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Introduction and Motivation

1 What is econometrics?

Statistical method for estimating economic relationships, testing economic theories, and
evaluating an implementing government and business policies (Wooldridge, 2009)

� Estimating economic relationships �How much discount should a hotel give in order
to achieve full occupancy? (Price vs. Demand), How many cars would be sold in
the car tax is reduced by half? (Tax vs. Consumption), etc.

� Testing economic theories �For example, is it true that the demand curve is always
downward sloping? Is it true that �rms always maximize pro�ts? (See Levitt, 2006)1

etc.

� Evaluating and implementing government policies �Does the Universal Health Cov-
erage (UHC) program help decrease mortality rate? Which method is more e¤ective
in convincing rural students to come to school, free lunch or subsidy to the parents?

� Evaluating and implementing business policies �Should �rm pay the manager a
�xed salary or a variable compensation in order to achieve the highest pro�t? Are
part-time workers more productive than full-time workers? etc.

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

1Levitt, S. D. (2006). "An Economist Sells Bagels: A Case Study in Pro�t Maximization." National Bureau of Economic
Research (NBER) Working Paper 12152.



4 1. Introduction and Motivation

� In econometrics, we believe that there are actually "true" answer(s) to the above
questions.

� Econometricians collect data (sample data) and use the sample data to answer the
questions.

� Econometric methods help justify that the answers that we get from analyzing the
sample is comparable to the "true" answers.

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �



1. Introduction and Motivation 5

1.1 Steps in Empirical Economics Analysis

� � ** Empirical -> data and numbers.

1. Form a question, de�ne the population of interest.

2. In some cases, construct an economic model.

y = f(x1; x2; x3; x4)

where y denotes the number of days/week that a student (in rural Thailand)
would go to school, x1 denotes the availability of school lunch, x2 denotes
the provision of subsidies to parents, x3 denotes parents�income, x4 denotes
parents�occupation.

3. If the analysis is based on a real economic model, one has to adapt it in such
a way they can perform econometrics analysis.

4. In many cases, one bypasses 2. and 3., and construct an econometric model
right away

5. Let the "Number of days a student goes to school" = y

y = �0 + �1lunch+ �2subsidies+ �3parents_inc.+ �4 parents_occ:

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �



6 1. Introduction and Motivation

2 Types of economic data

� Data is usually a "subset" of the population of interest. For example, some students
in the village of interest.

� Cross-sectional data �More than 1 individual, households, cities, villages. But 1
time period.

� Let the "Number of days a student goes to school" = y
Student no. y lunch subsidies parents_inc. parents_occ.

1 5 1 1 3,000 farmer
2 2 0 1 4,500 hair-dresser
3 3 0 0 6,000 farmer
4 4 0 1 3,500 driver

� Time-series data �1 individual, households, cities, villages. More than 1 time period.
Student no. Time y lunch subsidies parents_inc. parents_occ.

1 1/02/10 5 1 1 3,000 farmer
1 2/02/10 5 0 1 3,000 farmer
1 3/02/10 3 0 0 3,000 farmer
1 4/02/10 2 0 0 3,000 farmer

� Panel or Longitudinal data �Several individual, households, cities, villages. More
than 1 time period.

Student no. Time y lunch subsidies parents_inc. parents_occ.
1 1/02/10 5 1 1 3,000 farmer
1 2/02/10 5 0 1 3,000 farmer
2 1/02/10 2 0 0 4,500 hair-dresser
2 2/02/10 4 0 1 4,500 hair-dresser
... ... ... ... ... ... ...
4 2/02/10 3 0 1 3,500 driver

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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Review of Some Statistical Concepts
� Suggested readings �Wooldridge, Appendix B and C OR Gujarati, Appendix A,
pp.869-912

1 Random variables and distributions

� Suppose Nick has been noti�ed that a person he met last week just tested positive
for Covid-19. They met at an open-air space and wore a mask at all time. What is
Nick�s chance of getting Covid-19?

� Here, each incident (getting Covid-19) is a random variable. This random variable
can have two outcomes �1) getting Covid-19 and 2) not getting Covid-19.

� The summary of the probability that each outcome could happen is called the
probability distribution.

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �



8 2. Review of Some Statistical Concepts

1.1 Types of Random Variables

1. Discrete Random Variables �outcomes are only countable numbers, i.e. 0,1,2,3....

- Bernoulli Random Variable is the one that takes only two values, coin �ipping,
passengers show up vs. not show up, etc.

- For example:

X =

�
1 if getting Covid-19
0 if not getting Covid-19

P (X = 1) = �

P (X = 0) = 1� �:

where P (X = 1) = � is the probability that Nick will get Covid-19. Since there
are only two possible outcomes, the probability that Nick will not get Covid-19 is
(1� �):

2. Continuous Random Variables �outcomes can be any possible value.

- For example:

X = temperature tomorrow (c�)

P (30 < X < 35:12) = 1� P (X � 30)� P (X � 35:12):

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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FIGURE 1. Cumulative and Density Distribution Functions.

1.2 Distribution of a Random Variable (X)

� Probability mass function (pmf) of x denoted by f(x) = the summary of the prob-
ability that each outcome of x could happen (for discrete variables)

� Probability density function (pdf) of x denoted by f(x) = the summary of the
probability that each outcome of x could happen (for continuous variables)

� Cumulative distribution function of (cdf) x denoted by F (x) = the summation of
pdf over all values xj such that xj � x:

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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1.3 Examples of Some Distributions

� Normal Distribution N(�; �2)
- � = mean ... or the expected value of the random variable X when we draw X
repeatedly for many many times (like 1,000 time).

- �2 = variance ... or how far the random variable X is from its mean � on average.

- f(x) = 1p
2��2

e�
(x��)2

2�2

- F (x) =
R x
�1 f(x)

� Bernoulli Distribution

- f(x) =

8<:
� if X = 1
1� � if X = 0
0 otherwise

� - F (x) =?
- mean(x) =?

- variance(x) =?

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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FIGURE 2. Histograms for a Continuous Variable

1.4 Population Distribution vs. Sample Distribution

� In statistics and econometrics, "population" refers to the entire pool of samples we
are interested in.

� "Sample" refers to a subset of the population.

� In most cases, the population tends to be too large that we cannot collect data from
every sample. Therefore, we collect "samples" of the population instead.

� Thus, we need to be able to distinguish between
"population distribution" and "sample distribution"

"population mean" and "sample mean"

"population variance" and "sample variance"

etc.

� Sample�s statistics are used to infer population�s statistics. Can we do this?

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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2 Joint Distributions, Conditional Distributions and Independence

2.1 Joint Distributions

� It sometimes rains August and I sometimes forget to bring my umbrella. Let X be
a discrete random variable which takes the value of 1 when it rains, 0 otherwise.
Let Y be a discrete random variable which takes the value of 1 when I bring my
umbrella. What is the probability that it rains and I happen to bring my umbrella?

� Variables X and Y have a joint distribution.

� fX;Y (x; y) = P (X = x; Y = y) or P (X;Y ) is the joint density function of (X; Y ):

� Suppose the probability that it rains (X = 1) on a given day in August is 0.4, and
the probability that I bring my umbrella (Y = 1) is 0.7. What is the probability
that I bring my umbrella on a rainny day?

Answer: It depends...

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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2.2 Conditional Distribution and Marginal Distribution

� Conditional probability P (Y jX); Marginal probability P (Y )

� Usually, in economics, we are interested in variables that are not independent from
each other. Thus, the independence assumption does not usually hold.

For example

- the probability that I bring my umbrella may depend on what the weather forecast
says.

- the probability that a basketball player could score may depend on whether he
could score in the previous attempt.

- the probability that a student can pass a university entrace examination could
depend on which high school he/she goes to, his/her parents�education level, his/her
e¤ort, etc.

� Conditional distribution/probability is the distribution/probability of a random
variable given the outcome of another (other) random variable(s).

- What is the probability that I bring my umbrella given that it rains?

- What is the probability that a basketball player could score given that he could
not score in the previous attempt?

- What is the probability that a student can pass university entrance exam given
her high school, her parent education level and her e¤ort?

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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� Marginal distribution (probability) is the distribution (probability) of Y regardless
of the value of X:

- Like, the probability that it rains

- The probability that I bring my umbrella, etc.

P (Y = y):

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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� The relationship between conditional, joint and marginal probability.

P (Y = yjX = x) =
P (X = x; Y = y)

P (X = x)

or in the continuous context, we can write

fX;Y (yjx) =
fX;Y (x; y)

fX(x)
:

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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2.3 Independence

� If X and Y are independent, then knowing the outcome of X would not change the
probabilities of the possible outcomes of Y:

� Like.. if "rain" and "my decision to bring an umbrella" are independent, then, know-
ing that it�s going to rain would not change my probability to bring an umbrella.

