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<3. REGRESSION:THE PROBLEM OF ESTIMATION

As mentioned in the previous chapter, our main objective is to estimate the population regression
function (PRF) based on the basis of the sample regression function (SRF) as accurately as possible.

In this chapter, we are going to discuss the method of estimation:Ordinary Least Squares (OLS)

3.1 The Method of Ordinary Least Squares (OLS)
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50 Chapter 3. REGRESSION:THE PROBLEM OF ESTIMATION

From the SRF: L
Yi = By + PaX; + 6

Now, we obtain the least-squares estimators:

g = XLV -TXiXLXY:
' T T ARz (LX)
= ¥ —,@_;)?
(3.1)
g = ny Xi¥i—YXiyYi
T aLX?-(LX)?
(3.2)
If we define X and ¥ to be the sample means of X and Y. Then:
x = (X-X) Peviatinn fovm
i = (Yi— P)
(3.3)
We can have the alternative expressions for ,ég:
g Yxiyi
Pt
- Yt
T LXP-nX?
LXiyi
LX? —nX?
(3.4)

ch3 Page 5




Page 4

Thursday, January 11, 2018 8:53 AM

'k/'*:.

|
| X

=< X
]

3.1 The Method of Crdinary Least Squares (OLS) 14' = 51

Show that

f-E
b s R0
Z(x-%)?
£ (X% - T - XY +X7)
s [sz -2xiX +(§)"J
é‘-“ﬁ - Y$X; - X4Y; + £XY

ixiz - 2X ZX; -l-ﬂ)_(-)l

V

|

f— - -

\

SV ( ,
N 2 : T2 . 2__)9‘ ._Y"
- éxu Y| K/\é‘?\'~ %kj} —,;" 2\{ f\}(‘ .v]’)

sx; - 2 £xi 4xp 45[{_3_5;12

= nEXY; - £xidY . NEAXY —ExEY
n — 2
N X - g2 (gt y e (€30
EXAMPLE £xit - 2(@_)(:') L (£_’3‘<i)2 oA e
Table 3.1: A .R.*."_‘.‘.l_:}’.'..S‘_"_‘.’P]_L.‘ From the Population = nEXYy -ZX 2V
X Y
500 390 nex? _ (= x; )1
600 425
700 560
800 575
900 630
1000 679

ch3 Page 6



8:53 AM

Chapter 3. REGRESSION:THE PROBLEM OF ESTIMATION

52

Table 3.2: Raw Data Based on the Sample Data on Table 3.1

(1) 2) (3) (4) () (6) N (8) (9) (10) i ::
¥ X; YiX; X7 i=X—X yi=Y—¥ G Vi ¥ #=Y,- Yidi;
390 500 195,000 250,000 ~250 ~153.17 62,500 38,291.67
425 6O 255,000 360,000 —150 —118.17 22,500 17,725
560 700 392,000 490, 000 —50 16.83 2,500 —841.67
575 300 460,000 640, 000 50 31.83 2,500 1,591.67
630 900 567.000 810.000 150 86.83 22,500 13,025
679 1,000 679,000 1,000,000 250 135.83 62,500 33,058.33
2
2 I ExN £
Sum 3,25¢ 4,500 2,548,104 3,550,001 0 0 e Mﬂ\—_u..
Mean 543.17 750 424, 666.67 591,666.670 0 ] 29, 166.67 17,291.67
S = Ly e (
- ) -
P. s 10 - 05929 F
Z wt 135, ™
N > — - -
P = V= % = Sa313 — 0.5925-%350 = 98,5238 4
N A
A P Pa
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Figure 3.2: Sample Regression Line Based on the Data of Table 3.2
Y E 3
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X = %0 o Weow w\auy

3.1.2 The numerical and statistical properties of OLS estimators O<F X 006 Y

1. The OLS estimators f;. and Bg are expressed solely in terms of the observable (Sample size) and
quantities (i.e X and Y).

