

by .

A t A tA t

x a t x b t

x Ce e e b t dt

where a t dt

a A

A t

General solutions have 2 parts. First part is a 

solution to homogenous equation, second is a 
particular part of non-homogenous equation.  
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2 2 2 2 2 2

2

2
1 1

2

. ( ) ( ) 2 4

( ) 2 , ( ) 4 ,

( ) , 0

, ( ) [ ( )].

4 [2 ]

2.

( , )

t t t t t t

t

Ex x a t x b t x tx t

Weknow that a t t b t t

and a t dt t C wecanchooseC

or any value so that a t dt t A t

Thesolution form is

x Ce e e t dt Ce e e

Ce

If given that t x
0

(0, 2),

2 2, 4

wecan findC

from Ce thusC
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2 2 2

2 2 2

2

2
1 1

2

1
2

. 2

: ( ) 2 , ( ) ,

( ) . 0

, ( ) [ ( )].

[ ]

1 / 2.

t t t

t t t

t

Ex x tx t

Use the formula a t t b t t

and a t dt t C WecanchooseC

or any value so that a t dt t A t

The solution form is

x Ce e e t dt

Ce e e

Ce
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5.4.4 General Case  

when x(t0)=x0 is given 

0 0

( ) ( ) ( )

If the value of ( )is known for ,

then the constant C canbedetermined.

( ) ( ) ( ) : .201

You wanna show this

( ) ,

( ) ( ) .

becomes

o

A t A t A t

x t t t

x a t x b t and x t x see p

x Ce e e b t dt

whereA t a t dt
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5.4.4 General Case  

when x(t0)=x0 is given 

0

0

( ) ( )

0 ( ) ,

( ) ( ) ( )

t t

t s

ta d a d

t

t

s

x x e b s e ds

where A t A s a d
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0

0

( ) ( )

0
0

. ( )

, ,

( ) ( ) ( ) (0) :

( ) ( ); ( ) ( ) ( );

[ ( ) ( )]

Let findPDV

since ( ) ( )

.
t ttr s ds r s ds

t

Ex weatlhaccumulation

Show PDV of asset at time t y isdeposit cwithdrawal

w r t w y t c t and w w

herea t r t b t y t c t

w w e y c e d

r s ds r s ds

0

0 0

( )

( )

t

t

r s ds

r s ds

multiply by e
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0

0

( )

( )

0
0

[ ( ) ( )]

t
r s ds

PDV
of asset
at timet

t r s ds

discount
factor applied
toasset at time

we

w y c e d
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5.5 Exact Differential Equations 

( , ) 0.

( , ).First,

( , ) ( , )
( , )= 0

( , )
( , )

(
( , ) ( , )

;

( , )

( , )

( , )

, )

( ,, ) ), ( 0.

h t

d
Consider h t x

dt
Wewant to find h t x

h t x h t x
dh t x dt dx

t x
d

find h t x x
dt
h t x h t x

Let
t x

d
so

h t x

t

f t x

f t x

x

x

g t x

g t xh t x x
dt
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5.5 Exact Differential Equations 

1

( , )

( , )

0 .......(1)

.

( , )

since ( , )

( , )

( , )
( , )

(1) ( , )

( , )

)

0

( ,

( , )

f t x

h

g t x x

h t x
g t x

x

where f and g are c functions

Supposewehave h t x such that

and

d
h t x

dt
d

thus is h t x
d

t x
f t x

t
h t x

t

x
x

x

t

h t
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00

0

, (1)

( ) ( , ) .

( , )

.204

( , ) ( , ) ( , )
t x

t x

Thus thesolution to is

x x t such that h t x C

Key is to find the right h t x

P shows the formula f

t

or

h t x f x d g d
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' '

2

Note that the equation we try to solve

is called exact if a necessary and sufficient

condition for ( , )is satisfied:

( , ) ( , ),

( , )
since both equals .

x t

h t x

f t x g t x

h t x

t x
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2 2

'

2

'

2
2

' 2 '

2

2

. 0

.

( , ) 1 ; ( , ) ;

( , ) ( , ) 2 ... .

( , ) ;
2

1 ( , ); ( , ).