� Thus, if X and Y are independent:

P (X = 1; Y = 1) = P (X = 1)� P (Y = 1) = 0:4� 0:7 = 0:28
or P (X = x; Y = y) = P (X = x)� P (Y = y)

� If X and Y are not independent, then:

P (X = 1; Y = 1) 6= P (X = 1)� P (Y = 1)
or P (X = x; Y = y) 6= P (X = x)� P (Y = y):

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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3 Expectation, variance, covariance and correlation

3.1 Expected value of a Random Variable �E(X) or �X

� An expectation is a measure of central tendency.

� The expected value of a random variable X, denoted E(X) or �X , is the average
value of the random variable over many repeated draws.

- Discrete case: E(X) = �Ni=1xiP (X = xi)

- Continuous case: E(X) =
R1
�1 xf(x)dx

Example: What grade would student A get from EE425?

xi P (X = xi) xiP (X = xi)
0(F ) 0:05 0
1(D) 0:05 0:05
2(C) 0:25 0:50
3(B) 0:40 1:20
4(A) 0:25 1:00

Total (�Ni=1) 1:00 2:75(� B�)

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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3.2 Properties of Expected Values

1. For any constant c, E(c) = c

2. For any constant a and b; E(aX + b) = aE(X) + b

3. If fa1; a2; :::; ang are constants and fX1; X2; :::; Xng are random variables, then

E(a1X1 + a2X2 + :::+ anXn):

Or using summation notation

E
nP
i=1

aiXi =
nP
i=1

aiE(Xi):

** It is important to be reminded that E(X2) 6= E(X)E(X)!

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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3.3 Conditional and Marginal Expectations

� Example: What grade would student A get from EE425 given the number of
hours/week she spent on studying EE425.

P (X = xi; H = hi)
xinhi 0 3 6 9 12
0(F ) 0.0 0.0 0.0 0.0 0.0
1(D) 0.1 0.1 0.0 0.0 0.0
2(C) 0.0 0.1 0.1 0.0 0.0
3(B) 0.0 0.05 0.15 0.1 0.05
4(A) 0.0 0.0 0.05 0.1 0.1

where xi indicates grade, hi indicates number of hours/week spent on studying EE425.

� What are the expectations of grade (xi) and hours (hi)?

� Are (xi) and (hi) independent? why or why not?

� What is the conditional expectation of xi given hi = 9?

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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3.4 Variance and Standard Deviation of a Random Variable

� The variance and standard deviation measure the "variability", the "dispersion" or
the "spread" of a probability distribution

V ar(X) or �2 = E[(X � �x)2]
=

=

=

=

= E(X2)� �2:

� The standard deviation, denoted sd(X) , is the positive square root of the variance:

sd(X) or � = +
p
V ar(X):

Exercise:

- What would happen if variance = 0?

-Depict probability distributions with di¤erent values of variance.

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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3.5 Properties of Variances

1. V ar(X) = 0 if, and only if, there is a constant c, such that P (X = c) = 1, in which
case, E(X) = c:

2. For any constand a and b, V ar(aX + b) = a2V ar(X)

3.6 Properties of Standard Deviations

1. For any constant c, sd(c) = 0

2. For any constants a and b,

sd(aX + b) = jajsd(X):

In particular, if a > 0; then sd(aX) = a� sd(X):

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

Exercise: What is V ar(aX + b) =?; V ar(aX + bY ) =?
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� Well, how do we compare and assess one random variable against another? One
way to do this is through standardization.

� You may have heard of the Z-score

Z =
X � �X
�

:

� If X is normally distributed, then Z would be normally distributed. We can use the
well-known Z statistic table for hypothesis-testing.

� In many cases, where the sample size gets very large, Z = X��X
�

is approximately
normally distributed regardless of the orginal distribution of X:

Exercise:

- What is E(Z) and V ar(Z)?

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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3.7 Covariance and Correlation of Two Variables

� We talked about joint distribution and independence earlier. How do these two
concepts relate to covariance and correlation?

� When the movement of one variable can give some information about the movement
of another variable, these two variables are dependent.

� We can also say that they are "correlated" or their "covariance" is not zero.

� Covariance and correlation measure the amount of linear association between vari-
ables.

� **It is worth noting that zero correlation does not imply independence.

covariance or Cov(X;Y ) or �X;Y = E[(X � �X)(Y � �Y )]
=

=

=

= E(XY )� �X�Y :

Exercise: What�s the unit of Cov(X; Y )?

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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� Correlation �makes the unit of dependence more standardized.

Corr(X; Y ) or �X;Y =
cov(X; Y )p
var(X)var(Y )

=
�X;Y
�X�Y

:

� �X;Y = 1; perfect positive linear relationship

� �X;Y = �1; perfect negative linear relationship

� �X;Y = 0; no linear relationship.

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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4 Estimators and desirable properties of estimators

� In statistics and econometrics, we hardly have the complete information of the
population.

� Most data that we deal with are from a subset of the population or a "sample".

� We would like to learn about the "population" as we can using the "sample" that
we have.

- It is important to identify the population of interest

- Once the population is identi�ed, we can specify the model for the population
relationship of interest.

� Examples of Estimators...

Population Parameter Estimator(s)

population mean (�) �X = 1
N
�Ni=1Xi

population variance (�2) S2 = 1
N�1�

N
i=1(Xi � �X)2

�; �1; �2; �N �̂; �̂1; �̂2; �̂N

- Miguel and Kremer(2004) "Worms: Identifying Impacts on Education and Health
in the Presence of Treatment Externalities."

school attendance rate = �+ �1 � deworming+ �2x2 + :::+ �NxN

How do we know the true value of �; �1; �2; �N?Without having the population and
the correct model, it may be impossible to know the true value of �; �1; �2; �N : But
the econometricians try their best to come up with the estimators, often denoted
�̂; �̂1; �̂2; �̂N : The better the estimator, the more it satis�es the desirable properties.

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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4.1 Desirable properties of estimators

� From now on, let�s denote the population parameter of interest "�" and its estima-
tor "W": The desirable properties of estimators are: unbiasedness, e¢ ciency and
consistency.

1. Unbiasedness �the expected value of the estimator is equal to the value of the
parameter it tries to estimate.
- E(W ) = �
- Bias(W ) � E(W )� �
- Exercise: is �X a biased estimator? What about X1 ?

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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2. E¢ ciency �an estimator with a lower variance is said to be "more e¢ cient" than
another estimator with a higher variance
- If V ar(W1) � V ar(W2); then W1 is a more e¢ cient estimator of � than W2:
- Exercise: Which estimator is more e¢ cient, �X or X1?

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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3. Consistency �when the sample size gets large, the estimaterW can do better and
better in estimating �:
- Large sample properties can also be called "asymptotic" properties.
- For Wn, which is an estimator of � based on a sample X1; X2; :::; Xn of sample size n:

Then, Wn is a consistent estimator of �; if for every " > 0;

P (jWn � �j > ")! 0 as n!1:

if not, then we can say that Wn is inconsistent.

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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4.2 The concept of Mean Squared Error (MSE)

� is used to compare di¤erent biased estimators.

MSE(W ) = E[(W � �)2]

Exercise: show that MSE(W ) = V ar(W ) + [Bias(W )]2:
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The Simple Regression Model
� Some questions
- How often (Y ) would a person like to go eat at the Fuji restaurant if the price
(X) drops?

- How many more cars (Y ) would be on the street in Bangkok if the government
waives car tax (X)?

- How much would my income (Y ) increase if I obtain a master�s degree (X)?

� The concept
- How would you measure the "change in the number of new cars" when the "tax
rate" changes.

- What would be the "change in the number of new cars" when the "tax rate" is
reduced by 1 percent?

�1 =
� new cars
� tax rate

� Or, using calculus, you can get
dYi
dXi

= �1:

� ** The linear relationship between Y and X is assumed.
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1 Principle, assumptions and derivation of ordinary least squares (OLS)
estimators

1.1 Terminology for the Linear Regression

� The simple regression model can be de�ned as

� Yi and Xi are variables

� �0 and �1 are parameters
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1.2 Derivation of Ordinary Least Squares (OLS) Estimators

� If we do not have the data point of the entire population, but rather on a subset of
samples, what should we do to derive �0 and �1?

Example:

How often would a TU undergraduate student go eat at Fuji restaurant (Y ) if
he/she receive an (X) percentage discount in price?

TABLE 3.1. Number if visits to Fuji Restaurant per year and percentage discount
i Yi = visit to Fuji restaurant (times/year) Xi = percentage discount in price
1 95 78
2 42 55
3 56 67
4 83 70
:::: ... ...
100 32 46
Source: data collected from a random survey of 100 TU undergraduate students

� We surveyed 100 TU undergraduate students (sample)

� We hope that we can use this data to explain the frequency of TU undergraduate
students�(population) visit to Fuji restaurant given the price discount.

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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� The relation of the frequency of TU undergraduate students�(population) visit to
Fuji restaurant (Y ) given the price discount (X) can be expressed as:

Yi = �0 + �1Xi + ui

� But since we don�t have the data of the entire population and we don�t know the
true value of �0 and �1; we need to �nd estimators of �0 and �1:

� The estimators are often called �̂0 and �̂1: (like �X is an estimator of � and S2 is
an estimator of �2).

