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2.2 Testing Against One-Sided Alternatives

Suppose the rule for rejecting H0 becomes

Ha : &j > 0:

We could have the H0 as

H0 : &j % 0 or

H0 : &j = 0

depending on the context. ForH0 : &j = 0 ; it implies that we are ruling out population
values of &j less than zero. For H0 : &j % 0 ;it implies that we are not ruling out
population values of &j less than zero. To given an example of a test against the one-
sided alternative hypothesis, consider the wage equation again :

log(wage) = &
0
+ &

1
educ+ &

2
exp er + &

3
tenure+ u

If we want to test whether experience has a positive partial e§ect on wage

H0 : &
2
= 0

Ha : &
2
> 0:

We implicitly rule out the possibility that &2 < 0 here.

eg yearsofeduhas a positive
impacton wage

likeinthehw2practice

wanttotest ifBSO

suppose
n 526

t.ie

n i iEney2re2oO5 526 3 1 522 use

Hymn let'stestwith si
1.64 a significantlevel
criticalvalue

7 1 132 0.004
se 132 0.0017

239 71.64
so rejectHoatsisig level

exphas a positiveimpactonwagell
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3 Testing other hypotheses about &j

# Most common H0 is H0 : &j = 0:

# However, we can test other types of hypotheses. For example, H0 : &j = aj where
aj is a constant number.

If we want to test the H0 using a 5% signiÖcance level, then we reject H0 if

twife_income > _______ or

twife_income < _______

Wage Bo tBeduc1Bzexpert tu

TestwhetherXihasa statisticallysignificantimpact
ony

tdf Dj ai estimate hypothesizedvalue

g se aj s e
n k 1
Example husbandincome Do1Bywife income t otherfactors

If we want to testwhether I pointincrease in wife'sincome
corresponds to 1 pointincrease in busbandincome we test

Ho Pi 1 we testhypothesis aboutthe
Ha B F 1 populationparametersONLY

twife income Bi 1 So theBj in theHoHacannotbePF
seB aThis is a 2Tailedtest

the sign isalwayswithHo
Suppose df 250 use Z table

196
1.96

Az

reject reject

fy
are2 0.205

1 4
0 025

1.96 0 1.96
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4 Testing Hypotheses about a Single Linear Combination of the
Parameter

Consider

log(wage) = &
0
+ &

1
jc+ &

2
univ + &

3
exp er + u

where jc = number of years attending a two-year college
univ = number of years at a four-year college
exp er = months in the workforce.
We want to test whether &1 = &2: if thereturns from 1 more year

of educationat a juniorcollegeHo B Be Ho 13 Bz O is the same as thatof theUniversity
against

Ha B 1132 Ha Bi Ba to

z tailedtest fCT FC2

a sis

t pi pi o
T Z

seCpi pg
c

we computethis t statistic
and compare with the
critical value

Where s e Cpd pig var pi PD

TE trap 2cov Bd

not verystraightforward tocalculate
we use a variable transformation trick

seenotes
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another possible hypothesis test (one-tailed alternative)

5 Computing p-Values for t-Tests

# What is the signiÖcance level given the computed t-statistics?

# p-value : P (jT j > jtj)

Ho B Be Ho 13 132 0

Ha B LBe Ha B Be so

It is assumed that13 would notbe more than132
returns to a 2 yearcollegewould neverbe morethan
returnsto Universityeducation
reject FCT

Then go tothe

rea qf extra note

Siglevel o T

fet
reject1 t

Thisshadedarea in the rejection

fffy region isthep value
t Bj Bj

2 tailed FCT seBi

rejected
Total area from 2 sides

Iidk
t comptuted t Bj Bj

T t distributed randomvariable
seBJ

with d f n k y
t computed t statistic

p value probability that a random t valuewill be

greaterCin the 1 term than our t intheabs5 Hotest



Inclass exercise

consider the multiple regressionmodel assumeMLR 1 6
are satisfied

y Bo tp X 132 2 133 3 t U

You would like to testthe Ho p 332 1

Ha Otherwise is true
1st write the t statistic for testingHo

t 43 31333 i
s e45 3331

2nd Define BI 3132 Ho O I Ha r f f I
t Ee we need our regression to have 0

in it So STATA or as estimationwill
Now pi 0 t38 automaticallygiveE s e if
or
B f t 332