1

, ( )

x t

t x

Example x

notice that it is not linear or separable

f t x tx and g t x t x

and f t x g t x tx thusexact

t
Guess h t x t x

h tx f t x h t x g t x

Thus thesolution is x t that t

t xtx

2
2 .

2

t
x C
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0

0

2

0

0

0

2 2
0

2 2 21
02 2

2 2 2 21 1
0 0

0

02 2

( , )

( , ) ( , ) ( , )

( , ) (1 )

[ ]

( ).

o

t x

x

t x

t x

x
t
t

x

t

or apply the formula to find h t x

h t x f x d g d

h t x x d t d

x t

t t x t t

t

x
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2

2

2

' '

2

2

1/2

2

2. 2 0,

2 0, 0.

( , ) ; ( , ) 2

( , ) ( , ) 2 ....

( , )

( )

(

2

)

x t

Ex xtdx x dt rewriteas

xtx x or x

Here f x t x g x t xt

and f x t g x t x exact

wecan guess h t x x t

Thesolution is x t that x t C

or x t

x

t

x

C

t
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0

0

0 0

0

2
0

2 2
0

2 2 2 2 2 2
0 0 0

0( , ) ( , ) ( , )

( , ) 2

.

[ 2] 2 0.Hint:use asan

integrating factor to get the exact condition.

o

t x

x

t x

t x

t x

t x

t

o

Formula h t x f x d g d

h t x x d t d

x t

x t x t t x tx x t tx

t

Modified Ex tx x x
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• When the equation is not exact, we can 
made them by multiplying it with a suitable 
function.  

• This function is called an integrating factor. 

• In general it is hard to find such factor, even 
when one exists. 

• There are some special cases we can find 
them 

• P. 205 gives a formula for an integrating 
factor for those cases. 
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' '

3. 1 ( 2 ) 0

( , ) 1, ( , ) 2

.

( 2 ) 0

( , ) , ( , ) ( 2 )

( , ) ; .... .

( )

( , ) 2

x

x x

x x

x x
x t

x

Ex t x x

here f t x and g t x t x

but this is not exact If wemultiplybye

e e t x x

here f t x e and g t x e t x

check f t x e g e exact

solution is x t where

h t x te

' '

2

; 2 ( 2 )

x x

x x x x
t x

xe e C

check h e h te xe e t x
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5.6 Transformation of Variables: 
Bernoulli’s Equations 

• So far, we can find explicit solutions by 

using our formula when the equation is 

linear in x or separable, or exact. 

• Sometimes, transformation the problem or 

variables that looks difficult into a familiar 

linear equation make us solve difficulty. 

• One example is Bernoulli’s equation 

  ( ) ( ) rx a t x b xt
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1

1

1

0, .

1, .

( ( ) ( )) .

1, (1)

( ) ( ).

, (1 ) ,

,

( ) ((1 ) ).

rr

r

r

r

If r the equation is linear

If r theequation is separable That is

x b t a t x

Suppose that r let divide by x get

a t b t

Let z so z r

use this above we get

a t b

x x

x x

t

x

zr

x

z
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1

1/(1 )

(1 ) ( ) ( ).

( ) .

( ) , ( ) ( ) .r

Weget the linear dif equation in z

Notice that r z a t z b t

wecan find z t byour formula

Once z t found use x t z t
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3 3

3

3 2 3

1 1 3 2 3

3

3

.1 ...............(1)

. 3.

................(1 ')

, 2 ;(1 ')

; 2

2 2

(

2

r

Ex Solve x tx t x

This is a Bernoulli eq with r Dividing it by x gets

x x tx t

Let z x x z become

t

x s

t

x

z

x

z
t multiply by get

z z t

with a 3

2( ) 2

) 2 ; ( ) 2 .

( ) .

t t b t t

and A t dta t dt t t
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2 2 2

2

2

( ) )

3

3

( ) (

2

( ) ( )

( ) ,

( ) ( ) .

2 ....(2).