How do we estimate �̂0 and �̂1?

� The OLS suggests that we can �nd �̂0 and �̂1 that minimizes the sum of squared
errors (deviation from the regression line).
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� Mathematical Derivation of OLS (minimization the sum of squared errors)

argmin
�̂0;�̂1

nX
i=1

(û2i ) = argmin
�̂0;�̂1

nX
i=1

(Yi � �̂0 � �̂1Xi)
2

First Order Condition (F.O.C):

w:r:t:�̂0 ) 0 = �2(�ni=1(Yi � �̂0 � �̂1Xi)) (3.1)

w:r:t:�̂1 ) 0 = �2(�ni=1Xi(Yi � �̂0 � �̂1Xi)) (3.2)

Divide 3.1 by �2, we get
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2 Properties of OLS estimators

2.1 Algebraic Properties

� Thus far, the OLS estimators are

�̂0 = �Y � �̂1 �X

�̂1 =
�ni=1(Yi � �Y )(Xi � �X)

�ni=1(Xi � �X)2

this gives

Ŷi = �̂0 + �̂1Xi

ûi = Yi � Ŷi:

This implies the following algebriac properties

1. �ni=1ûi = 0 � the calculation of OLS �̂0 and �̂1 is done such that it minimizes
�ni=1û

2
i : This is true when �

n
i=1ûi = 0

2. �ni=1Xiûi = 0 �we get this from the �rst order condition deriving �̂1. This implies
that Cov(Xi; ûi) = 0. (Why?)

3. The point �Y and �X are always on the regression line �we know this from �̂0 =
�Y � �̂1 �X:

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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2.2 Properties proving BLUE

� The OLS estimator is the Best Linear Unbiased Estimator (BLUE). How?

� The OLS��̂0 and �̂1 are unbiased estimators of �0 and �1 respectively
E(�̂0) = �0 and E(�̂1) = �1:

or E(�̂OLS) = �:

� The OLS��̂0 and �̂1 are the most e¢ cient among all the linear estimators
V ar(~�non�OLSj X)� V ar(�̂OLSj X) � 0:

2.3 Assumptions on the simple linear regression (SLR) model

� Some assumptions (or certain conditions) are required for the OLS to be BLUE.
This set of assumptions are often called the "Gauss-Markov Assuptions for Simple
Regression"

Assumption SLR1. Linear in Parameter �Y is linear in X:

Assumption SLR2. Random Sampling �We have a random sample size n, {(xi; yi) :
i = 1; :::; n}, This, the model _ _ _ _ _ _ _ becomes:

Assumption SLR3. Sample Variation in the Explanatory Variable �The sample
outcomes are not all the same value

Assumption SLR4. Zero Conditional Mean �

Assumption SLR5. Homoskedasticity �

� In other words, The OLS estimator of � in the linear model when ui is i:i:d:(0; �2) is
the best (minimum variance) estimator within the class of linear unbiased estimator.

� The conditional concept, which implies that Xi is predetermined (being conditional
upon, or �xed) is very crucial for the OLS estimators to be unbiased.

� We must not forget that there is no reason that all these assumptions should be
true!
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2.4 Homoskedasticity VS. Heteroskedasticity

Homoskedasticity

Heteroskedasticity
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2.5 Expectation of Estimators

� Proof for E(�̂1) = �1: We need to use assumption SLR 1,2,3,4.
From

�̂1 =
�ni=1(Yi � �Y )(Xi � �X)

�ni=1(Xi � �X)2
(3.3)

For calculation tractability, let
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2.6 Variance of OLS Estimators

� From eq._ _ _ _ _ _ _ _ _ _, we can write

�̂1 = �1 + (�
n
i=1uiki)

V ar(�̂1) = V ar(�1) + V ar(�
n
i=1uiki)

Here, �1 (the true �1) is a constant. And since we are conditioning on Xi; the values
of ki are also non-random. (This is not to be confused with the random sampling
of Xi; i = 1; :::; n:) When you are conditioning on some variables, you take those
variables as non-random (or as given). In this case, we can write

The prove that V ar(�̂1) =
�2

SST
is the minimum under the class of "linear unbiased

estimator" is complicated without relying on some metrix simpli�cations. Therefore, we
will do this proof using the metrix notation.

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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2.7 Some Concepts to be exphasized (Population vs. Sample; PRF vs. SRF; error vs.
residual)

� Population �is the "truth" and in econometrics, we believe that there is one set of
"truth". Therefore, the Population Regression Function (PRF) is �xed. In almost
all cases, we do not know "exactly" what PRF is.

Yi = �0 + �1Xi + ui (3.4)

where i = 1; 2; :::::::;	: 	 represents the total number of the "population" we are
interested in.

� Sample �is a subset of "truth", a subset of "population". We run, or construct, the
Sample Regression Function (SRF) to estimate the PRF.

Ŷi = �̂0 + �̂1Xi:

where i = 1; 2; :::::::; n; n < 	:

� The true "error term" ui in eq.3.4 is unobserved because we never know what �0
and �1 is.

� We can, however, observe the "residual" or "predicted residual" ûi from the follow-
ing calculation

Yi � Ŷi = ûi:

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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Examples of some simple linear regressions:

1. Ŷi = �̂0 + �̂1Xi where �̂0 = 120; �̂1 = �9:8; Yi = quantity, Xi = price.

2. Ŷi = �̂0+ �̂1Xi where �̂0 = 164; �̂1 = 0:27; Yi = housing expenditure, Xi = monthly
income. Here, �̂1 is equivalent to the marginal propensity to consume housing out
of income.

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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2.8 Goodness of Fit (R2)

� We can never measure how well SRF can estimate PRF because PRF is not known
to allow us to compare.

� But we can assess how well di¤erent SRFs �t with the "sample" data that we collect
�this can also be called the "goodness of �t".

Residual Concepts:-

Total Sum of Squares (SST ) =

Explained Sum of Squares (SSE) =

Residual Sum of Squares (SSR) =

SST =

� The R2, or the coe¢ cient of determination, is de�ned as

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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2.9 Incorporating Nonlinearities in Sample Regression

� So far, we have only mentioned the "linear" relation.

� OLS can actually incorporate non-linearities as long as the non-linearities is in the
"variables".

� For examples:

log Yi = �0 + �1 logXi + ui (This is called a constant elasticity model. Why?)

or
log Yi = �0 + �1X

2
i + ui

or
Yi = �0 + �1

1

Xi

+ ui:

etc. etc...

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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3 Regression Through the Origin

� If you know that the regression line goes through the origin (X = 0; Y = 0) for
sure, we can impose this restriction

� This restriction makes sense in some contexts. For example, X = income and Y =
income tax:

� The SRF then becomes
Yi = ~�1Xi

where ~�1 is an OLS estimator. It can be calculated through �nding ~�1 that mini-
mizes the sum of squared residual

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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Multiple Regression Analysis (Estimation)

1 Motivation

The SLR4. assumption, E(uijXi) = 0, is unrealistic. This implies that that ui is uncorre-
lated with Xi because no matter what the value of Xi is, the expected value of ui would
still be 0! Thus, when this assumption does not hold, OLS estimates (�0 and �1 will be
biased). (Why? �note: Cov(Xi; ûi) = 0 is always true by the OLS calculation. This does
not mean that Cov(Xi; ui) = 0 in reality.)
In this case, the multiple regression analysis is introduced in order to achieve the

condition E(uijXi) = 0: It also enables us to explain the dependent variable better and
to conduct the "ceteris paribus" or "holding all other things constant" analysis.
Example: If we want to �nd the relation between wage and education in the simple

linear regression, would our �0 and �1 be biased? Probably!

� Consider a simple linear regression
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1.1 Assumption SLR 4 (E(ujX) = 0) in the Multiple Regression Context
Consider the wage equation.

� In the case of simple regression, the assumption SLR4 (E(ujX) = 0) has to be
satis�ed in order to achieve an unbiased estimator of �0 and �1:

� In this two-variable regression of assumption SLR4 (E(ujX) = 0) becomesE(ujX1; X2) =
0:

� Therefore, the OLS estimator of �0; �1 and �2 would be unbiased if E(ujeduc; inc) =
0:

� For example, "innate ability" is not included in eq. ??. Thus, if "innate ability"
can explain wage; it would be in u.

� If it is true that E(innate abilityjeduc; inc) = 0; or the expected value of innate
ability is the same and (equal to zero) for all education and income levels, then the
OLS estimators �̂0; �̂1 and �̂2 would be unbiased. (Is this likely?)

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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2 The Model with k Independent Variables

� The "population" version of the multiple linear regression model can be written as:

Y = �0 + �1X1 + �2X2 + :::+ �kXk + u;

where

�0 is the intercept.

�1 is the parameter associated with X1:

�2 is the parameter associated with X2; and so on.

u is the error term

� Y; X1; X2; :::; Xk are variables

� �0; �1; �2; :::; �k are parameters

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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2.1 Accounting Nonlinearity

� The regression model requires linearity in parameters.

� Similar to the Simple Regression Model, the Multiple Regression Model can also
take into account the nonlinear relationships between variables.