Subinthemain regressionandget
y Bo tCf t 332X t Bak t 133 3 t U
Bo t f X t 332X t 132 2 t133 3 tU

Bot f X t 132Xzt3X 1333 4
Now the explanatory variables aregoing to be Xi Xzt3X andX

wecancalculate t E i
se E
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Example 1: H0 : &j & 0; Ha : &j < 0; d.f.= 140:

suppose the calculated t/̂j = $2:75

# From the z-table, the value -2.75 corresponds to area = _ _ _ _ _ _ _ _ _ _ _
_.

# Thus, p-value = _ _ _ _ _ _ _ _ _ _.

# Would we reject H0 if we use the signiÖcance level = 5%?

Example 2: H0 : &j = aj; Ha : &j 6= aj; d.f.= 18:

suppose the calculated t/̂j = $2:18

# From the t-table, the value -2.18 corresponds to area = _ _ _ _ _ _ _ _ _ _ _
_.

# Thus, p-value = _ _ _ _ _ _ _ _ _ _.

# Would we reject H0 if we use the signiÖcance level = 5%?

6 ConÖdence Intervals (CI)

# ConÖdence Intervales for the POPULATION PARAMETER (&j)

# A 95% CI of &j is given by

rejectgyf.cz
If braklue

whatshouldbethe
significantlevel giventhecriticalf 2.75 valueof 2.75

8D.twKg T z
findtheshadedareal

0.05 2 43 CBIBjseCBD
0.003

0.003

Yes
RULE werejectHoifpvalue sig level

reject fct reject n
2 is as luset table
thenIM 1kmO

ee

0.02 to 0.05

is btw 002 0.05

Yes rejectHoble the area is less than 0.05
or p value 0.05

Therangeofvaluesthatwouldcapture
thetrueBj212151chancerfCT
CI pjtcxs.ec3jreject omg

i gaf
tis.at7 enen.iitahe

T
Mh 7o I
t 15 DI t
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Example 1: 95% CI

Example 2: 99% CI

fCT d f 25

yfh.fi oMhvaiueofa7
sthPercentifezgmdttisfri

butionThe951CI forBj Bj2.06 sepijBj 2.06 s eCpj

IfCt
d f 2

Ita'i i ioai i
o.ooso

with Kmt
2.787 O 2.787

The qq.CI forBj Bj 2.787 o S eBj Bj t 2.787 seBj



Inference → Hypothesis testing about
"

B
"

the true parameter

wage = Bo '- 13 , educ + 13 , experience -1
. . .
t U

9

We want to test hypotheses about the true impact CB ) of each x variables ( educ , experience )
on the dependent variable ( 4)

BUT
,

we don't know what the true 13 are . So , we use pi ( estimator ) and S.e. ( i3 ) to test hypotheses .

reject
tips

←
→ reject

1) Test if D= some numberg€#qyµ n

eg . Pj
-

- O → tj has no impact on Y .

B = a hypothesized vain? P Pj =p →
1 Unit to in Xj correspond

1 ,
ex
. 13=0 or 13=1 ,

etc
. to 1 unit 9 in Y

.

✓
fit) t.IM#dmgoH.Eg t - test * ⇒ How ? ?

reject reject

7÷¥÷
,

- tat

ftp.BI-Bi
O S

. e. (B ;)

Significance level = total area in the rejection region

ass
.

d.f 100 f ( T ) area
-
- 2. ( as -0.4803 ) ° Suppose , we calculate a t - statistic = BBj -

- 2. Ob

✓ 1=2×99 ¥93,94 ,
s
. e. 45 ; )

D o suppose ,
we are testingl#HlbIpn

; - p,
Ho : Bi -- o

,
Ha :B ito

f- = 2.Of= - Los 2 tailed test
.