5 EXEY - LXYXY

h = ny XI— (LX)
= P=fif
(3.5)
f, = "EXN-LXLYi
: ny X2 —(LX)?
(3.6)

2. They are point estimators.

3. The regression line has the following properties.
3.1 The sample regression function (SRF) passes through the sample means of Y and X (¥ and X).
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Figure 3.3: The Sample regression Line Passes through the Sample Mean Values of Y and X
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>

3.4 The residuals d; are uncorrelated with the predicted Y. : é
— A [A—
Progf: Y= Pt Py —O@
A A
Xi= il r’zki +twp —
Xi-Y f‘;(x XY ¢ & —e)
- = . — + ;
- A& ' A
Yi = R%iad
3.5 The residuals #; are uncorrelated with X;.
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Assumptlon g b3 {,mear.reéressloﬁ.mod.e]

Yi= P+ BaXi+ui

ocs’
ARARAIA

Assumption 2: X values are fixed in repeated sampling

X is assumed to be nonstochastic.

Assumption 3: Zero mean value of disturbance u;
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Figure 3.4: Conditional Distribution of the Disturbances u;
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3.1 The Method of Ordinary Least Squares (OLS) 57

Assumpdion 4: Homoscedasticity or Equal Variance of o,
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58 Chapter 3. REGRESSION:THE PROBLEM OF ESTIMATION
Figure 3.6: Heteroscedasticity — — AN ec‘/“a/I S Pre QM
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Assumption 8:Variability in X values,

var (%) = £ (x<%)" 40

Assumption 9: The regression model is correctly specified.

we will see tnig

Assumption 10: There is no perfect multicollinearity.
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3.1.4 Standard Errors of Least-Squares Estimates

The standard errors of the OLS estimates can be obtained as follows:

We know that
b= =Y ki

where VEFELT
( _ —_
= o X~ X wheve 2 = X; — %
L3 —_
= (x;=%)
The properties of the weights k;
1. The k; are nonstochastic. Z ’@f =0
2.Yk=0
X s I
3. Yk = S
4. Yhki=YkXi=1

Since
m:ﬁ" -’ﬁ—“ﬁ‘
First Step
Find the E([3,)
ind the £() . "
Py = z Sei \Mi

'% /&:( %I*?Ly(“'“{)
:% (/kl’?,-f/é r’zY, t ﬂ’.%r)
é/k{7 + r’]_tékl X| + 2,@ (4

\)

I\

o

Takivg  Expectation  throuyhout gives

por B

ECE) = P + E (2 &ud "
TN e ZElbu) =0

E (P27 - {72 i1 ~e—
<0
Theve fove [%. is an  umbiased estimtoy of P2 . N,

/\ g |

E(@ =P Eq@z) r] z

By the same wnamwr , we can also prove Haat ECPA,) =B i

S N —
- -V - - ¥
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N 2
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3.1.5 The Least-Square Estimator of ¢

See aPPewoll‘k A
in éujamh‘

g is an UNBTASED”  ESTrMATOR OF
w
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64 Chapter 3. REGRESSION:THE PROBLEM OF ESTIMATION
In sum, the standard errors of the OLS estimators can be obtained as follow:
- 0‘2
var(fa) = T2
se(fr) = —=
VI
(3.7)
sy LX? ,
var(f) = "y c
R e X7
eB) = 1\ 5a0
(3.8)

We can estimate the 62 from the data where the formula for the estimated &2 is following :

-

I

(=]

™

2
o=

-
(3]

] —

where

Yit=Yv-p'Y 2

The alternative expression for computing ¥ ¢;° is

12
Vit =Y - ():g.r‘.;:)

The covariance between f§; and 55 is:

Il

I
<
=
8
E

cov(Bi.p2)

I
|
5
1
o &
_"_'f\‘ %]
fo S

(3.9)
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3.1 The Method of Ordinary Least Squares (OLS) 65

3.1.6 (Properties of Least-Squares Estimators:)The Gauss-Markov Theorem
Given the assumptions of the classical linear regression model, the least-square estimators are satisfied
the optimum properties which is known as “The Gauss- Markov Theorem.” To understand this
theorem, we need to know the small-sample properties of an estimator first,

N A
The Small-Sample Properties of An Estimator ocLs /s 6 ¢ /e wyr PZ J PI
1. Unbiasedness mefed as its € stiweeitors
———— .
An estimator 8 is said to be an unbiased estimator of @ if the expected value of 8 is equal to the N
true @ oye BLUE est wnfovj!