Example: In the CEO Salary example, we could write the relations between CEO salary
(salary), �rm sales (sales) and CEO age (age) as follows:

log(salary) = �0 + �1 log(sales) + �2age+ �3age
2 + u

� - This model has k = 3 because there are 3 regressors. Y = log(salary); X1 =
log(sales); X2 = age;X3 = age

2:

- �1 measures the change in log(salary) with respect to log(sales), holding other
factors �xed. �1 is the sales elasticity of CEO salary.

- How do we measure the change in log(salary) with respect to age, holding other
factors �xed?

- How do we measure the change in salary with respect to age, holding other factors
�xed?

� In any case, the OLS estimates of � would be unbiased if

E(ujX1; X2; :::; Xk) = 0:

This is the Multiple Regression version of assumption SLR 4�all factors in the
unobserved error term should be uncorrelated with the explanatory variables.

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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3 Estimation of parameters and properties of estimators

3.1 Deriving OLS Estimators

� We begin with a mulitple regression with 2 regressors. Regressions with more re-
gressors can be analyzed in the exact same fashion. Let the population regression
model be

Y = �0 + �1X1 + �2X2 + u

where the estimated OLS equation (sample version) of the above regression can be
written as

� As before, the OLS estimators are the ones that minimizes the sum of residual
squared given the observations i = 1; 2; :::; n in the sample.

argmin
�̂0;�̂1;�̂2

�ni=1(ûi)
2 = argmin

�̂0;�̂1;�̂2

nX
i=1

(Yi � �̂0 � �̂1X1i � �̂2X2i)
2

First Order Condition (F.O.C):

w:r:t:�̂0 ) 0 = �2(�ni=1(Yi � �̂0 � �̂1X1i � �̂2X2i)) (4.1)

w:r:t:�̂1 ) 0 = (4.2)

w:r:t:�̂2 ) 0 = (4.3)

� Solving equations 4.1, 4.2 and 4.3 simultaneously, we can derive the solution for
�̂0; �̂1; �̂2 (will come back to this when we start using the matrix notation).

3.2 Algebriac Properties of OLS estimators

1.

2.

3.

4.

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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3.3 How could the multiple regression analysis enable ceteris paribus analysis?

� Consider a multiple regression function of wage

wage = �0 + �1educ+ �2inc+ u (4.4)

Here,

� �0 is the intercept.
�1 measures the change in wage with respect to educ, holding other factors �xed.

�2 measures the change in wage with respect to inc, holding other factors �xed.

� What if the function of wage is, instead written as

wage = �0 + �1educ+ �2inc+ �3educ
2 + u

Then,

�0 is the intercept.

The change in wage with respect to educ (holding other factors �xed) is measured
by:

The change in wage with respect to inc (holding other factors �xed) is measured
by:

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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4 Expected Value of the OLS Estimators

� Under assumptions MLR 1 to 4 (see Wooldridge), �̂OLS are unbiased.

� 2 issues should be considered regarding the biasedness of �̂OLS

4.1 Issue #1: Including Irrelevant Variable (Overspecifying the Model)

� Suppose we specify the model

Y = �0 + �1X1 + �2X2 + u (4.5)

and this model satis�es the multiple regression assumptions 1 to 4

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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4.2 Issue #2: Excluding Relevant Variable (Underspecifying the Model ! omitted
variable bias. This is a serious problem!)

� Suppose we the TRUE model is actually

Y = �0 + �1X1 + �2X2 + u

where none of the � is zero and this model satis�es the multiple regression
assumptions 1 to 4.

� But we omit variable X2 and estimate the following equation using OLS
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5 Variance of the OLS Estimators

� The �̂OLS would be the most e¢ cient among the linear unbiased estimators if as-
sumption 5 is satistifed

� Multiple Linear Regression (MLR) assumption 5: Homoskedasticity
The error term u has the same variance given any values of the explanatory vari-
ables.

V ar(ujX1; X2; :::; Xk) = �
2

� Example:

� If the MLR assumption 5 is true, then
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6 Estimator of the OLS Variance

� Since we don�t know what �2 is (population concept), we need to �nd an estimator
of it.

� Thus, STATA�s calculation of the std.err. of �̂j is

\std:deviation:�̂j = std:err:�̂j =

s
�̂2

�Ni=1(Xij � �Xj)2(1�R2j )
:

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

Comments:
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Stata Lab 1 �Introduction

1 What is STATA?

� A statistical software package used mostly in economics, sociology, political science
and epidemiology.

� Stata can be used to manage database, run regressions, generate graphics, do sim-
ulations, etc.

� The user should have their own dataset. The Stata data �le is usually saved in the
.dta format.

� Data of any other formats (like excel) can be imported and/or converted into .dta
format.

1.1 STATA supports

� Stata�s own website: http://www.stata.com/support/faqs/

� Princeton stata tutorial: https://data.princeton.edu/stata/

� UCLA Academic Technology Services: https://stats.idre.ucla.edu/stata/

� Stata program�s help function: For example, suppose you would like to know more
about the "regress" command, then... Open the stata program > in the "command"
box > type "help regress" without the " "> press enter.

� Stata�s o¢ cial manual (can be viewed through the program)

� Other Stata�s user�s manual: My favorite one is "An Introduction to Modern Econo-
metrics Using Stata" by Christopher F. Baum.

� or... simply type your question(s) into a search engine.

1.2 Data �les and Do-�les

� The Stata�s data �le keeps all the data points. For example, each Yi and the
corresponding Xi, 8 i = 1; 2; 3:::; n:

� The do-�le records all the commands that you use to analyze the data.

� Once the data is cleaned, it is best not to keep on re-saving the original data �le. If
several steps have to be done before analyzing the data (like running a regression),
do it on the do-�le.
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2 Tutorial 1: Exploring the Data and Running a Simple Regression

� Download Wooldridge datasets

1. Download Wooldridge�s data �go to thomsonedu�s website:

"http://www.thomsonedu.com/aise/economics/wooldridge_2e_datasets/".

2. save "stata�les.zip" on your computer. Unzip "stata�les.zip".

3. save "excel�les.zip" on your computer. Unzip "excel�les.zip".

� To open the STATA program

1. Double click on the STATA icon.

2. Click on the "Do-�le" icon on the top panel of the Stata program. "Save As" your
Do-�le (and name it "EE425") on your computer.

� Open the data �le using Do-�le

1. �le -> open -> then, direct the program to the �le "CEOSAL2.DTA".

2. On the command window, you will see a command to open this �le. If you would
like to open the �le from your do-�le in the future, you can use this command.

� To explore and understand the data

1. type: browse

2. type: describe

3. type: summarize

4. type: sum

5. type: codebook

6. type: describe salary

7. type: tabulate college

8. type: tab college

9. to use the "if" command to �nd conditional mean (average) type: sum if grad ==
1

10. type: sum salary if age <= 40

11. type: correlate salary sales pro�ts

12. type: correlate salary sales pro�ts, covariance

13. type: plot salary pro�ts

14. type: twoway scatter salary pro�ts
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� To run a simple (OLS) regression (one explanatory variable)

1. type: regress salary pro�ts

� To create the �tted value (Ŷi) and the residual (ûi)

1. type: predict y_hat, xb

2. type: predict u_hat, residual

� To see how well we do at �nding a Sample Linear Function

1. type: twoway scatter salary pro�ts jj line y_hat pro�ts

2. type: twoway scatter u_hat pro�ts

3. To check if the OLS estimation makes Xi uncorrelated with ûi (by the OLS calcu-
lation, they should not correlate), type: correlate sales u_hat

� To execute mathematical operations

1. type: generate log_salary = log(salary)

2. type: gen log_pro�t = log(pro�ts)

3. type: gen pro�t_2 = 3+5*pro�ts

4. type: regress salary pro�ts pro�t_2

5. type: gen pro�t_sq = pro�ts^2

6. type: regress salary pro�ts pro�t_sq

� To perform a multiple regression analysis

1. type: regress salary pro�ts sales

2. type: regress salary pro�ts sales ceoten

� To exit your Stata

1. Save your do-�le

2. �le -> exit -> don�t save (never ever modify your master dataset!)

� To �nd out what all the above commands mean �(type in the command
box) help summarize, help predict, help twoway, etc etc.
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2.1 Examples from Wooldridge(2012)

C2.2 The data set in CEOSAL2.dta contains information on chief executive o¢ cers for
U.S. corporations. The variable salary is annual compensation, in thousands of dollar,
and ceoten is prior number of years as company CEO.

1. Find the average salary and the average tenure in the sample

2. How many CEOs are in their �rst year as CEO (that is, ceoten = 0)? What is the
longest tenure as a CEO?

3. Estimate the simple regression model

log(salary) = �0 + �1ceoten+ u:

and report your results in the usual form. What is the (approximate) predicted
percentage increase in salary given one more year as a CEO?

C2.1 Use the data in WAGE2.dta to estimate a simple regression explaining monthly
salary (wage) in terms of IQ score (IQ).