5. e . Bj
. p - value = total shaded area

TidvaluesignificantleuelwhichwewillrejectthetloorprobHatherton

5r reject

psi
reject

i iii
2.06

ifpvalue significancelevel rejectHo



Ftestmotivation
we wantto test the significance of a group of hypothesis

or multiple hypothesis

Gradezzg pot13 timesfront t Be timesback

Bshr study t 134PastGPA t B gender tu
Ho seatpositiondoesn'thaveimpacton GPA

13 O andBa O D 13732 0
Ha seatpositionmatters

B FO and13270
OrBg If and 132 0

at leastoneofthe pop p toand 132 to
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7 Testing Multiple Linear Restrictions: The F-test

Suppose the model is speciÖed by

y = &0 + &1x1 + &2x2 + &3x3 + u

H0 : &1 = 0 and &2 = 0

H1 : H0 is not true

We can use the F-test to test this type of "multiple hypotheses".

1. Our full model is called the "unrestricted" model (ur). Suppose it can be expressed
as:

y = &
0
+ &

1
x1 + &2x2 + &3x3 + :::+ &kxk + u

2. The model which takes out x (which we think its associated & = 0) is called the
restricted model (r):

swanttotestif andX
Ha bothhavenoimpactonY

pBig
model

Y BotBX t132 2 133 3 tu istrue RejectHo

smallmodel

Y BotfX tU istrue donotrejectHo

supposethereare q numberof13thatwewouldliketoperform
a joint testof o
e.g inthismodelq a
y BotBiX t1322 t BkqXkq
Ho BKqtr Bk q iz Bu O

lthelastqPs o
HaiHoisn'ttrue

Y BotBX t1322 t.at3kqXkqtBk qyXk qtit3kqzXkq zt tBkXktU

r

ur



Thisisalways t bc SSRurCSSRr
Everytimeyouadd2 moreX

F SSRr SSRur themodelwillbebetterexplained

q
SSRur
n k l

df ofthe urmodel

So ifeverytimeyouadd 1 more x variable theSSRfand R 09

whydon'twejustkeeptheadditional x inthemodel
becauseeverytime weadd 2 more x var Bhs willincrease

making the prediction of13lessprecise
So we onlykeeptheadditionXs if itAhey canimprovethemoedelenoug

can SSRCRB enough
fCFL

can significantly SSR R't
reject Ho 132 13 O

N Hai Hoisn'ttruedf ofthe urmodel
1111111

i gF F nFa n k 1o C Kriticalvalue

ofjointhypothesisbeingtested
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3. Some useful facts

4. Other ways to calculate the F-statistics:

Example: Suppose we are interested in understanding the determinant of a baseball
playerís salary.
salary = season salary
years = years in major leagues
gamesyr = games per year in the league
bavg = career batting average
hrunsyr = homeruns per year
rbisyr = runs batted in per year

# the unrestricted model (ur) is deÖned by

1 Run Rf because anyadditional wouldincreaseR2 improveAt
y SSRur CSSRr

2 Byincludingmore themodeliscertainly betterexplained
However wewouldlike to rejectHo iftheinclusionofextra
variablesdoesn'timprovethemodelenough

From R2 l s
Rss

SST TSS

wehaveF Rur Rr
ofBthat q
aresettoO il Kur

n k intercept

offobsTofslopep
s ifwewanttotesttheoverallsignificanceofthemodel
Ho 13 132 133 Pr O Ha otherwise

f RI R2of themodel e ur

KIR the r modelhasno atall
n k 1

Ifwewant totestwhetherY
performance has anyimpactr
onsalary
Ho Bbang 13hrunsyr Brbisyr 0
Ha otherwiseistrue
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# the restricted model (r) is deÖned by

Now, our H0 and Ha becomes

urmodel y x

Ig3
intercept

x
when
O me

inageaacshigoIiathanEerInomanax nebyone

SSE
Ssp
SST

Butwhenperforming an Ftest
performanceshavejointimpact

F SSRr Run
of Hw

Run f RI
h K z of

I R2198.311 183.186
n k z3 re9.55

783.186
f F 353 5 1
A letuse 1e.ve

ofsigrejectzt
sr since F 9.55 2.6 werejectHo at51 siglevel

Meta 2ndconcludethatperformanceshavejointeffects

Fs C e F 0hsalary
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8 How the Hypothesis Testing is done in Practice