E(@)=8 —d .P/C I;'\z) - Pz_

Therefore, if the expected value of 8 is not equal to the true 8, then the estimator is said to be
biased. We can calculate the biased as:

bias(f) = E(6) - 8 P/C(;\I) — B\

Figure: Biased and Unbiased Estimators

£ ~ f8)
} |
“\_J{—..-——-’-'-— }
E(S) =6 E(

é" s oan unbiased ogtimatoy o}{’, 0.

A .

g, 5 4 biased estimator 6(? e

\0 b/e we see the ofiflereme, betwan E (9/;) ovol 95

)'.<.) BIAS (6, ) = £(6,) - 6
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2. Minimum Variance 1““ n
9| is said to be a minimum variance estimator of 8 if the variance of 8| is smaller ,umf or at most equal

to the variance of 65, which is any other estimator of @

66

Figure: Minimum Varignce

rTo select o

good | estimator y

A vnblasvess wnqust
come  Livst]

3.Best Unbiased or Efficient Estimator = property 1+ property 2

If 6| and 91 are two unbiased estimators of 8 and the variance of 9; is smaller that or at most
equal to the variance of 97 then 9; is a minimum-variance unbiased estimator or best unbiased

estimator.

4. Linearity
An estimator 6 is said to be a linear estimator of @ if it is a linear function of the sample observations.

For example:
X= EX = X|+X"+ -+ Xy)

Thus, X is a linear estimator because it is a linear function of the X values.
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3.1 The Method of Ordinary Least Squares (OLS) 67

Best Linear Unbiased Estimators : BLUE

—

The estimator 8 is called as the Best Linear Unbiased Estimator BLUE if it is satisfied the proper-
ties 1,24 that is @ is linear, is unbiased, and has the minimum variance in the class of all linear unbiased
estimators of 8.

Minimum Mean-Square-Error (MSE) Estimator

The MSE measures dispersion a:ound 1he ue vaiue of ihe panwneler, 1t is defined as:
MSE(8) = E(§ — )2 ,
ssiimator true pawlwu‘fc r

However, the variance of 8 measures the dispersion of the distribution of the distribution of 8

_—

var(8) = E(0 — ££8))?

The relationship between the MSE(8) and the var( 6) is as follows:
A N L
MeE (8) = E(6-6)"
) 2 T 2
- e [(6 -e(d)+ (Eh) _9)] @by =a +2ab 1b*

- E [(é‘-l‘:(é)JL + 2 E[@E-k0é) (é‘)~9] + E[E(Bn)—éjl

MSE(6) = vay (6) + (&JAgfvegy (é)J [ W

1{ emvess = 0 S o MsE () = var (6) [

N

Tn othy wwo(s/ we (an estimate Msg () bb‘ vsiué, vw(é)/
9iven that  E(8)=0

Checke Fo,‘y,’r; S0 fr we obm € thiwgy + BLUE peorerty
win 245 — P

r‘;/[{; T2 - P
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68 Chapter 3. REGRESSION:THE PROBLEM OF ESTIMATION

An estimator ﬁg is said to be a best linear unbiased estimator (BLUE) of f3, if the following hold:

& It is linear. It is the linear function of a random variable. Aandowm (ayn’q L[e

A

/
L /}z:. f Y, y,‘ - 2 ,@‘. \r‘ wWhere /él, = —Z—
é %I'Z' 2% z

& It is unbiased. That is £(f3) is equal to the true value, 5

L ECR) = P2 /\,@

AP,

& It has the minimum variance in the class of all such linear unbiased estimators.

SU,PP°5E we lhave 2 Ca\mﬂ\'dq‘l‘c_s .

