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Solution: Exercise 2

Part I (Derivative Definition, Power/Sum/Product/Quotient Rules) .

1. Find the derivative f'(z) of the following functions f(z) by using the definition of the

derivative: A B - )
+n)—f(z
'(z) = lim 122 .
fiz) = lim o
(a) f(z) =222 +x+1
Solution
flx4+h)—flx) = 2@+h)2+@+h)+1— (22> +2+1)
= 2@ +2zh+h*) +(z+h)+1—-222 —z—1
= dazh+h*+h
— 4 2
if(a:) = lim f+h) = f() = lim deh+h”+h _ limdx+h+1=4x+ 1.
dx h—0 h h—0 h h—0

(b) f(z) = cos(x)
Hint: Use the identity: cos(a + b) = cos(a) cos(b) — sin(a) sin(b), and

the fact that lim 220 — 1 Jim 5=l _ g
h—0 h—0

Solution

cos(z + h) = cos(z) cos(h) — sin(x) sin(h)

cos(x + h) — cos(x)

s cos(z) = }ng(l) -

~ lim [cos(x) cos(h) — sin(x) sin(h)] — cos(x)
h—0 h

~ im cos(z) [cos(h) — 1] — sin(z) sin(h)
h—0 h

gy s 1 sinta)singd)
h—0 h "0 A

= cos(x) }111_]()% [cos(hh)—l] _ sin(z) }ll—% sm}Eh)

= —sin(z).

2. Differentiate each of the following functions to find f'(x).
(a) flo)=m"

Solution: f'(z) = £ (x'%) = 0.
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(b) f($)=x8—$+\/ﬁ+7r

Solution:
d 1d d d
' _ % s @ 3, @ 372 @&
Fw) dxx dex + dwaj + d:v7T
— 87 _ %333—3—1 1321y

= 8" +a 4 212,

(c) flz)= (2 +2+1) (2% -2t +7)
Solution: From the Product rule:

/ _ 2 i 8 4 8 4 i 2
fiz) = (:c +1:+1) In (:c T +7r)+(x T +7r) In (33 +:c+1).

87— 4g8 2041
= (P +2+1) (82" —42®) + (2® —2' + 1) (22 + 1)
= (82" +82® + 82" — 4a® — 4" — 42%) + (227 — 22° + 227 + 2% — 2" + 1)
= 102° + 928 + 82" — 62° — 52t — 423 + 7.

(@) fla) = TEEtm

Solution: From the Quotient rule:
(x2+x+1)%(x8—x4+7r) — (:ng—x4+7r)%(m2+3:—l—l)
(x2 +2+1)2
(22 +2+1) (82" —42®) — (2® — 2t + 7) (22 + 1)
(@2 +2+1)2

f'(z)

= %3}3 — 162 where the tangent line is horizontal.

3. Determine every point x on the graph f(z)
Solution: The tangent line is horizontal when the slope is 0. Since f’(x) is the slope at the

point z, we therefore want to find the point = such that f'(x) = 0.

d (1
f(z) = o <3x3 - 16x> =22 -16
f'(x)=0 — 2 —16=0 = r=+4

That is, there are only two points on the graph with horizontal tangent and these points
are x =4 and z = —4.

Part 11 (Derivatives of trigonometric functions, Chain Rule, Implicit Diﬁ‘erentiation) .

1. Find f'(z) for the following functions.

(a) f(x) = 3sin(z) + tan(x)
Solution: f'(x) = 3% sin(x) + % tan(z) = 3 cos(x) + sec?(z).
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(b) f(z) = cos() cot(x)

z4csc(x)
Solution: First note that, from the product rule:

d d d .
e (cos(z) cot(z)) = cos($)@ Cot(:v)—l—cot(x)% cos(x) = — cos(z) csc?(2) —cot(z) sin(z).

By the quotient rule,

) — [ + csc(x)]%[cos(ac) cot(z)] — cos(z) cot(x)%
Jlx) = [z + csc(z)]?
[z + cse(z)][— cos(z) esc?(z) — cot(z) sin(w)] — cos(z) cot(x)[1 — cot(x) csc(x)] '

[z + csc(x))?