The last term of (2) can be solved using

integration by parts:

, 2 ,

t

A t A t A t

t t

u

t

t

u

Use formula x a t x b t

x

t d

Ce e e b t dt

whereA t a t dt

z Ce e

ue du

Let u t thene and d t dt

e

e

e

t

u thu

t

s
2 1

2
( )( ) ( )uudt t t dte e u du
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2

2

2

2

2 2 2

2

1 1 1
2 2 2

3

21

21 1 1 1

1
2

2 2 2

2

2

2

( ) ( ) ( )

( ) ( ) ( ) ( )

[ ( ) ( )2 .

1.

,

1

]

t

t

u u u

u u t t

t tt

t

e ue du ue et dt

t e e

du

ue e t e e

z Ce e

Ce t

Thus

x
z



Chaiyuth 2013 77 

2

2

2 2 1

1 1 2 1
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( ) ( ) ( )

2 ( ) 0.5

0.5 0.

2. 3 . 3

3

3

[ ( ) ; ( ) ( ) ]

( ) 0.5 ; ( ) ( 3 )

3 ( ) 3

r

A t A t A t

A t t

t

Ex x tx tx x x tx t

Let z x x x

z x x use this we get z tz t

or z tz t

x Ce e e b t dt A t a t dt

A t tdt t e b t dt e t dt

e t dt e
2

2 2

5

0.5 0.5( ) 3, ( ) 1/[ 3].

t

t tz t Ce thus x t Ce
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Homework 
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5.7 Qualitative Theory and Stability 
• Previously, we look at the explicit solutions and try to 

identify unspecified parameters. 

• When we don’t have one, we can look at the properties 
of the solution: stability, uniqueness, and existence. 

• First, let consider stability of any solution. 

• Many economic models have Autonomous equations 

 

• In which t , time an independent variable, does not 
appear on RHS. If not autonomous, the equation will 
depend on t.  Idea: some laws do not change over time. 

• Tools to use here is called “Phase Diagram: a picture in 
x-xdot plane.” 

 

( , ) ( ).... .x F t x F x calledautonomous
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( ) ( )x F x or y F x

x

yor x Phase Diagram 

a 

Figure 1. Example of Globally stable solution 
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5.7 Qualitative Theory and Stability 

• Solution to the autonomous equation is to find 

value of x such that F(x)=0. (or xdot=0) 

• A point a  is an equilibrium solution or 

stationary state if F(a)=0.  

• In Figure 1, x(t) a  is the solution of the 

equation. Figure 1 has one equilibrium state, a.  

• That is,  if x(to)=a, for some t, then x(t)=a  for 

all t. 
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5.7 Qualitative Theory and Stability 
• In Figure 1, the equilibrium is also globally 

asymptotically stable because if x(t) is a solution with 
x(t0)=x0, then x(t) will always converge to the point on 
the x-axis with x=a  for any starting point (t0,x0). 

• Globally asymptotically stable implies that we can 
start from any starting point in domain. 

• Now, let consider Figure 2 with the equation 

•        xdot = b –ax 

•       Find a point that b-ax = 0, we get x*=b/a. 

• Consider Figure 3 with the equation 

•       xdot = 1-x 

• Find a point that 1-x =0, we get x*=1.  
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x b/a 

( ) ; '( ) ; ( / ) 0x F x b ax F x a F b a

, 0, ( ) ,

( ( ), ( ))

.

As t if x x t

x t x t moves from

Left to Right

0, so ( )decreaseswith ,

sowemove fromrightto left.

x x t t

x
Figure 2: 
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x 

t 

 x=b/a 

x0 

t0 

From Figure 2, we draw x(t) 

the integral curves 



Chaiyuth 2013 92 

x 
1 

( ) 1 ; '( ) 1; (1) 0x F x x F x F

0, (0) 1

0, ( 1) 1 2 0,

( ) , .

Supposeat t x

At t x

so x t moves fromLto R

x

1 

0, (0) 3, 3 1 2 0

( )

Supposeat t x x

so x t

-1 

Figure 3: 
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x 
 b/a 

x
( ) ; '( )x F x b ax F x a

Unstable equilibrium 

Figure 4: Unstable solution 
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x 

t 

 

x=b/a 

From Figure 4, we draw x(t), the 

solution curve. 
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( ) ( )x F x or y F x

x

x

a1 

Figure 5. Example of locally stable solution 

a2 
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Stability 

• We have the following result: 

( ) ( ) 0 ( )

.