B @ !é\z =z AY; from methoo! o/G 0%

N
@ B = ZuwY, frm ang ofer mefiods of

-{{'V\df'ng livear wwblased Ash'mc\‘f‘oy’

Tis proberfy syt e gy < varc g

SSme,

Nole : Before we wate he com pnrn'sm albae 5 we wust e heclc
N— . A A ‘
fist i ECRY=p  mt ECEY=p
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3.1 The Method of Ordinary Least Squares (OLS) &9

Gauss-Markov Theorem: Given the assumptions of the classical linear regression model, the
least-squares estimators, in the class of unbiased linear estimators, have minimum variance, that is

, they are BLUE.

3.1.7 A measure of goodness of fit:

In this section, we are going to study the goodness of fit of the fitted regression line to a set of data. Let
us consider the following example:

Suppose we were to estimate the family expenditure (Y) based on our information from a random
sample (as in Table 3.2).

What will happen if we set the estimated Y to be ¥?

Table 3.3: Estimating the expenditure of the household

Family Number (i) Actual Estimate Error in Estimation Errors Squared

fi=¥ Yi—Y (¥, —¥)?
1 543 -153 23460.03
2 543 -118 13963.36
3 543 17 283.36
4 543 32 1013.36
5 543 87 7540.03
6

543 136 1845069

n
=\2
Sum 3259 3259 \ 0 Comos> _ £ (Y; -0

iz
Y =54
chansccullthisgruphiualz: Total Sum "‘F Sguares C'\'S&’)

o

Total edtiwation errsrg
we (ommited WHEV  we
Use SVg‘I' Semple meay ( ;)

as  our Ereoh'c’ror )
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Figure 3.8: Graphic Representation
Conditional Distribution of Expenditure for Various Levels of Income

700 -

650
o, 1

‘4{
600 | 1

o)y n N l
660 | b wi Wi

Y= <43

(v -7) =TS

Weekly Consumption Expenditure, Baht

1 1 1 | 1 L

350 L '} 1 J
500 560 600 660 700 760 800 850 900 950 1000
Weekly Income, Baht

Question: Can we determine the total estimation error for this sample data?

Answer: Yes, we can calculate the total (combined) amount of estimation error for all observations
in the sample when using the mean as the estimate as following:

F’SS =Y (%-7)

It is called the total sum of squares (TSS) which is the total variation of the actual Y values about
their sample mean.

Since our objective in estimation is to minimize error (maximize precision), we need to cut down
the amount of the estimation error (TSS).

We can achieve this by using information about other variables suspected to be strong predictors
(strongly related to) the expenditure of the families.

We now can attempt to estimate the expenditure from the information on the income level of the
family, rather than from its own mean.
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Table 3.4: Estimating the expenditure of the household with income

Family (i) Actwal  Income Xt 'P/’l
Y; X; ¥_% Yy -7 (X-X)y-7) (x-X)?
1 390 500 250 -153.17 38291.67 62500
2 425 600 -150 -118.17 17725.00 22500
3 560 700 -50 16.83 -841.67 2500
4 575 800 50 31.83 1591.67 2500
5 630 900 150 86.83 13025.00 22500
6 679 1000 250 135.83 33958.33 62500
Sum 3259 4500 /n é_ 103750 175000 — 2
£(x-x) Z0-T) \ Z
g9 = £ “-1 =0 é Y :

From the table 8, we can calculate the simple regression as following:
A L A N L
B = ? P9 - b= Z%Yi - lo3kwo = 0.5928
ﬁ-“'/iz' | Fs000

Y

fr= X~ PX = 59316 - (osu28) 750 = qe.52¢

A

Men  Xj= s00 ¥,

18.524 + 0.55238 ((500)

294.2 baht

F\L'—’ 05928 - Holding all ofher factoys that may aﬁl’ec’f’ S,
(dvaTahf) Whem ""“”m’“imwéé-sﬂbz ! bﬁ'wi Lxpevd e
wovlel rise by 05523 beltl, omaievage.