1. Check the values of t $ statistic reported by the statistical software (i.e. STATA,
SPSS, SAS)

) These t$ statistics are to test H0 : &i = 0

) If the d.f. > 30; then when t > 1.96, we can reject H0

)When t > 1.96, we can say that &i is statistically signiÖcant at 5% level.
(value of &i 6= 0)

) When t < 1.96 we can say that &i is not statistically signiÖcant at 5%
level.

) If t < 1.96 we can drop xi from the model

) After we drop xi; we estimate the new regression function and obtain a new set
of &̂:

2. We can also perform other hypothesis testings of interest.

e.g. H0 : &i = &j

or H0 : &i = 5 etc.

or perform an F-test for testing multiple linear restrictions

3. Usually, in economics, the estimation results are reported using this form

E table
withgrisiglevel

sales

othercompany
performance

CEOcharacteristics

likeasimple
regressionwax
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Multiple Regression Analysis : Further
Issues

1 Data scaling on OLS statistics

When we change the unit of measurment of a variable, the value of estimators would
chance accordingly. For example

\bweght = b&0 + b&1cigs+ b&2famin c;

where
bwght = child birth weight, in grams.
cigs = number of cigarettes smoked by the mother while pregnant, per day.
famin c = annual family income, in thousands of dollars.

e

g

whatifweusebweght in kilograms
1kg 1,000g

bwfghtkg bwoeghotg.gloooo fooocigstBkoofamine

do t Cigs t IzFa c

To Bo
7,000

BY
1,000

1
1,000

Whatif we usefamine inUSD insteadof1000USD

bweghtg Do t cigs BaeFamincusp

s 02 Bz Thevalueofthisvariableisgoing
1,000 tobe1oootimeslargerthanfamine

inotherwords 02 impactof1USDP in income
Be impactof1,000USD9 in income

Whatif we usebweght inkg incomeinTHB

bweghtkg
pfotffoocigstfgtfggoffo.mnCTHB

thisvalueisgoingtobe30,000time
morethanfamine
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2 More on functional forms

# Logarithmic Functional Form

log(y) = &0 + &1 log(x1) + &2x2 + u

# Models with Quadratics

Example : E§ects of Pullution on Housing Prices

log(price) = &0 + &1 log(nox) + &2 log(dist) + &3rooms+ &4room
2 + &5stratio+ u

usuallymeansnaturallog

by Yi Ye
DX Xm Xn

go.es iE iEIi I i xx
twiththelogyIlogx format thecoefficientisgoingto betheelasticity
xx elasticityof yprice demand

Bz Llogly
ax Fay FOY

0 2

Dlf wewanttheuppertermtobe i change then
10032 100404

e NO3zr.inygivenDXz
10032 yOy

thatXsincreases byeunit
squares 0 2

captureincreasingIdecreasing marginaleffects slopeoftherelationshipbetween
X Y isn'tconstant Decreasingreturns

profittt
r y potpixytpattu

OVID29example D y BotB1 132214
y ofcases

dd Bit2BzX
dd
77,473 days

q unitqKdays
IT PMcq i Assumeme40
IT 700of 10q demand p too q
FO.C fIq o go

ispositive

paisnegative
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where
price = housing price
nox = level of pollution
dist = distance from downtown
rooms = number of rooms
stratio = average student per teacher ratio
The estimation result is given by

Consider the e§ect of "room"

What wold be the % change in price when the number of room increases from 5 to 6?