1. Find the average salary and average IQ in the sample. What is the sample standard
deviation of IQ? (IQ score are standardized so that the average in the population
is 100 with a standard deviation equal to 15)

2. Estimate a simple regression model where a one percentage point increase in IQ
changes wage by a constant dollar amount. Use this model to �nd the predicted
increase in wage for an increase in IQ of 15 percentage points. Does IQ explain most
of the variation in wage?

3. Now, estimate a model where each one percentage point increase in IQ has the
same percentage e¤ect on wage. If IQ increases by 15 percentage points, what is the
approximate percentage increase in predicted wage?
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Multiple Regression Analysis (Inference)
Objectives

1. Students know how to test hypotheses about the parameter (�)

2. Students can test for the validity of the proposed population model.

Econometrics Analysis - The Steps
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1 Sampling Distribution of the OLS estimators (�̂OLS)

To be able to test hypotheses about the parameter (�̂), we need an assumption about
the distribution of u:
Assumption MLR 6 - Normality
The population error u is independent of the explanatory variables X1; X2; :::Xk and

is normally distributed with zero mean and variable �2:
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� By normality of the error term (u), we have nomality of �̂

Or, using the standardization Z��
�
� normal (0,1); we have

2 Testing Hypotheses about an individual regression coe¢ cient "the
t-test"

� But we do not have sd:(�̂j); we can only calculate the estimator of it :

� for degree of freedom > 30, t � z:We can use the Z�score table to �nd the critical
value(s).

2.1 Testing Against Two-Sided Alternatives

Consider the wage equation :

log(wage) = �0 + �1educ+ �2 exp er + �3tenure+ u:

Suppose we want to test whether experience has a partial e¤ect on wage:

H0 : �2 = 0 (experience has no partial e¤ect)

Ha : �2 6= 0: (experience has a partial e¤ect)

** Note that
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Suppose n = 34; degree of freedom = 34� 3� 1 = 30:
From the table t-table, the 5% critical value for a 2-tailed test with 30 d.f. is _ _ _ _

_ _ _ _ _

� If we change the signi�cance level to 10%, then the 2-tailed critical value becomes
_ _ _ _ _ _ _ _ _

� If we cannot reject H0 : �2 = 0 (at a given signi�cance level �e.g. 5%), we say that
X2 is statistically signi�cant at the 5% level.

� In other words X2 has a partial e¤ect on the expected value of Y .
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2.2 Testing Against One-Sided Alternatives

Suppose the rule for rejecting H0 becomes

Ha : �j > 0:

We could have the H0 as

H0 : �j � 0 or

H0 : �j = 0

depending on the context. ForH0 : �j = 0 ; it implies that we are ruling out population
values of �j less than zero. For H0 : �j � 0 ;it implies that we are not ruling out
population values of �j less than zero. To given an example of a test against the one-
sided alternative hypothesis, consider the wage equation again :

log(wage) = �0 + �1educ+ �2 exp er + �3tenure+ u

If we want to test whether experience has a positive partial e¤ect on wage

H0 : �2 = 0

Ha : �2 > 0:

We implicitly rule out the possibility that �2 < 0 here.
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3 Testing other hypotheses about �j

� Most common H0 is H0 : �j = 0:

� However, we can test other types of hypotheses. For example, H0 : �j = aj where
aj is a constant number.

If we want to test the H0 using a 5% signi�cance level, then we reject H0 if

twife_income > _______ or

twife_income < _______
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4 Testing Hypotheses about a Single Linear Combination of the
Parameter

Consider

log(wage) = �0 + �1jc+ �2univ + �3 exp er + u

where jc = number of years attending a two-year college
univ = number of years at a four-year college
exp er = months in the workforce.
We want to test whether �1 = �2:
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another possible hypothesis test (one-tailed alternative)

5 Computing p-Values for t-Tests

� What is the signi�cance level given the computed t-statistics?

� p-value : P (jT j > jtj)
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Example 1: H0 : �j � 0; Ha : �j < 0; d.f.= 140:

suppose the calculated t�̂j = �2:75

� From the z-table, the value -2.75 corresponds to area = _ _ _ _ _ _ _ _ _ _ _
_.

� Thus, p-value = _ _ _ _ _ _ _ _ _ _.

� Would we reject H0 if we use the signi�cance level = 5%?

Example 2: H0 : �j = aj; Ha : �j 6= aj; d.f.= 18:

suppose the calculated t�̂j = �2:18

� From the t-table, the value -2.18 corresponds to area = _ _ _ _ _ _ _ _ _ _ _
_.

� Thus, p-value = _ _ _ _ _ _ _ _ _ _.

� Would we reject H0 if we use the signi�cance level = 5%?

6 Con�dence Intervals (CI)

� Con�dence Intervales for the POPULATION PARAMETER (�j)

� A 95% CI of �j is given by
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Example 1: 95% CI

Example 2: 99% CI
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7 Testing Multiple Linear Restrictions: The F-test

Suppose the model is speci�ed by

y = �0 + �1x1 + �2x2 + �3x3 + u

H0 : �1 = 0 and �2 = 0

H1 : H0 is not true

We can use the F-test to test this type of "multiple hypotheses".

1. Our full model is called the "unrestricted" model (ur). Suppose it can be expressed
as:

y = �0 + �1x1 + �2x2 + �3x3 + :::+ �kxk + u

2. The model which takes out x (which we think its associated � = 0) is called the
restricted model (r):
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3. Some useful facts

4. Other ways to calculate the F-statistics:

Example: Suppose we are interested in understanding the determinant of a baseball
player�s salary.
salary = season salary
years = years in major leagues
gamesyr = games per year in the league
bavg = career batting average
hrunsyr = homeruns per year
rbisyr = runs batted in per year

� the unrestricted model (ur) is de�ned by
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� the restricted model (r) is de�ned by

Now, our H0 and Ha becomes
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8 How the Hypothesis Testing is done in Practice

1. Check the values of t � statistic reported by the statistical software (i.e. STATA,
SPSS, SAS)

) These t� statistics are to test H0 : �i = 0

) If the d.f. > 30; then when t > 1.96, we can reject H0

)When t > 1.96, we can say that �i is statistically signi�cant at 5% level.
(value of �i 6= 0)

) When t < 1.96 we can say that �i is not statistically signi�cant at 5%
level.

) If t < 1.96 we can drop xi from the model

) After we drop xi; we estimate the new regression function and obtain a new set
of �̂:

2. We can also perform other hypothesis testings of interest.

e.g. H0 : �i = �j

or H0 : �i = 5 etc.

or perform an F-test for testing multiple linear restrictions

3. Usually, in economics, the estimation results are reported using this form
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Multiple Regression Analysis : Further
Issues

1 Data scaling on OLS statistics

When we change the unit of measurment of a variable, the value of estimators would
chance accordingly. For example

\bweght = b�0 + b�1cigs+ b�2famin c;
where
bwght = child birth weight, in grams.
cigs = number of cigarettes smoked by the mother while pregnant, per day.
famin c = annual family income, in thousands of dollars.
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2 More on functional forms

� Logarithmic Functional Form

log(y) = �0 + �1 log(x1) + �2x2 + u

� Models with Quadratics

Example : E¤ects of Pullution on Housing Prices

log(price) = �0 + �1 log(nox) + �2 log(dist) + �3rooms+ �4room
2 + �5stratio+ u
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where
price = housing price
nox = level of pollution
dist = distance from downtown
rooms = number of rooms
stratio = average student per teacher ratio
The estimation result is given by

Consider the e¤ect of "room"

What wold be the % change in price when the number of room increases from 5 to 6?
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3 Models with Interaction Terms

Consider

price = �0 + �1sqrft+ �2bdrms+ �3sqrft� bdrms+ �4bthrms+ u

where
price = housing price
sqrft = house size (square feet)
bdrms = number of bedrooms
bthrms = number of bathrooms
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4 More on the Goodness-of-Fit and Selection of Regressors

� Adding more regressors ALWAYS improve �t

Using adjusted R-squared to choose between non-nested models (one model is not a
subset of another).
Consider Model 1

\salary
=

830:63

(223:90)

+0:0163sales

(0:0089)

+19:63roe

(11:08)

n = 209; R2 = 0:029; �R2 = 0:020

Consider Model 2

\log(salary)
=

4:36

(0:29)

+0:2751 log(sales)

(0:033)

+0:0179roe

(0:004)

n = 209; R2 = 0:282; �R2 = 0:275
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Matrix Algebra (Quick Review)
(For more basic background, please read Wooldridge Appendix D)

1 Matrix Operation

� Addition - A+B is possible when A and B are of the same dimension.