\
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Figure 3.9: Breakdown of the variation of ¥; into two components /\
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Table 3.5: Estimating the expenditure of the household with income
Family (i) Actual Income Regression Estimate Residual Residual squared
¥; X; ¥i b (y-1)?
1 390 500 394.95 -4.95 2453
2 425 600 454,24 -29.24 854.87
3 560 700 513.52 46.48 2160.04
4 575 800 572.81 2.19 4.80
5 630 SO0 032.10 -2.10 4.39
6 679 1000 691.38 -12.38 2 n A2 n“ Al
Sum 3259 4500 0 0 il £ (‘{‘- ;) or= £ u; o-dur.u%
~— .
(] 1=t
From the table 9, we can calculate the estimation error we have committed by using the rcgrcssiun &/‘_\/\/
line as: Oovv )wa”'v\iua Lryors
RsS =Y (v~ ¥)* =Y u?
affer we use ™ mome ”
o bhelp us predict
s ; gsl 5 5 zs, which is the unexplained variation of the Y .o
values about the regression line. ‘F“V"'i'g ,(yr)%cﬁi ture —

by 0.9
Ts'S 9\> RS
(b4 F10.%3) ( 320 .§0)

whewn

(VIR

>3 T¢S — RsS = 'E~5"5~’
( -.
,thpqunec(

Sum QF S quares
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Z
Total Baseline Error using the mean (55 Total) = é (Y Y )

New or Remaining Error (S8 Error or 85 Residual) = é_ ( \{ = Y )
| .

How much of the original estimation error have we explained away (eliminated) by
using the regression model (instead of the mean)?

ANS E$¢ = TS —R9Y

= 647108y _— zz00.90
= 6150%.9% = enwors that is elimindated

b Y |vIng  A29renoy

2 (Y -7)°
| ! J moel..bc .
QUESTION: \VW.nc we explained {eliminated by using the regression

maodel?
ANS T9S = EYS + RSS
64710.9% 61§09 .92 220190

A —\Z
g3 ;- A :
Ej . 20y le_ 50193 | 045 we call Thi
T S0 =) 6471033 L
QUESTION: What does the remaining% represent? (E _S are d
ANS . e/ o _l_g/a - )
Percen ul’vmnun differences) in expenditures that can be accounted for by: (a) all other ¥
i [ i : :-I:i)i “f ‘t’m I:cp:lmfu.l beyond income Ir:\t.l«t and (hjyur:'.:pl un.:hk qg ‘F V0|YlC. IO\/] ll’l

mndomfch.mce variations.

rawsu(v.f’nw' gx pend iture.
Can be zYP'ﬁIWLeo{, l”g'
Q quro.flow % ;h(ome
O, 04950 oy 4'9),2\

( Part e,F vavi gtion 1
«Upem(rhnre that 4'5

| — A= | - casos =

le ¢t uneyl’)lq,‘y.eo(, ag
theve wre  come vammbl s
apart from ivcome. et
w4y a#ecf Lxpevelifune.
T}(f' we olidn’t Incluofe

/vﬂb OUT Model
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, ESS Y(F-7)?

TTSS T Y(Yi—-Y)
& 1~ is a measure of our success regarding accuracy of our estimation effort.

& 1> = % of estimation error that we have been able to explain away by using the regression
model, instead of using the mean.

& 2 indicates how much better we can predict Y from information about Xs, rather than from
using its own mean.

& 2 = % of differences (variations) in Y values that is explained by (attributable to) differences ﬁ‘—__'
in X values.

Note: with 2 -variable Yegreniv modz&; RL (s 2gual to
corvelation coe ficiet : —

7 A —. 2 A2 s 2 AN
K = Eij = 2( Yl'—Y) = 2 ,il. - é(%;yi) | /ef/‘g
T3S ——— 2 { v
s(C b -) zZ y, . 2%,_2-23’_1 oQ{/m

4

g him a5
2= jﬂr;[z corre lation i

/ é . V . coefficiand ,
- co! easyyevmont O,F

saw P,e m) +he D(e%m of.

) a%0c¢iation bet
Corvelgtion waem
- Nz XY - : , fwo '
cofpunt = TEXY - (2x)(21) it

\
A=)/ —

/ szx,-”‘—(z><.-)1]-[wz‘r,-’—(in)z
\/

ALl oy -1I<A K0

we 7¢=.Hl—u

L B

|

Rewark 2 tells nofting  alout T CAusATION,”

x =y
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