IntheUsormanyothercountriesstudentscan
applytoschool intheareawohavingtotakeanytestSothelowerstratiothebetterschool

10gprice
loginox B

B
PsPxBs
into a1 Tallco05HI 1.96

allvariablesaresignificant

10gprice p f 2134rooms 0.553 t 2 0062 rooms
2rooms

logprices Aathowmanyroomsdoes1 additionalroomhas2
positiveimpacton10gprice

K 0 0.553t210.062rooms
If rooms 4.44.4

rooms

Anas at4.4roomsor more
at 5 roomsormore

210gprice 0.553 t210.062 rooms
or rooms
100x 1 apriceprice 100 0.553 20.062 5

rooms total 0 inpricewhen
100 0.007 6.7i increase rooms

whatabout I inpricewhen roomsincreasesfromgtog
From5to7 is

toprice400C0.553 20.062 6 pgyy I 67 19.1 25.8 I
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3 Models with Interaction Terms

Consider

price = &0 + &1sqrft+ &2bdrms+ &3sqrft' bdrms+ &4bthrms+ u

where
price = housing price
sqrft = house size (square feet)
bdrms = number of bedrooms
bthrms = number of bathrooms

usedwhentheimpactofonevariable
depends on thevalue level ofanother
variable
g

Xi Xz X Xz Xz
price

largerhouse

r smallhouse

2price bedrooms

2bdrm
PetBsSqrft

If13270 then anadditionalbedroomwouldincreasepricemodefora
largerhouseI
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4 More on the Goodness-of-Fit and Selection of Regressors

# Adding more regressors ALWAYS improve Öt

Using adjusted R-squared to choose between non-nested models (one model is not a
subset of another).
Consider Model 1

\salary
=

830:63

(223:90)

+0:0163sales

(0:0089)

+19:63roe

(11:08)

n = 209; R2 = 0:029; 6R2 = 0:020

Consider Model 2

\log(salary)
=

4:36

(0:29)

+0:2751 log(sales)

(0:033)

+0:0179roe

(0:004)

n = 209; R2 = 0:282; 6R2 = 0:275

R2alwaysBe

Butwelosethe degreeoffreedom

Cdf freedatapointusedtoestimatetheparameter

1datapoint issacrificedeverytime weestimateaparameter

usingR2wouldnotpunish havingtoomanyregressors
we useadjusted R2or R2whenwewanttopunishadding
toomanyregressors

R2 1 SSR l SSR
SST X

SST
X

1 SSR

adjR2 In KH
SST
h 7

Ifwehavemore K d f h K I t.gs f 9 adj R

2751 ofvariation
in y isexplained
Sothismodelisbetter
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Multiple Regression Analysis with
Qualitative Information:

1 Outline

# Describing qualitative information

# Using a single dummy independent variable

# Using dummy variables for multiple categories

# Interactions involving dummy variables

# A binary dependent variable (Y variable): The linear probability model

2 Describing Qualitative Information

# "Female" and "Married" are qualitative variable.

# We arbitarily assign a dummy variable to decribe them.

famale =

"
1 if female

0 otherwise (or if male)

married =

"
1 if married

0 otherwise (of if single)
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3 Models with a single dummy independent variable

Consider

wage = &
0
+ Y0female+ &1educ+ u:

where

famale =

"
1 if female

0 otherwise (or if male)

In this case, the Y0 notation is used to highlight the interpretation of the parameters
multiplying dummy variables. In other cases, we can use any notation that is the most
convenient.

CD

1 Ewage1female edu E Bo Sofemale Bed4 41femaleedu
Bo t 80female tBedu t E ulfemaleedu
Bo1Sofemale tBedu t 0CassMLRn4h01

2Thus

f i E wage1female t.edu Bo tSou tBedu Bo t fo tBedu
or E wage1female Oedu Bo tfolo t13edu BotBedu
So ELwage1female 1 edu Ewage1female o edu
OR So Ewage1femaleedu Ewage1maleedu

given the samevalueofedu sameeducationlevel Soisthe
difference intheexpectedwageoffemalesandmales
ywage

MaleBoByedu

femaleBotSeotkedU
B W

interceptassumesoLo
B
IRotSo x edu

Bythewaywemodelthisregressionfunction female is goingtogive
a constant impactonwageregardless ofthe levelofedu
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4 It is not possible to include all of the dummy alternatives in the same
model

# If we include all alternatives of a dummy variable in the same model, we will face
the "perfect collinearity" problem.

For example:

1 = female+male

female = male+ 1

or

1 = winter + spring + summer + fall

winter = 1$ spring $ summer $ fall

# At least one alternative has to be dropped. We treat the dropped alternative as
the "BASE GROUP" or "BASELINE" or "BENCHMARK GROUP".

as longasthere isan intercept inthemodel

wage BoxotsofemaletBedutfemale tut xp exc xpint 1
Xo XyTX id femalemale Xo

i n o nz r o rz o 1 I
4 o i i

o 1 1
o l Ii n o ro I 0 I

99If thereare n'categoresweomiti'categorytoavoid
multicollinearity r v r Xr

winter fit
winter id winter spring summer fall

otherwise I 1 O O O I
2 1 O O O 1

spring io iii
O I 0 O
O 1 O O p

fiffemmafele fifmate
Yn as

iffemale f
intercept

yinterceptSoSx

emaleworkers
reexpectedto
arelesswage
mparedto
aleworkers
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5 Using dummy variables for multiple categories

Case 1 We can use many dummy variables in the same model
Consider a model which includes 2 dummy variablesñ female and married:

log(wage) = &0 + Y0female+ Y1married+ &1educ+ &2 exp er + &3 exp er
2

+&4tenure+ &5tenure
2 + u:

Comments:

pf
1 iffemale
0 ifmale p

1 iffemale

0
0 ifmale

1 Someasurestheexpecteddifference betweenfemale maleworkers

giventhesamemaritalstatusandotherActors

210gwage
2female

wagedwage
2female

0.29

100awodge wage YOOC0.29
2female

r 0wage
2female

29024

femaleworkers are expected to earn lessthanmaleworkersby29.02
holdingotherfactorsthesame

2 8 measuresthe impactof bemarried marriagepremium
ButsinceItt a96 or p30.05 wedon'trejectHoof no impact
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Consider a model which includes dummy variables for each gender/marital status
combinationñ marrmale; marrfem and singfem:

log(wage) = &0 + Y0marrmale+ Y1marrfem+ Y3singfem+ &1educ+ &2exper

+&
3
exper2 + &

4
tenure+ &

5
tenure2 + u: (8.1)

Comments:

Q or
Marr marrfem marrmale

ing
singfemsingmale

basecase

or singmale usedas thebasecase

1

Thisregressionisn'tthesameas the previousone
Ituses singlemale as thebasegroup thepreviousoneusemalesingle
as 2 basegroups

Someasurestheexpecteddiff inwageofmarriedmale as compared
withsinglemates holdingotherfactorsconstant

8 measurestheexpecteddiff inwageofmarriedfemale as compar
withsinglemates holdingotherfactorsconstant

f z some rationale intercept

marriedmale Bot0.2127 0.321to2127wageA singlemale Bo
singlefemale Bot82 0.321 O1100.534

0.32 marriedfemale Bot f o321 O198
0.211

0123 Sedu
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Case 2 We can use dummy variables to represent multiple categories of a variable
Consider the relationship between law school rankings and starting salaries

log(salary) = &0 + Y0top10 + Y1r11_25 + Y3r26_40 + Y4r41_60 + &1LSAT

+&2GPA+ &3 log(libvol) + &4 log(cost) + u:

where top10; r11_25; r26_40; r41_60 would be equal to 1 when the variable rank falls
into the appropriate range.
** Rank below 60 would be the base case.

Comments:

nmanycasethe
rangeofthevalue
erueasabetter
planatoryvariable
2hthevalueitself
gagemayexplain
hemodelbetterif
slitintogenerations
young o 15 r

gen to29etc I

thebaselineisTanking67thandworse

1 Someasuresthedifference inexpected

rank top10 rn 25 ra o logsalary ofa law schoolgraduatefrom

1 1 o o 2 top10Universitycomparedtoexpected
2 1 O O3 I 0 0 log salary ofthosewhograduatedfrom
i t 8

o theschool ranked67thandworse10 l O
11 O O O
iz o l o 2 8 Usethesame rationale

O 1 O
O l O

25 O l O26 O l Or O 1
0 I

40 8 I