[z + csc(x)]

2. Use the Chain Rule to find the derivatives f’(z) of the functions below.

(a) fz) = (2° = 1)(a* +1)'%
Solution: By the product rule and chain rule:

/ _ 3 ix2 100 igg?», 72 100
F@) = @ =D @+ )4 @ - D+ 1)

d

= (2% —1)|100(z? + 1)9967(9;2 + 1) | + 3222 + 1)1
X

= 100(2® — 1) (2% + 1)"22 + 322(2* + 1)1,

(b) f(x) = sin®(cos(vVx3 — 2))

Solution: By the product rule and chain rule:
d
f'(z) = 3sin®(cos(v/a3 — 2))% sin(cos(V 23 — 2))
d
= 3sin?(cos(vV a3 — 2)) cos <cos(\/ a3 — 2)) o cos(Va® — 2)

= 3sin®(cos(v/ a3 — 2)) cos(cos(vx3 — 2)) [— sin(v/ 23 — 2)% 3 —2

= —3sin®(cos(vV/ 23 — 2)) cos(cos(v/x3 — 2)) sin(v/ 23 — 2)%(953 - 2)_1/2%(353 —2)

1
= —3sin?(cos(v 23 — 2)) cos(cos(v/z3 — 2)) sin(v/ 23 — 2)§(x3 —2)71/23,2
—922 sin%(cos(v/23 — 2)) cos(cos(va3 — 2)) sin(v/z3 — 2)
2va3 — 2 '
3. Use implicit differentiation to find % for the graphs of the following equations.

(a) y3 — 2y = x + sec(3y)
Solution: We can find g—g by (i) differentiating both sides of the equation and (ii) solving

dfy .
for 52 in terms of x and y.
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d , 4 d
. (y — 2y) = - (z + sec(3y))
dy dy d d
3y° > —2-= = —ux +sec(3y)tan(3y)-—3
v 2 7, % +sec(3y) tan(3y) - 3y
dy ., dy dy
2
9% 1 hut:4
3y Ir Ir + 3sec(3y) tan(?)y)dx
d
[3y2 — 2 — 3sec(3y) tan(3y)] A
dx
That is,
dy 1

dr 342 —2— 3sec(3y) tan(3y)

(b) £ =a?

Solution: We can find % by (i) differentiating both sides of the equation and (ii) solving
for % in terms of  and y.

d (z+y N
dl’( y> A
(z—y)it@ty) —@+yLt@-y) 524
= r —X
(x —y)? dx
(w—y) (1+5) = @+y) (1- %) ,
3 = 3z
(x—y)
-y +E-PFE -t +@E+tyE _
(x—y)?
d
—2y + 223 _ g2
(x —y)?
d
—2y+2$d—i = 3x2(x—y)2
dy _ 32%(z—y)* +2y
de 2

4. Find % for y = sin(zy) at the point (z,y) = (7/2,1).
Solution: We can find % by (i) differentiating both sides of the equation and (ii) solving

for % in terms of x and y. Then we can obtain the final answer by substituting z = /2
and y = 1.
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y _ 4 sin(zy)
dr  dx Y
d
= cos(zy)——(zy)
= cos(zy) [ fy + yl‘]
= cos(zy) [ — + y]
d
[1 — zcos(zy)] % = ycos(zy)
dy _ ycos(zy)
dr 11— xzcos(zy)
Forz =7/2 and y =1,
dy B cos(m/2) 0

=0.

dz|pjpy  1—(w/2)cos(w/2)  1-0

. Find an equation of the tangent line to the graph of tan(y) =z at y = 7/4.

Solution: First note that when y = 7/4 , x = tan(w/4) = 1. That is, we want to find a
tangent line equation of this graph at (z,y) = (1,7/4). By using implicit differentiation,

the slope is %:

d d 9, \dy d dy 1
dx an(y) da” nee (y)dx dz" dr  sec?(y)
The slope at (z,y) = (1, %) is
dy 1 1 1

and an equation of the tangent line:

1 y—17%
- = > =
2" 21 y

T 1 1 1
(-1 x4+ (5= 2.
Trs-n o y=rt(G-3)