A =

�
2 3 4 5
6 7 8 9

�
2�4
; B =

�
1 0 �1 3
�2 0 1 5

�
2�4

A+B =

�
3 3 3 8
4 7 9 14

�
2�4

� Subtraction

A�B =
� �

2�4

� Scalar Multiplication

�A = � [aij]i�j

Suppose � = 2

A =

�
�3 5
8 7

�
�A =

� �
� Matrix Multiplication

A(M�N)B(O�P ) is possible if an only if N = O ( Letter O). The multiplication result
would be of dimension __________:
Let

A =

�
3 4 7
5 6 1

�
2�3
; B =

24 2 1
3 5
6 2

35
3�2

C = A�B =

24 35
2�2

C =

� �
2�2

Cij =
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� Matrix Di¤erentiation

Rule1 - If a0 = [ a1 a2 a3 ::: ::: an ] and X =

266664
x1
x2
x3
:::
xn

377775
Then

� Rule2 - IfX 0AX = [ x1 x2 x3 ::: ::: xn ]1�n

2666666664

3777777775
n�n

266664
x1
x2
x3
:::
xn

377775
n�1

Then
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2 OLS Estimation using Matrix Notation

Let26666666666664

y1
y2
y3
::
::
::
::

yn

37777777777775
n�1

=

26666666666664

1 x11 x21 ::: xk1
1 x12 ::
1 x13 ::
:: :: ::

1 x1n xkn

37777777777775
n�(k+1)

2666664
�̂0
�̂1
�̂2
:::

�̂k

3777775
(k+1)�1

+

26666666666664

û1
û2
û3
::
::
::
::
::
ûn

37777777777775
n�1
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Example: Let the estimated model be

y = �0 + �1x1 + u

Let

�̂ =

�
�̂0
�̂1

�
2�1

X 0X =
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3 Variance-Covariance Matrix of (�̂)

From Variance-Covariance Matrix of (�̂) = Ef[�̂ � E(�̂)][�̂ � E(�̂)]0g
= Ef[�̂ � �][�̂ � �]0g

from �̂ = (X 0X)�1X 0Y
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Multiple Regression Analysis with
Qualitative Information:

1 Outline

� Describing qualitative information

� Using a single dummy independent variable

� Using dummy variables for multiple categories

� Interactions involving dummy variables

� A binary dependent variable (Y variable): The linear probability model

2 Describing Qualitative Information

� "Female" and "Married" are qualitative variable.

� We arbitarily assign a dummy variable to decribe them.

famale =

�
1 if female
0 otherwise (or if male)

married =

�
1 if married
0 otherwise (of if single)
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3 Models with a single dummy independent variable

Consider

wage = �0 + �0female+ �1educ+ u:

where

famale =

�
1 if female
0 otherwise (or if male)

In this case, the �0 notation is used to highlight the interpretation of the parameters
multiplying dummy variables. In other cases, we can use any notation that is the most
convenient.
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4 It is not possible to include all of the dummy alternatives in the same
model

� If we include all alternatives of a dummy variable in the same model, we will face
the "perfect collinearity" problem.

For example:

1 = female+male

female = male+ 1

or

1 = winter + spring + summer + fall

winter = 1� spring � summer � fall

� At least one alternative has to be dropped. We treat the dropped alternative as
the "BASE GROUP" or "BASELINE" or "BENCHMARK GROUP".
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5 Using dummy variables for multiple categories

Case 1 We can use many dummy variables in the same model
Consider a model which includes 2 dummy variables�female and married:

log(wage) = �0 + �0female+ �1married+ �1educ+ �2 exp er + �3 exp er
2

+�4tenure+ �5tenure
2 + u:

Comments:
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Consider a model which includes dummy variables for each gender/marital status
combination�marrmale; marrfem and singfem:

log(wage) = �0 + �0marrmale+ �1marrfem+ �3singfem+ �1educ+ �2exper

+�3exper
2 + �4tenure+ �5tenure

2 + u: (9.1)

Comments:
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Case 2 We can use dummy variables to represent multiple categories of a variable
Consider the relationship between law school rankings and starting salaries

log(salary) = �0 + �0top10 + �1r11_25 + �3r26_40 + �4r41_60 + �1LSAT

+�2GPA+ �3 log(libvol) + �4 log(cost) + u:

where top10; r11_25; r26_40; r41_60 would be equal to 1 when the variable rank falls
into the appropriate range.
** Rank below 60 would be the base case.

Comments:
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6 Interactions involving dummy variables

Case 1 Interactions among dummies
**We can use interactions among dummies to account for the e¤ect of each combination

of dummies as well:
A di¤erent way to estimate eq.(9.1) is

log(wage) = �0 + �0female+ �1married+ �3female �married+ �1educ
+�2exper + �3exper

2 + �4tenure+ �5tenure
2 + u:

where female�married = female�married:

Comments:
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Case 2 Interaction between a dummy and a continuous variable

log(wage) = �0 + �0female+ �1educ+ �1female � educ+ �2exper
+�3exper

2 + �4tenure+ �5tenure
2 + u:

Comments:
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7 Testing for Di¤erences in Regression Functions across Groups

� Is it reasonable to believe that the population regression function that explains the
dependent variable is the same across subsamples of populations?

� For example, is it reasonable to believe that the function that explains "GPA of
college athlete" is the same for male and female students?

Consider

cumgpa = �0 + �1sat+ �2hsperc+ �3tothrs+ u;

where
cumgpa = cummulative GPA
sat = SAT score
hsperc = high school rank percentile
tothrs = total hours of college courses

� If we want to test whether "male" students and "female" students have the same
values of �0; �1; �2; �3 we can estimate the following model

cumgpa = �0 + �0female+ �1sat+ �1female � sat+ �2hsperc+ �2female � hsperc
+�3tothrs+ �3female � tothrs+ u;

and the null hypothesis would be

H0 : �0 = �1 = �2 = �3 = 0 (9.2)

Ha : otherwise (at least one �j = 0)

We can use the F-test to test this type of null hypothesis:

1. The restricted model (r)
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2. The unrestricted model (ur)

Comments:

7.1 We can use the "Chow statistics" to test this type of hypothesis as well

� When there are many variables in the model, adding an interaction for every ex-
planatory variable would make the regression analysis messy.

� In which case, we can use the "Chow test" or "Chow statistic" to test the hypothesis
expressed in (9.2).

� Chow statistic is a type of F-statistic.

F =
SSRp � (SSR1 + SSR2)

SSR1 + SSR2
� [n� 2(k + 1)]

k + 1
;

where n is the total number of observations.
SSRp = SSR from the pooled model (include observations from both subsamples)
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SSR1 = SSR from subsample 1
SSR2 = SSR from subsample 2

Comments:
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8 A Binary Dependent Variable (y variable): The Linear Probability
Model

� So far, our Y variables are continuous.

� What if we are interested in explaining a qualitative Y variable (that is, Y is a
dummy variable)?

Consider

y = �0 + �1x1 + :::+ �kxk + u

E(yjx) = �0 + �1x1 + :::+ �kxk;

where x denotes all of the explanatory variables (x1; :::; xk):
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where
inlf = 1 if the woman reports working for a wage outside the home at some point

during the year, zero otherwise.
nwifeinc = husband�s earnings (in thousands of dollars)
educ = years of education
exper = past years of labor market experience
age = age
kidslt6 = number of children less than 6 years old
kidsage6 = number of kinds between 6 - 18 years old
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Heteroscedasticity Problem

1 Nature and Consequences of heteroscedasticity for OLS

� Heteroskedasticity (broadly) -

� Heteroskedasticity (in econometrics) -

1.1 Nature of Heteroskedasticity

1.2 Consequences of Heteroskedasticity

1. Does not a¤ect the biasedness of the OLS estimators
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2. Does not a¤ect the value of R2 and adj:R2

3. Make the estimated value of V ar(b�OLS) wrong

4. A¤ect the correctness of our inference

1.3 How can the estimated value of V ar(b�OLS) be wrong?
Suppose

yi = �0 + �1xi + ui

Given that assumption 1 to 4 are true, but assumption 5 (homoskedasticity) is violated.
Thus,

V ar(uijxi) =

And from the OLS estimation steps, we can write

�̂1 = �1+
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1.4 Two types of remedies

1. Passive
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2. Active

2 Testing for heteroskedasticity

� The main point -

Suppose

y = �0 + �1x1 + �2x2 + :::+ �kxk + u

Assume that assumption 1 to 4 are true. Our hypotheses to test for heteroskeroskedas-
ticity would be

We know that V ar(ujx) = E(u2jx)�[E(ujx)]2: But ____________________
according to assumption 4. Thus, H0 and Ha can be written as
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2.1 Breusch-Pagan test (BP test)

To perform the Breusch-Pagan Test in STATA
STATA commands (in case k = 4):
regress y x1 x2 x3 x4
predict u_hat, residual
generate u_hat_sq = u_hat^2
regress u_hat_sq x1 x2 x3 x4
** Then, check the F-statistic on the top right-hand corner of the result table.
Example: Finding the determinants of GPA.
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Alternatively, you can use the following set of STATA commands:
regress y x1 x2 x3 x4
estat hettest x1 x2 x3 x4
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If the null hypothesis is rejected (we have the heteroskedasticity problem), we can use
the ", robust" option in STATA. This option gives us the correct standard error, or
"heteroskedasticity-robust standard error". We can now use the t-statistics in this case.
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2.2 The White Test

Similar to the Breush-Pagan test, but is stricter because it does not allow bu2 to be
correlated with x2 or interactions among di¤erent xs:
Suppose

y = �0 + �1x1 + �2x2 + :::+ �kxk + u

The White Test (special case) (save degree of freedom)

1. Get �̂1; �̂2; :::; �̂k by OLS.

2. Calculate û2i = [yi � (�̂0 + �̂1x1 + �̂2x2 + :::+ �̂kxk)]2

3. Calculate ŷi = (�̂0 + �̂1x1 + �̂2x2 + :::+ �̂kxk)

4. Calculate ŷ2i

5. Estimate û2i = 
0 + 
1ŷi + 
2ŷ
2 + error (keep R2 of this regression)

6. LM = nR2

7. If p� value > significance level; cannot reject Ho:
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3 Remedial measures

As mentioned before, there are 2 types of remedies �passive and active.