( ) ( ) 00 ( )

.

( ) ( ) 0 ( ) 0, .

0a F a and F a

a isa locallyasymtotically equilibrium

b F a and F a

a isa locallyasymtotically equilibrium

c F a and F a inconclu

stable

unsta e

s

bl

ive
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Example. Price adjustmentprocess.

( ( ) ( )), (0) 0, 0

Let is an equilibrium price : ( ) ( ).

Let ( ) ( ( ) ( ))

Weneed ( ) 0 for stable equilibrium.

( ) (.)[ ( ) ( )] 0

since 0,weneed [ (

e e e

e

e e e

P H D P S P H H

P D P S P

F P H D P S P

F P

F P H D P S P

H D ) ( )] 0.

means demand slope< supply slope.

Generally,this is satisfied for ' 0, ' 0.

e eP S P

D S
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. ' .

( ) , 0, 0.( )

: ( )

( ) ( ) ; ) 0(

Example Solow sGrowthModel

k sf k k s per capita

a uniqueequilibriumk sf k k

kF k sf k k F sf

k

k 
  k* 
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1

0

( ) 0,

Let ( ) ; 0.

Suppose 0.4, 2%, 10%

wehave 14.62, ( ) .012.

Note that if we startwith

( ) ( ( ), ( )), ( ) ( )

and ( ) .

We can derive the capital accum

t

F sf k stableequilibrium

f k k soF s k

s

k f k

X t F K t L t K t sX t

L t L e

ulation in

per-capita form by
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( ) ( )/ ( ) ( ) ( ( ))

(ln ) (ln ln )

( ) ( )
.

( ) .

let k t K t L t and x t f k t

k d k d K L

k dt dt

K L sF

K L K
sLf k sf k

K k

k sf k k
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1

1

1
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/

(1 )

( )

.

, (

(1

1 ) (1 )

1

)

(

:

)

ba

Let f k k

k sk k or k k s

this is a Bernoulli equation in k with

divideby s

Let z th

k k

k k

k

us z k k

wecanobtain z z s

z z
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s

e the form

k
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k
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(1 )

1 1 (1 )

1/(1 )

( ) [ (0) ]

[ (0) ] .

Since(1 ) are both positive, so as

, the first term will approach zero.

And the equilibrium capital-labor ratio is

t

t

s s
z t z e

s s
k k e

and

t

s
k
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5.8 Existence and Uniqueness 
• Good economic model must have a solution. 

• If so, we want to know if it is a unique. 

0 0

0 0

" ( , ),

in ( , ) . (

Theorem5.8.1 (LocalExistence and Uniquen

, ) ,

passing ( , )."

ess)

x
For x F t x if F and F arecont inopen setA

the t x plane Let t x in A then there exists

solution t x This ensure

theexistenceof a solutio

one l

no

oca

nl

l

a smy in

0 0 0
. ( ) ( ),

( ) ( ) .

neighborhood

of t Uniqueness requires if we found x t y t

then x t y t for a

l

t

a l

ll
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0( )

0 0 0

1. ( , ) , .

are continous anywhere, by Thm.

there is a unique solution curve passing through

( , ).The solution is ( ) ( ) .

2. ( , ) ( ) ( ) : unique and existence

is ensured if are co

a t t

Ex If F t x ax or x ax

For F and F

t x x t x t e

Ex F t x f t g x

f and g ntinous and

differentiable.
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• In economics, we may want to know 

whether there is a solution defined over the 

whole interval [0, inf] (say in Solow’s 

growth model)or some defined interval. 

Then we use the Global existence Theorem. 

See Thm 5.8.3 page 218. 

• However, normally we look at the behavior 

of a solution as t goes to infinity. Rarely we 

check for the existence ! 

5.8 Existence and Uniqueness 
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Homework 

• Section 5.1:  4 

• Section 5.3:  1, 2, 3 

• Section 5.4: 1, 4, 7 

• Section 5.6:  1, 2 

• Section 5.7: 1, 3 