W

. Find an equation of the normal line to the graph of 2% +y3 =24 at (—2,2).
Solution: We first find the slope at (—2,2) by computing % from implicit differentiation:

d , 4 3 d
— = —24
dzx (x Ty ) dzx
4x3+—3y2§g' =0
dx
@ _ — 43
der 32’
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At (—2,2), the slope of the tangent line on this graph is
dy _—4(-2)* 8

dz |(_y 9 322 3
and therefore the slope m,, of the normal line at (—2,2) on this graph is

—1 -1
Mg = = —_ = 38,
dy/dz|_o9)  8/3

That is, the equation of the normal line at (—2,2) is:

B3 y-2

3 3 )
-4 = —9= 2z 42 — = 242
5 =i () y (x+2) y g&t

8 4

. Find the point(s) on the graph of 22 + y? = 8 at which the slope of the tangent is 1.
Solution: First we find the slope of the graph or % by using implicit differentiation:

d , 9 d
el = 8
dx (ac ty ) dx
d
20 + 2y~ = 0
dzx
&y _ 2w _
de 2y oy
The slope of the tangent line is 1 when
dy T
— =1 — ——=1 — Y= —1x.
dx Y

To find every point (x,y) on the graph whose tangent lines have slope = 1, we substitute
y = —x into the equation of the graph 2% + y? = &:

2?4+ (—x)? =38 — 222 = 8 — r? =4 — T = +2.

By using y = —x,
e whenzx =2,y =-2
e whenz = -2, y=—(—-2)=2.
That is, these points are (z,y) = (2, —2) and (-2, 2).
. Find the point(s) on the graph of 22 — 2y + y? = 3 where the tangent line is horizontal.
Solution:

d , o d
dx(x —zy+y’) = -3
dy dy
2¢ — |xz—= 2y— =
T [mdx+y]+ Yir 0
dy
2 —a] 2 = y—2
2y — 2] o~ y— 2z
dy  y—2
de  2y—a
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10.

The tangent line is horizontal when the slope % =0

Yy — 2T

d
Yo

= — =0 = y—2x=0 —= y = 2z.
dx 2y — x

To make sure that the points are on the graph, we will substitute y = 2z and solve for x
2 —x(2x)+(22)* =3 = (1-244)2* =3 = 2 =1 = x = =+1.

By using y = 2z,
e whenzx =1,y =2(1) =2
e when x = -1,y =2(—1) = —2.
That is, these points are (z,y) = (1,2) and (-1, —2).

. Find the point(s) on the graph of 22 — 2y 4 y? = 27 at which the tangent line is parallel to

the the line y = 1.
Solution: Since the line y = 1 has slope 0,then to be parallel to this line y = 1 only when
the tangent line also has slope 0. From implicit differentiation, we can find the slope %

from % (:152 —xy + y2) = %3 gives

dy dy dy y—2x
20 — |z—= 2y— = 0 == — = .
v [xdx+y] * Yz dz 2y —z
The slope is zero only when
d -2
Yoy = LTy = y-2=0 =  y=2.
dx 2y — x

To make sure that the points are on the graph, we will substitute y = 2z and solve for x
22—z (22)+(22)? = 27 — (1—2+4)2? = 27 — 2 =9 — = =+3.

By using y = 2z,
e whenx =3,y=2(3)=6
e when x = -3, y = 2(—3) = —6.
That is, these points are (z,y) = (3,6) and (-3, —6).
Find % for
(a) 22 —y? =25
Solution: Using implicit differentiation gives

o) = g
dy dy 2z
20 — 2y—— = _ 2 - ZZ_Z
o ydx 0 dx 2y oy
To find the second derivative 327?2’

Py _d(dy\_d e\ _1(d o ody\_1( @\ _ 1 (y?—a\_ 2
de?  dx \dx) dx\y) 42 Y da de ) o2 Y y/) 2 Yy oy

where we have used the fact that =2 — y? = 25 .
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(b) x +y = sin(y).
Solution: Using implicit differentiation gives

Lavy) = L)
1—1—% = cos(y)d—i — % = cos(yl)—l'
To find the second derivative %
T = () = oty — 0 = eosly) ~ 1) o conl)
=~ (conly) = 107 (=sin) ) = (conty) 1772 (sinGy) conts) 1))
sin(y) B z+y

(cos(y) —1)*  (cos(y) — 1)?

where we have used the fact that = + y = sin(y).