� The passive remedies just re-calculate the std:err: or �̂ using the heteroskedasticity-
robust standard error formula(s).

� The active remedies include the "weighted least squares (WLS) estimators", "gen-
eralized least squares (GLS) estimators", or "feasible GLS estimator".

3.1 Weighted Least Squares (WLS)

We assume that the heteroskedasticity may take the pattern

From

V ar(uijx) = E(u2i jx)� [E(uijx)]2

=

We get

To make the error term become homoskedastic, we weight every term by
p
hi:



110 10. Heteroscedasticity Problem

How do we �nd hi or
p
hi; the heteroskedasticity function?

1. If the heteroskedasticity is "known" to be caused by a multiplicative constant, we
can adjust using that constant.

2. If the heteroskedasticity pattern is not known, we can estimate it. This procedure
is called "Feasible Generalized Least Squares" (also called Feasible GLS or FGLS)

3.2 Feasible GLS

Since V ar(�̂j) would not be unbiased, we can make valid inferences about �j; e.g. can
use t-test, F-test, etc.
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Feasible GLS in practice

1. Get �̂1; �̂2; :::; �̂k by OLS. (regress y x1 x2 .... xk)

2. Calculate ûi = [yi � (�̂0 + �̂1x1 + �̂2x2 + �̂kxk)] (predict u_hat, residual)

3. Create log(û2i ) (generate log_u_sq = log(u_hat^2))

4. Estimate log(û2i ) = �0 + �1x1 + �2x2 + :::+ �kxk + error (regress log_u_sq x1 x2
... xk)

5. Obtain the �tted value of \log(û2i ); called ĝ:(predict g_hat, xb)

6. Create ĥ = exp(ĝ) (generate h_hat = exp(g_hat))

7. Divide y and each xij by
p
ĥ

8. Estimate yp
ĥ
= �0p

ĥ
+ �1

x1p
ĥ
+ �2

x2p
ĥ
+ :::+ �k

xkp
ĥ
+ errorp

ĥ

Steps 7 & 8 on STATA would be: regress y x1 x2 ... xk [aweight = 1p
ĥ
]

3.3 What if the assumed hi function is wrong?
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More on Speci�cation and Data Issues
� Heteroskedasticity problem - not serious

� Speci�cation error problem -serious!

1 Functional Form Misspeci�cation

Suppose the true model is

log(wage) = �0 + �1educ+ �2 exp er + �3 exp er
2 + u:

� But we do not include exp er2; and estimate

log(wage) = �0 + �1educ+ �2 exp er + u:
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� Our �0; �1; �2 could be biased.

� The severity of biasedness depends on

1.1 The RESET test

Rationale behind �add polynomial terms (x2; x3; :::) to the model and test whether the
coe¢ cients are signi�cant. If signi�cant, then we need to include non-linear terms.
Suppose we have a linear baseline model to begin with

y = �0 + �1x1 + :::+ �kxk + u (11.1)

To save the # of regressors (save d.f.), we can instead estimate



11. More on Speci�cation and Data Issues 115

1.2 Tests against Nonnested Alternatives

For example, to test

y = �0 + �1x1 + �2x2 + u (Model #1)

against

y = �0 + �1 log(x1) + �2 log(x2) + u: (Model #2)

Which one should we use? .... There are many methods which can help us justify:

1. Use the RESET test

2. Mizon and Richard (1986)

3. Davidson-MacKinnon Test

Rationale - If Model#1 is true, then the �tted values (ŷ) from Model#2 should not be
signi�cant!
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2 Using Proxy Variables for Unobserved Explanatory Variables

In many cases, we cannot observe some important variables

log(wage) = �0 + �1educ+ �2 exp er + �3ability + u:

� Ability is unobserved, but is very likely to explain wage or log(wage).

� Ability is very likely to be correlated with educ and exp er: If ability is omitted, �̂1
and �̂2 will be biased.

Remedy (use proxy variables (this chapter) or use instrumental variable method (not
in this chapter))

2.1 Using Proxy variables

2.2 Using Lagged Dependent Variables as Proxy Variables
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3 OLS with Measurement Error

Suppose

GDP = �0 + �1 exp ort+ �2investment+ �3 inf lation+ �4educ+ :::+ u

� How do you know if a country�s GDP is correctly measured?

� What about the measurement of other variables?

3.1 Measurement Error in the Dependent Variable

If there is a measurement error in y variable (dependent variable), then

3.2 Measurement Error in the Explanatory Variable

Suppose the true model is

y = �0 + �1x
�
1 + u:
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4 Missing Data, Nonrandom Samples, Outlying Observations

4.1 Missing Data

Household id. head_educ total_income members
1 12 12,000 2
2 14 25,000 3
3 . 60,000 2
4 4 . 4
5 8 120,000 4
6 16 32,900 2

� STATA would drop the observation with missing data. So, household 3 and 4 would
not be used in the regression.

� If the missing data are missing at random, then �̂OLS would not be biased.

4.2 Nonrandom Samples

4.3 Outliers and In�uential Observations

5 Models with Random Slopes

� What if the partial e¤ects of a variale depends on unobserved factors that "vary"
by population unit?

yi = ai + bixi

� This is called a random coe¢ cient model, or a random slope model (ui would then
be absorbed into ai):

� ai; bi are viewed as a random draw from the population along with the observed
data.

� In any case, we cannot estimate the actual ai; bi (for each population unit). We
can only �nd their average (average partial e¤ect, APE).

�0 = E(ai) and �1 = E(bi):
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Basic Regression Analysis with Time Series
Data

1 The Nature of Time Series Data
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2 Examples of Time Series Regression Models

There are many time series regression models. Di¤erent models would be suitable for
di¤erent types of relationship we want to estimate. Some examples of time series models
are Static Model, AR (Autoregressive), ADL (Autoregressive Distributed Lag), FDL (Fi-
nite Distributed Lag), ARMA (Autoregressive Moving Average), ARCH (Autoregressive
Conditional Heteroskedasticity) etc.
In this class we will talk about 2 examples 1) Static Models and 2) FDL.

2.1 Static Models

Studies a contemperaneous (occurring in the same period of time) relationship of vari-
ables.
For example:

2.2 Finite Distributed Lag Models

For example,
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In general,

yt = �0 + �0xt + �1xt�1 + �2xt�2 + ut

�0 =
dyt
dxt

�1 =
dyt
dxt�1

� Temporary change �assume that "x" changes from "c" to "c+ 1" in period t and
remain at c in other periods.
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� Permanent change �assume that "x" takes the value of "c+1" instead of "c" from
period t on.

Compared with yt�1; the value of y from period t + 2 increases "permanently" by
"�0 + �1 + �2": This is called the "long-run" propensity or "long-run multiplier".

3 Properties of OLS under classical assumptions

Assumption TS1. Linear in Parameter �Y is linear in X:

Assumption TS2. No Perfect Collinearity
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Assumption TS3. Zero Conditional Mean

*** Under Assumptions TS1 to TS3, �̂OLS would be unbiased ***

Assumption TS4. Homoskedasticity

Assumption TS5. No Serial Correlation

*** Under Assumptions TS1 to TS5, �̂OLS would be BLUE (best linear
unbiased estimators)***

3.1 The variance of �̂OLS (under ass.TS1-TS5)



126 12. Basic Regression Analysis with Time Series Data



This is page 127
Printer: Opaque this

Serial Correlation and Heteroskedasticity in
Time Series Regressions

1 Properties of OLS with Serially Correlated Errors

2 Unbiasedness and Consistency

3 E¢ ciency and Inference

With serial correlation, �̂OLS would not be BLUE (var(�̂OLS) would not be minimized).
Consider

ut = �ut�1 + et ; t = 1; 2; :::; n and j�j < 1

where ut is from a regression model

yt = �0 + �1xt + ut:
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4 Testing for Serial Correlation

Given the model

yt = �0 + �1xt1 + �2xt2 + :::+ �kxtk + ut

4.1 A "t-test" for AR(1) serial correlation with strictly exogeneous regressors

The most common type of serial correlation or autocorrelation is the AR(1) type:

To perform the test:

1. Estimate yt = �0 + �1xt1 + �2xt2 + :::+ �kxtk + ut

2. Obtain ût ,ût�1 ; 8 t = 1; 2; :::; n

3. Estimate ût = � ût�1 + error
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4. Perform the t� test for

4.2 The Durbin-Watson Test (DW test)

This implies

�̂ = 0 ) DW = 2

�̂ > 0 ) DW < 2

�̂ < 0 ) DW > 2

Ho : no positive autocorrelation, serial-correlation

Ha : no negative serial correlation

To perform the test:
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1. Estimate yt = �0 + �1xt1 + �2xt2 + :::+ �kxtk + ut

2. Obtain ût ,ût�1 ; 8 t = 1; 2; :::; n

3. Calculate DW from eq.(2)

4. Find the critical dL and du values (say, at the 5% level of signi�cance) for the given
sample size and # of regressors.

5. Follow the decision rule in the picture.

Example:
Suppose the calculated value of DW = 0:80; n = 45; k = 4:
From this, we get dL = ______________ and du = _______________

4.3 Testing for AR(1) serial correlation "without" strictly exogenous regressors
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4.4 Testing for AR(q) serial correlation "without" strictly exogenous regressors

5 Correcting for serial correlation

5.1 Passive way

Use the type of standard error that is robust to the serial correlation, autocorrelation
problem

5.2 Active way �
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Lab 2 �Dummy, Heteroskedasticity,
Speci�cation Issues

1 Does "beauty" help increase wage?

1. Download the data�le "beauty.xlsx" from your EE425 Moodle page.

2. Open the STATA software program. Click on the "Data Editor" icon.

3. Copy the entire dataset from the excel �le and paste it onto the STATA�s Data
Editor page.

Choose "Treat �rst raw as variable names".

4. Save the new STATA dataset.

Choose File -> Save As -> (then name the new dataset "beauty_stata")

5. Open a new do-�le and save it.

Choose "New Do-�le Editor" icon

On the Do��le�s top panel, choose File -> Save As -> (then name the new do-�le
"second_stata_lab")

� To explore and understand the data

6. type: sum

7. type: codebook

8. type: tab look

9. type: tab look female

� Wewant to test whether the fraction of above-average-looking women
and men are the same

abvavg = �1famale

H0 : �1 = 0:5

H0 : �1 6= 0:5

10. type: gen abvavg = 0

11. type: replace abvavg = 1 if look > 3

12. type: regress abvavg female, nocon
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13. Can we reject H0?

� We want to test whether "good look" has a positive impact on wage

14. type: gen belavg = 0

15. type: replace belavg = 1 if look < 3

16. type: gen log_wage = log(wage)

17. regress log_wage belavg abvavg

� Seems like we may have the omitted variable bias. Let�s take into
account other variables.

18. type: regress log_wage abvavg belavg educ

19. type: regress log_wage abvavg belavg educ exper expersq

20. type: regress log_wage abvavg belavg educ exper expersq bigcity

21. type: regress log_wage abvavg belavg educ exper expersq bigcity black

22. type: regress log_wage abvavg belavg educ exper expersq bigcity black union

23. type: regress log_wage abvavg belavg educ exper expersq bigcity black union female

� Check if we have the heteroskedasticity problem. (Let�s use the
White Test (special case))

24. type: regress log_wage abvavg belavg educ exper expersq bigcity black union female

25. type: predict u_hat, resid

26. type: predict y_hat, xb

27. type: gen u_hat_sq = u_hat^2

28. type: gen y_hat_sq = y_hat^2

29. type: regress u_hat_sq y_hat y_hat_sq

30. Calculate LM = nR2

31. Do we reject H0 : homoskedasticity at 5% level of con�dence?
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32. Now, try using the ready-made test by STATA

33. type: regress log_wage abvavg belavg educ exper expersq bigcity black union female

34. type: estat hettest

35. Do we reject H0 : homoskedasticity at 5% level of con�dence?

� Should we believe that the value of � are the same for female and
male? (Chow Test)

� Chow statistic is a type of F-statistic F = SSRp�(SSR1+SSR2)
SSR1+SSR2

� [n�2(k+1)]
k+1

36. To get SSRp: regress log_wage abvavg belavg educ exper expersq bigcity black
union

37. To get SSR1: regress log_wage abvavg belavg educ exper expersq bigcity black
union if female == 0

38. To get SSR2: regress log_wage abvavg belavg educ exper expersq bigcity black
union if female == 1

39. What is the value of the F-statistic? Can we reject H0 (can use the same model)?

2 Fixing Heteroskedasticity

1. Download the "GPA1.DTA" dataset from your EE425 Moodle page and open it in
STATA.

Choose File -> Open -> (then direct to the location of the �le)

2. type: des

3. type: regress colGPA hsGPA ACT skipped PC

� Check if we have the heteroskedasticity problem. (Let�s use the
White Test (special case))

4. type: predict u_hat, resid

5. type: predict y_hat, xb

6. type: gen u_hat_sq = u_hat^2
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7. type: gen y_hat_sq = y_hat^2

8. type: regress u_hat_sq y_hat y_hat_sq

9. Calculate LM = nR2

10. Do we reject H0 : homoskedasticity at 5% level of con�dence?

� Now we think the �tted value in #8. is a reasonable candidate for
ĥi So,

11. type: predict h_hat, xb

12. To check if ĥi are all positive type: sum h_hat

13. type: gen sqrt_h = h_hat^0.5

14. type: gen wcolGPA = colGPA/sqrt_h

15. type: gen whsGPA = hsGPA/sqrt_h

16. type: gen wACT = ACT/sqrt_h

17. type: gen wskipped = skipped/sqrt_h

18. type: gen wPC = PC/sqrt_h

19. type: gen w = 1/sqrt_h

20. type: regress colGPA hsGPA ACT skipped PC

21. type: regress wcolGPA w whsGPA wACT wskipped wPC, nocon

22. type: regress wcolGPA w whsGPA wACT wskipped wPC, nocon robust

3 Labor Force Participation of Female

1. Download the "MORA.DTA" dataset from your EE425 Moodle page and open it
in STATA.

Choose File -> Open -> (then direct to the location of the �le)

2. type: des

3. type: regress inlf nwifeinc educ exper expersq age kidslt6 kidsge6

4. type: estat hettest

5. type: regress inlf nwifeinc educ exper expersq age kidslt6 kidsge6, robust

6. type: predict y_hat, xb

7. type: twoway scatter inlf educ jj line y_hat educ

8. type: sort educ
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9. type: twoway scatter inlf educ jj line y_hat educ

� We need to "hold other things constant". Suppose nwifeinc = 30,
exper = 10, age = 35, kidslt6 = 0, kidsage6 = 0.

10. type: gen y_new = 0.585 + 30*(-0.0034) + educ*(0.0379) + 10*(0.0395) + 100*(
-0.0006) + 35*(-0.0161)

11. type: twoway scatter inlf educ jj line y_new educ
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Instrumental Variables Estimation and Two
Stage Least Squares
Wooldridge Ch.15 section 15.1-15.4

1 Motivation

Assumption MLR4 or TS3 does not hold! So, �̂OLS would be biased.

Because of various possible reasons. For example

1. Omitted Variable
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2. Endogeneity or Simultaneity

From problem 1) Omitted Variable bias, if we have a good proxy variable for "ability",
we can estimate

Let "z" be an instrumental variable, it has to satisfy two conditions

What might be correlated with educ but not abil?
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Example: Wongsurawat (2004) Pornography and Social Ill

crime_rate = �0 + �1porn_magazine+ �2population+ �3dangerous+ e

� If we cannot �nd a measurement for "dangerous"; then the error term becomes
"u = �3dangerous+ e":

� Cov(porn_magazine; u) 6= 0

� Use z = ____________________________

� This z satis�es both requirements for a valid IV because ..

2 Consistency of the estimators

As long as the two requirements for a valid IV are satis�ed, �̂ would be consistent.

** Note that we don�t call �̂ under the IV method �̂OLS anymore.

� �̂OLS usually refers to �̂ obtained from an estimation that does not employ IV to
correct the problem.

� �̂IV usually refers to �̂ obtained from an estimation that employs IV to correct the
problem.

To prove for consistency of �̂IV we start with a simple regression function

y = �0 + �1x+ u
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Inference

3 Properties of IV with a Poor Instrumental Variable

For �̂ to be consistent, we require plim�̂ = �:
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4 IV Estimation for the Multiple Regression Model

given

y1 = �0 + �1y2 + �2z1 + u1

Let
y1 = dependent variable of interest
y2 = explanatory variable that is endogenous (corr(y2; u1) 6= 0)
z1 = explanatory variable that is exogenous (corr(z1; u1) = 0)
z2 = instrumental variable (also exogenous because corr(z2; u1) = 0)
We know that
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5 Two-Stage Least Squares (2SLS)

Suppose now we have 1 more IV

z3 = cost of input

corr(z3; u1) = 0

corr(z3; y2) 6= 0

We know that if corr(z1; y2) 6= 0; corr(z2; y2) 6= 0; corr(z3; y2) 6= 0; we can write:

The 2SLS method
Stage 1:

Stage 2:

STATA Command:


